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Abstract
Level set-based topology optimization methods have received increased attention in the last decade due to the ease with which
they can handle topology changes by splitting and merging boundaries. However, most implementations are limited to box-like
design domains and cannot easily handle irregular domains that are common in practical engineering applications. In this paper, a
modified level set model, which is parameterized and updated with radial basis functions (RBFs), is introduced to solve topology
optimization problems in complex design domains. Because RBFs are not necessarily located in a structured manner, the
parametrized level set method can be combined effortlessly with unstructured polygonal finite element meshes to easily handle
complex design domains and also achieve the high accuracy characteristic of polygonal discretizations. Furthermore, the nucle-
ation capability of the proposed approach along with an approximate reinitialization is shown to obtain more flexible topology
changes of the optimal design, and smooth boundaries can be obtained without introducing smoothing scheme. Several numer-
ical examples illustrate the effectiveness of the proposed model.

Keywords Topology optimization . Radial basis functions . Polygonal finite elements . Parameterized level set method

1 Introduction

Structural optimization methods have received increased at-
tention during the last several decades because of their ability
to achieve designs with increased mechanical performance
and more efficient material use. Topology optimization in
the continuum is one of the most prominent branches of the
field. It has been used to obtain novel designs with flexible
topologies for structures, materials, compliant mechanisms,
among others. The continuum approach was first studied by

Cheng and Olhoff (1981) when they investigated the optimal
thickness distribution of elastic plates. Soon after, the homog-
enization method (Bendsoe and Kikuchi 1988) and its varia-
tions emerged as an important group of topology optimization
models. Nowadays, the most popular method is the solid iso-
tropic microstructure/material with penalization (SIMP) ap-
proach, which was proposed and developed by Bendsoe
(1989) and Rozvany et al. (1992), and considers the density
of each element to represent the distribution of material within
the design. Sigmund’s (2001) 99-line educational MATLAB
code helped this approach spread widely at the beginning of
this century.

Another popular density-based model is the evolutional
structural optimization (ESO) method, which simply removes
elements of low stress to approach an optimal design. The
ESO method was first proposed by Xie and Steven (1993)
and the bidirectional version of ESO (BESO) was developed
a few years later (Querin et al. 1998; Huang and Xie 2010).
This simple and easy-to-implement scheme as proven to be a
powerful structural topology optimization method (Xia et al.
2018).

The level set method, which was first proposed by Osher
and Sethian (1988), provides a more suitable way to deal with
boundary-related optimization problems. It can easily deal
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with topology changes and has no difficulty handling the split-
ting and merging of boundaries. It has been implemented in
topology optimization problems since 2000 (Sethian and
Wiegmann 2000; Osher and Santosa 2001). Soon after,
Wang et al. (2003) and Allaire et al. (2004) developed the
optimization model based on the shape derivative and opened
up a fruitful era for level set-based topology optimization
methods. The level set-based topology optimization methods
have been widely used in solving compliance minimization
problems (Wang et al. 2003; Allaire et al. 2004), dynamic
problems (Allaire and Jouve 2005; Yamada et al. 2010; Xia
et al. 2011), acoustic–elastic coupled problems (Isakari et al.
2017), stress alleviation problems (Zhang et al. 2013; Picelli
et al. 2018; Polajnar and Kosel 2017; Emmendoerfer et al.
2019), structure-material integrated design problems (Wang
et al. 2016; Li et al. 2016), explicit structural representation
problems (Guo et al. 2016; Zhou et al. 2016), feature control
problems (Dapogny et al. 2017; Liu et al. 2017), and so on.
Several review papers in this area summarize the recent de-
velopments (van Dijk et al. 2013; Gain and Paulino 2013;
Sigmund and Maute 2013).

The conventional level set method is well developed
in the field of computer graphics (CG). It consists of a
set of numerical approaches such as updating the level
set function on grid points by solving the Hamilton-
Jacobi (H-J) equation, the velocity extension approach,
and reinitialization scheme. In topology optimization, a
set of variational level set methods have been devel-
oped. The piecewise constant level set method (Wei
and Wang 2009), level set method with reaction-
diffusion equation (Yamada et al. 2010), and the param-
eterized level set method are a few examples. In the
parameterized level set model, the level set function is
parameterized with a set of parameters, namely the ex-
pansion coefficients, and its evolution is realized by
updating those parameters instead of solving the H-J
equation as in the conventional model. The parameter-
ized level set method was first introduced for topology
optimization problems by Wang and Wang (2006) and
Wang et al. (2007). In their study, radial basis functions
(RBFs) were used to parameterize the discrete level set
function to solve a more convenient ODE system in-
stead of the H-J PDE in the conventional level set mod-
el. This method was implemented at almost the same
time in image segmentation (Gelas et al. 2007) and later
Xie and Mirmehdi (2011) implemented this approach in
active contour and active surface models on segmenting
textured color images. In general, the parameterized lev-
el set method has not been widely used in the field of
topology optimization, perhaps because of its poor ac-
curacy and efficiency (Gain and Paulino 2013).
However, an improved version of the method that ad-
dressed these concerns was proposed together with an

88-line educational MATLAB code (Wei et al. 2018).
This improved version was applied to topology optimi-
zation problems considering symmetry and pattern rep-
etition constraints (Liu et al. 2018) and was shown to
have good stability and applicability. The parameterized
level set method can also be extended to an algebraic
formulation in which the sensitivity with respect to the
coefficients can be directly derived (Wang and Wang
2005, Wei and Wang 2006a, b, Luo et al. 2007, 2008,
2009). Recently, cardinal basis functions instead of
RBFs revealed the clear physical meaning of the coef-
ficients in this framework (Jiang et al. 2018).

In this paper, the improved parameterized level set
method is adopted (Wei et al. 2018) and implemented
effortlessly with unstructured polygonal meshes, en-
abling topology optimization on complex design do-
mains that have practical applicability (Talischi et al.
2010, 2012a, b). This is in contrast to most of the
literature on topology optimization problems using the
conventional level set method, in which uniform grids
in regular, box-like design domains dominate. In contin-
uum topology optimization considering the SIMP meth-
od, polygonal finite elements (Sukumar and Tabarraei
2004) have been shown to naturally overcome the
checkerboard problem observed with quadrilateral ele-
ments because they avoid single-point connections
(Talischi et al. 2012b). Additionally, polygonal elements,
which can be considered a natural extension of triangu-
lar and quadrilateral elements, have been shown to have
better accuracy (Talischi et al. 2012a) than standard fi-
nite elements. Although some additional effort is typi-
cally needed to address the numerical difficulties in
updating the level set function on an unstructured mesh
(Barth and Sethian 1998), these problems are avoided in
the parameterized level set method (Cecil et al. 2004).

An easy way to create polygonal FEM meshes in
MATLAB platform was provided by Talischi et al. (2012a).
Based on that, the topology optimization with the SIMPmeth-
od (Talischi et al. 2012b) can be easily applied. In this study,
the PolyMehser is also adopted, but the parametrized level set
method with radial basis functions (Wei et al. 2018) is used
instead of the SIMP model to perform the topology optimiza-
tion. Only the problems in 2D are considered but it is not
difficult to extend this model to higher dimensions (Cecil
et al. 2004).

The remainder of this paper is organized as follows. In
Section 2, a brief introduction of the parametrized level set
method and its implementation in topology optimization is
given. Then, several numerical schemes implemented in this
framework with polygonal finite elements are studied. After
that, some numerical examples are given to illustrate the prop-
erties and effectiveness of the proposed method. Finally, con-
clusions are provided.
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2 Parameterized level set model with radial
basis functions

In level set-based topology optimization, the boundary of de-
sign is represented in an implicit manner. For an n-dimension-
al design over a reference domain D ⊂ Rn, a one-dimensional
higher scalar function, which is called level set function, Φ(x,
t) is defined to represent the admissible shapeΩ = {x|Φ(x) ≥ 0,
x ∈D} of the design with its implicit intersection with the zero
level set. This representation scheme of a 2D design with level
set function is illustrated in Fig. 1.

In Fig. 1, the design is obtained from the level set function
as follows:

x∈DnΩ Φ x; tð Þ < 0
x∈∂Ω∩D Φ x; tð Þ ¼ 0
x∈Ωn∂Ω Φ x; tð Þ > 0

8<
: ð1Þ

where ∂Ω represents the boundary of the design Ω.
The level set functionΦ(x, t) is updated to trace the moving

boundary by introducing the pseudo-time t and then solving
the following Hamilton-Jacobi equation:

∂Φ x; tð Þ
∂t

−j∇Φ x; tð ÞjVn x; tð Þ ¼ 0 ð2Þ

where Vn is the component of the velocity of the free boundary

in the direction of the outer normal direction n*:

Vn ¼V
*

: −
∇Φ
∇Φj j

� �
ð3Þ

where V
*
denotes the velocity vector of the free boundary.

In the conventional level set model, once Vn is determined
using shape derivatives, the H-J equation is solved iteratively
to evolve the free boundary in an Eulerian manner to achieve
the optimal design. The solution of H-J equation and the
reinitialization scheme are generally performed on structured
meshes, while the finite element analysis for the calculation of
the velocity field Vn to update the H-J equation needs to be
performed on an unstructured mesh in order to handle com-
plex design shapes and boundary conditions. In this case, the
finite element mesh is not consistent with the mesh used in the
level set model and excessive effort is needed to map the
velocity field back and forth between the two sets of meshes.

This strategy is not practical for integration into mature CAE
systems for realistic engineering applications. Therefore, if the
level set method is to be accepted by industry, both the solu-
tion of the H-J equation and the finite element analysis for
calculation of Vn must be performed on the same mesh. To
implement the conventional level set method on an unstruc-
tured mesh is difficult (Barth and Sethian 1998). Thus, in the
present study, the parameterized level set method, which is
shown to be insensitive to the mesh type, is used to explore
the possible application of the level set method in industry
applications.

In the parameterized level set model, the level set surface is
represented with a set of expansion coefficients for radial basis
function interpolation. Thus, the evolution of the level set
surface is updated in a parameter space instead of on a discrete
grid as in the conventional level set model and the dependence
on a structured grid to solve the H-J equation can be totally
eliminated. With this approach, the level set function can be
combined with any type of finite elements and enable the
solution of complex problems on irregular design domains.
Because the boundary representation is still implicit, the ad-
vantages of the conventional level set method, i.e., flexible
topology change and smoothness of the boundary, are main-
tained. Additionally, the reinitialization scheme can be re-
placed by an easy-to-implement approach, which does not
prevent nucleation capacity inside the design domain.

Radial basis functions are a set of functions that are widely
used in numerical interpolation. Here we implement this tech-
nology to parameterize the level set function to obtain some
numerical benefits.

A radial basis function g : Rd → R can be expressed as
follows:

gi xð Þ ¼ g x−xi
��� ��� ð4Þ

where xi is the coordinate of the knot where the radial basis
function is centrally located and ‖∙‖ is the Euclidean norm on
Rd. Thus, the level set function at the jth point xj can be rep-
resented by a linear combination of a set of N radial basis
functions as follows:

Φ x j; t
� � ¼ ∑N

i¼1gi x j
� �

αi tð Þ ð5Þ

or in vector form:

Fig. 1 A 2D design and the level set function used to represent it
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Φ x j; t
� � ¼ G x j

� �T
α tð Þ ð6Þ

where

α ¼ α1;α2;⋯;αNf gT ð7Þ
G x j
� � ¼ g1 x j

� �
; g2 x j

� �
;⋯; gN x j

� �� �T ð8Þ

where αi is the expansion coefficient of the ith radial basis
function. Equation (6) can also be written in a matrix form if
x denotesM points x1, x2,⋯, xM. The level set function can be
represented as:

Φ x; tð Þ ¼ A xð Þ:α tð Þ ð9Þ
where

x ¼ x1; x2;⋯; xMf gT ð10Þ
A xð Þ ¼ G x1ð Þ;G x2ð Þ;⋯;G xNð Þ½ �T

¼
g1 x1ð Þ ⋯ gN x1ð Þ
⋮ ⋱ ⋮

g1 xMð Þ ⋯ gN xMð Þ

2
4

3
5 ð11Þ

Φ x; tð Þ ¼ Φ x1; tð Þ;Φ x2; tð Þ;⋯;Φ xM ; tð Þf gT ð12Þ

If the values of the level set function on the knots are
known as Φ xð Þ, where x denotes the coordinates of the knots,
the expansion coefficients can be obtained by solving the fol-
lowing equation using a collocation approach in whichN =M:

α tð Þ ¼ A x
	 
−1

Φ x; t
	 


ð13Þ

This approach is usually used in the beginning stage to de-
termine the initial value of α after the initial level set function
was given or when the discrete level set function is reconstruct-
ed and then to recalculate the value of α. In this method, the
expansion coefficientsα are the parameterized design variables
instead of the values of the level set function on all the grid
points as in the conventional level set method. The optimization
process can be considered as the approach to update α accord-
ing to the related information with the following equation:

αkþ1 ¼ αk þ τΔα ð14Þ
whereαk indicates theα value in the kth iteration, τ is the step
size andΔα is the increment in each step, which can be deter-
mined by the sensitivity analysis introduced later. A graphical
representation of a 1D case of the parametrization scheme with
three basis functions is given in Fig. 2. The basis function gi is
located in xi and the level set function can be represented by the
linear combination of the three basis functions.

Many different kinds of radial basis functions can be imple-
mented in this model, such as Gaussians, multiquadrics (MQ),
inverse multiquadrics (IMQ), which are all globally supported

radial basis functions (GSRBFs), and Wendland’s compactly
supported RBFs (CSRBFs) (Wendland 1995). In this model,
numerical tests did not show much difference based on the
choice of RBF, but it should be noted that for multiquadrics, a
side constraint is needed in Eq. (5) (Wang et al. 2007).

With the radial basis function interpolation, substituting
Eq. (5) into Eq. (2), one can obtain that

A
dα
dt

−Vn ¼ 0 ð15Þ

where

Vn ¼
∇G x1ð ÞT �α�� ��Vn x1ð Þ
∇G x2ð ÞT �α�� ��Vn x2ð Þ

⋮
∇G xMð ÞT �α�� ��Vn xMð Þ

8>><
>>:

9>>=
>>;

ð16Þ

Considering the expansion coefficientsα changing accord-
ing to pseudo-time t, implementation first-order time discrete
differential algorithm is

dα
dt

≈
αkþ1−αk

Δt
ð17Þ

Thus, Eq. (15) can be written as:

αkþ1 ¼ αk þ Δt:A−1V
k

n ð18Þ
where Δt is a time step in first-order time discrete updating

scheme. V
k
n is the normal velocity field Vn obtained in the kth

step by sensitivity analysis. A−1 and ∇GT are only related to the
locations of the knots and the type of the radial basis function. If
the locations of the knots are all fixed during the optimization
process, A−1 and ∇GT are also determined and only need to be
calculated once during pre-processing and stored.

The Eq. (18) is derived from the H-J equation (Eq. 2) and it
has been applied many times in the literature. However, in
practical implementation, the direct use of Eq. (18) in this
framework may cause numerical instabilities. Thus, a normal-
ization scheme in which the magnitude of the gradient is used
as an inverse weight is used (Xie and Mirmehdi 2011; Wei
et al. 2018):

αkþ1 ¼ αk þ Δt:A−1Vk
n ð19Þ

where

Vk
n ¼ Vk

n x1ð Þ Vk
n x2ð Þ … Vk

n xMð Þ� 
T ð20Þ

and the superscript k indicates the kth step. Obviously, this
update equation is simpler than Eq. (18) and the associated
computational cost is also improved. In addition, the evolution
process becomes more stable and no filter is needed to keep
the boundary smooth.

P. Wei et.al 1916



Another important property should be noted in Eq. (19):
the level set function is updated with the expansion coeffi-
cients instead of the discrete spatial difference as in the con-
ventional level set method. By parameterizing with radial ba-
sis functions, the gradients are now considered in parameter
space and the evolution equation is transformed into an ODE
of α instead of a PDE. This makes the solution procedure
easier compared with the conventional level set method.
Furthermore, because of the radial basis interpolation, there
are no restrictions on the mesh. In the present work, the un-
structured polygonal finite element meshes are used to allow
for more flexible geometry of the design domain.

3 Structural optimization with RBF-based
parameterized level set method

Severalvariationsof the level setmethodhavebeenused for struc-
turaloptimizationstartingatthebeginningofthiscentury.TheRBF-
basedparameterizedlevelsetmethodtakesadvantageoftheparam-
eterizationwithwhichthePDEis transformedintoanODEin trac-
ing the front surfaceduring theevolutionof thestructure.

The structural topology optimization problem with the lev-
el set model can be represented as follows:

ð21Þ

where J is the objective function, which represents the com-
pliance of the design in this study, f is the integration function
in the objective, u is the displacement vector, H is the
Heaviside function, a is the bilinear form of the energy, l is
the linear form of the load, v is denotes the virtual displace-
ment field belonging to the kinematically admissible displace-
ment fields U, u0 is the prescribed displacement on the admis-
sible Dirichlet boundary ΓD, V is the total volume of the de-
sign, V0 is the upper bound of the volume, ε is the strain field,
C is the elasticity tensor, p are the body forces, and τ are the
boundary tractions applied on Neumann boundary ΓN. The
elastic equilibrium equation is shown in the variational weak
form.

The sensitivity analysis of this problem can be solved based
on the shape derivative theory to obtain the update scheme of
the level set function to minimize the objection under the
given constraints. The Lagrangian of the optimization prob-
lem can be written as:

L u; v;Φð Þ ¼ J u;Φð Þ þ λ V Φð Þ−V0ð Þ−l v;Φð Þ
þ a u; v;Φð Þ ð22Þ

where λ is the Lagrange multiplier for the inequality volume
constraint to restrict material consumption. The shape deriva-
tive of the problem can be reduced by involving a pseudo-time
t, which represents the iteration step for the boundary evolu-
tion. The derivative of the Lagrangian with respect to t can be
written as:

dL u; v;Φð Þ
dt

¼ ∫Dβ u; v;Φð Þδ Φð Þ ∇Φj jVndΩ ð23Þ

where δ(Φ) is the derivative of the Heaviside function and β
can be derived as (Wang et al. 2003; Allaire et al. 2004):

Fig. 2 The parameterization
scheme of a level set function in
the 1D case

Fig. 3 The updating scheme of
the approximate reinitialization
process
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β u; v;Φð Þ ¼ f uð Þ−εT uð ÞCε vð Þ
þ puþ ∇ τvð Þ:nþ κ τvð Þð Þ þ λ ð24Þ

where κ = ∇ ∙ (− ∇ Φ/|∇Φ|) is the mean curvature.
One key point in the level set-based method is the calcula-

tion of the velocity Vn in Eq. (23) based on the sensitivity
analysis, which has been provided by Wang et al. (2003)
and Allaire et al. (2004) in detail. The velocity Vn is given as
−β at each iteration step to keep the derivative of the
Lagrangian negative to approach the optimum iteratively.
The Lagrange multiplier λ can be obtained with the augment-
ed Lagrange method (Wei and Wang 2006b; Wei et al. 2018)
or the bisection method (Sigmund 2001).

For compliance minimization, which is considered in the
present work

f uð Þ ¼ εT uð ÞCε uð Þ ð25Þ
and the optimization problem can be shown to be self-adjoint
in which v = 2u. If body forces and tractions are not consid-
ered, the normal velocity can be simplified as:

Vn ¼ εT uð ÞCε uð Þ−λ ð26Þ

which indicates that the prominent factors in optimization are
the strain energy density along the boundary and the Lagrange
multiplier. For more details of the derivation, readers can refer
to the references (Wang et al. 2003, Allaire et al. 2004).

The velocity field can be obtained with the polygonal finite
element analysis according to Eq. (26) and substituted into Eq.
(18) to update the expansion coefficients α and then, the level
set function in each iteration step to evolve the design and
pursue the optimum.

4 Implementation schemes

Some numerical schemes need to be included in the level set-
based topology optimization framework. For example, in the
conventional level set model, the level set function may be-
come flatter or steeper after several iterations, causing insta-
bilities during the boundary evolutions. Thus, a reinitialization

Fig. 4 The comparison between
the conventional and the
approximate reinitialization
schemes

Fig. 5 The effect of the δ(Φ) function multiplying the normal velocity
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scheme, e.g., a PDE-driven method (Peng et al. 1999) or a fast
marching method (Sethian 1999), is needed to keep the level
set function a signed distance surface with |∇Φ(x, t)| = 1 of
which the angle is 45 degrees to the zero level set. This ap-
proach makes the iteration process more accurate and stable.
However, these conventional reinitialization schemes cannot
be implemented directly in a parameterized space. Instead, the
coefficients have to be mapped to the discrete space and
mapped back after reini t ial izat ion. Furthermore,
reinitialization on an unstructured mesh complicates the nu-
merical implementation and increases the computational cost
in the parametrized level set framework. Therefore, in this
model, an approximate reinitialization process is applied to
improve the slope of the level set function with mush less
complexity. The update level set function valueΦu is obtained
using Eq. (27).

Φu ¼ Φ xð Þ
mean ∇Φ0j jð Þ ð27Þ

whereΦ(x) is the level set surface andΦ0 are the values of the
level set function around the zero level set and mean( f ) de-
notes the mean value of the function f. Because of the linear
relation withΦ(x) and α according to Eq. (9), Eq. (27) can be
rewritten as:

αu ¼ α
mean ∇Φ0j jð Þ ð28Þ

Figure 3 illustrates the approximate reinitialization scheme.
This approach can be easily applied in the whole design do-
main to keep the slope of the level set function around the
boundary almost constant. Compared with conventional

Fig. 6 Two schemes to locate the knots in the RBF interpolation scheme

Fig. 7 The flowchart of the
proposed method
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reinitialization schemes, this approach has no difficulty in nu-
merical implementation even on unstructured meshes, and it
does not change the boundary as conventional reinitialization
schemes do. Furthermore, because this scheme only changes
the relative value of the level set function and does not remove
concave features (Fig. 4), it does not prevent nucleation. This
reinitialization scheme was introduced byWei et al. (2018) for
structured meshes and extended to unstructured meshes with-
out any additional difficulties.

Since in this RBF-based level set method, the
reinitialization scheme is not necessarily involved, the values
of level set function may grow unboundedly and make the
surface extremely steep (Gain and Paulino 2013). This is not
a fatal issue of this method, but still may cause instabilities and
convergence issues. Therefore, in the present work, an ap-
proximate function δ(Φ) is included in the update scheme to
avoid unbounded growth of the level set surface as introduced
in Wei et al. (2018). The δ(Φ) function is used as follows
(Wang et al. 2003):

δ Φð Þ ¼
0; Φ > Δ
3

4Δ
1−

Φ2

Δ2

� �
; −Δ < Φ < Δ

0; Φ < −Δ

8>><
>>:

ð29Þ

Thus, the level set surface updating equation is modified to:

dΦ
dt

−δ Φð ÞVn ¼ 0 ð30Þ

In Eq. (29), the parameter Δ is used to control the magni-
tude of the highest and the lowest part of the level set function.

As long as it is large enough, the absolute value ofΔ need not
be an exact value. The effect of the δ(Φ) function is illustrated
in Fig. 5. Notice that when Φ equals to 0, i.e., zero level set,
δ(Φ) equals to 0.75/Δ; thus, according to Eq. (30), the effect of
the value of δ(Φ) is equivalent to magnifying the normal veloc-
ity by 0.75/Δ times on the zero level set. Thus, the normal
velocity Vn should be divided by 0.75/Δ when implementing
Eq. (30) to keep the normal velocity on the zero level set un-
changed. The normal velocity on the level set surface aboveΔ
and below –Δ will vanish as a result of multiplying the δ(Φ)
function to prevent Φ from approaching infinity.

Because the level set update scheme is transformed
into a parametric space spanned by the RBF interpola-
tions, there is no rigorous restriction on the locations of
the knots as long as the whole design domain is covered
by the RBFs. Two schemes for the locations of the knots
can be implemented in this framework as illustrated in
Fig. 6. The red circles are the knots of RBF interpolation
in both of the two schemes. In the first scheme, the knots
are located at the nodes of the finite elements and the
number of the RBFs is equal to the number of the nodes.
This scheme is straightforward and easy to implement.
However, in a polygonal mesh, the number of nodes is
typically much larger than the number of the elements.
Thus, the number of the RBFs is also large, which may
affect the efficiency of updating the level set function and
cause a large memory requirement. The second scheme is
to locate the knots on the center of each element as illus-
trated in the right figure in Fig. 6. In this scheme, the
number of knots is much less than in the first one. The
number of knots is roughly equal to the number of ele-
ments, but some extra knots, located outside the boundary
of the design domain, are needed to keep the values of the
level set function on the boundary reasonable. There are
no strict rules for the locations of these points, but they
should be on or outside the boundary, not too far away
from the boundary, and the level set values at these points
should be restricted to zero. If the program of PolyMesher
(Talischi et al. 2012a) is used to generate the polygonal
finite element mesh, these points can be represented by
the reflection points which are obtained in line 16 of the
main program: R_P = PolyMshr_Rflct(P, NElem,
Domain, Alpha);

Generally, with the second scheme, the total number of the
knots may be 15–20%more than the number of elements for a
rectangle design domain. But in the first scheme, the number
of knots may be near twice as many as the number of ele-
ments. Thus, the second scheme is recommended here be-
cause of the higher efficiency and less memory requirement.

With this scheme, the proposed method can be implement-
ed in different kinds of finite element meshes, e.g., quadrilat-
eral, triangular, and polygonal, without extra processing of the
level set method. The scheme also does not restrict on the

Fig. 8 The MBB beam problem

Fig. 9 The polygonal mesh for the MBB beam problem
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shape of the design domain, which allows for more general
and practical optimization problems.

The flowchart of the proposed method is illustrated
in Fig. 7.

5 Numerical examples

In this section, several numerical examples are studied to ver-
ify the effectiveness and illustrate the properties of the pro-
posed approach. The PolyMehser (Talischi et al. 2012a) is
adopted to combine with the parametrized level set method
with radial basis functions to perform the topology optimiza-
tion. In all examples, the Ersatz method is applied such that
Young’s modulus E = 1 for solid elements and E = 10−3 for
void elements. Poisson’s ratio is 0.3.

5.1 An MBB beam

The first example is an MBB beam shown in Fig. 8.
The size of the MBB Beam is 6-by-1. The downward force

applied in the middle is F = 1. For simplicity, only the right
half of the beam is solved.

Figure 9 shows the polygonal mesh used to solve the MBB
beam problem. This mesh is obtained after 2000 iterations of
PolyMesher (Talischi et al. 2012a). The design domain is
discretized into 1000 elements with 2002 nodes. The knots
are located at the nodes of the mesh, i.e., the total number of
the knots is 2002. The multiquadric (MQ) splines given in Eq.
(32) is used with c = 10−3. The total number of iterative steps
is 100. The iteration histories of the topology change, objec-
tive function, and volume fraction are illustrated in Fig. 10.
The volume fraction is set as 0.5 and controlled with the aug-
mented Lagrange method (Wei et al. 2018). The final objec-
tive function is 45.31 after 100 iterations.

Fig. 10 Iteration history of the optimization process

Fig. 11 The level set surfaces of the initial and the final design
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The level set surface of the initial and the final design are
shown in Fig. 11. The level set function is initialized as a
signed distance function as given in Eq. (31) which is used
in most of the traditional applications.

ΦD xð Þ ¼ Sign Φ xð Þð Þ:Dist xð Þ ð31Þ
where Sign(∙) is the sign of the function and Dist(∙) is the
distance of point to the boundary.

The final design is apparently not a signed distance func-
tion because the approximated reinitialization scheme is ap-
plied instead of the conventional one. But, it can be observed
that in the areas around the boundaries, the level set surface is
approximately a signed distance function because the surface
update scheme is applied as given in Eq. (27).

The strain energy density distributions of the designs of the
1st step and the last step are illustrated in Fig. 12. It can be
found around the boundary the strain energies are almost
equal everywhere which indicates the optimal design.

5.1.1 Effect of the initial design

The initial design-dependent problem is always an important
issue for level set-based topology optimization. With different
initial guesses, different optimal designs may be obtained.
One important reason in the conventional level set method is
the lack of nucleation capability. In this study, by replacing
Eq. (2) with Eq. (30), the conservational law is not held any-
more, and by applying the natural velocity extension (Wang
and Wang 2006), which means the velocity Vn is calculated in
the whole design domain instead of around the boundary, and
according to Fig. 4, the approximate reinitialization scheme
does not prevent the nucleation, thus the level set function can
create new holes automatically during the optimization itera-
tive process. Figure 13 shows several optimal results with
different initial designs. The total number of iterations is 300
in all cases and the finial objective function values are provid-
ed in the left column.

Fig. 12 The strain energy density distribution comparison

Fig. 13 Three optimization cases
with different initial guesses

Fig. 14 The effect of different
mesh types
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According to Fig. 13, the proposed method can create in-
terior holes to change the topology. The final designs are dif-
ferent but they have similar topologies and objective function
values. Besides the initial design, other factors such as the
parameters in volume control during the optimization process
also affect the final topology. Therefore, it is hard to totally
eliminate the dependence on the initial design.

Note that there is no boundary smoothing scheme (e.g.,
filter or perimeter control) implemented in this study, and
the proposed method can still provide relatively smooth

boundaries. However, small holes do occur in the low-stress
areas in the results in Fig. 13. The small holes can be removed
by applying the smoothing schemes.

5.1.2 Effect of mesh type and quality

Figure 14 shows the final topology of the problem with two
different meshes. The first design is obtained with Q4 ele-
ments and the second one with polygonal finite elements.

Fig. 15 The effect of different
mesh quality

Fig. 16 The optimal design
comparison between the proposed
method (left) and the SIMP
method (right)

Fig. 17 The optimal results of MBB beam with MQ RBF in different values of c

A parameterized level set method combined with polygonal finite elements in topology optimization 1923



The similarity in the topology of the two designs illustrates
that the proposed method is insensitive to the meshes.

However, the quality of the finite element mesh may
affect the optimal design. Figure 15 illustrates the optimal
designs with different mesh qualities. The polygonal finite
element meshes are obtained with the open source
MATLAB code “PolyMesher” (Talischi et al. 2012a).
The larger the “MaxIter” parameter in PolyMesher, the
better the quality of the mesh. Generally, this parameter
is larger than 500 to make sure the quality of the mesh is
good enough. In this test case, all the meshes are obtained
from the same set of initial mesh seeds, but with different
numbers of updating steps. During the updating, some
nodes may merge together; thus, the total number of
nodes reduces as the number of updating steps increases.
All the other parameters in the optimization are the same
and the total number of optimization iterations is 500. It
can be seen that the topologies of the final designs con-
verge when the mesh update number increasing. Bad
quality of the finite elements induces more instability dur-
ing the optimization process and slow convergence in the
same situation (same set parameters). So the mesh
updating step number is suggested to be more than 300
according to this comparison.

5.1.3 Comparing with SIMP method

A comparison of the proposed level set approach and the
SIMP method is shown in Fig. 16. The results illustrate the
SIMPmethod provides a structure withmore details and lower
objective (mean compliance). One understandable reason is
that it is more difficult to represent tiny details with the im-
plicit boundary representation approach of the level set meth-
od. Another unproven reason is that the RBFs may produce a
smoothing effect to some extent. This can also explain why
the proposed method has no need to implement additional
regularization schemes, such as a filter or perimeter control.
Compared with the level set-based approach, the density-
based method always shows zigzag boundary which is a tra-
ditional issue in topology optimization and generally a further
post-processing approach is needed to smooth the surface of
the design.

5.1.4 Parameter studies in RBFs

In this section, some important parameters of two types of
RBFs, multiquadric (MQ) RBF, and Wendland’s C2 CSRBF
(Wendland 1995) are studied. MQ can be written as follows:

g xð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x−xi

��� ���2 þ c2
r

ð32Þ

where c ≥ 0 is the parameter of MQ RBF. Figure 17 illustrates
the results of the MBB beam with different values of c, and it
can be seen that the final results are insensitive to this param-
eter so the value of c is easy to set. Then, the value of cwill not
affect the solutions as long as it is given a reasonable value
which will not induce large numerical errors, i.e., a value less
than 0.1.

Another popular set of RBFs are Wendland’s CSRBFs
which have limited support radius, the one with C2 continuity
is C2 CSRBF which can be written as:

g xð Þ ¼ max 0; 1−rð Þ4
n o

: 4r þ 1ð Þ ð33Þ

Fig. 18 The actual support radius of a CSRBF

Fig. 19 The optimal results of MBB beam with C2 CSRBF with different support radii (corresponding to n = 2, 4, 8 respectively) and the blue circles
show the actual support ranges
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where

r ¼
x−xi

��� ���
d

ð34Þ

where d is the actual support radius as shown in Fig. 18, which
indicates the real region covered by the RBF. The results of the
same MBB beam optimization are shown in Fig. 19. The
value of d is taken as integer times an equivalent element size,
which is calculated as

d ¼ n:
ffiffiffiffiffiffiffiffi
m=e

p
ð35Þ

where n is a multiple of the element size, m is the area of the
design domain, and e is the total number of elements. In this
case,m = 3 and e = 1000. Figure 19 shows the results of n = 2,
4, 8, respectively. The actual size of the support area for each

case is illustrated with a blue circle above each figure. The
results suggest that the support radius is 2 to 4 times the
equivalent element size and a very large support radius may
cause instabilities during the optimization process. Compared
with the MQRBFs, the CS RBF provides a sparse matrixA in
Eq. (13) and then, the computing efficiency is higher.

5.2 Examples of complex design domain problem

As mentioned before, the polygonal finite elements can be
applied in solving irregular design domain, and the RBF-
based level set method can be used in updating the front prop-
agation in an unstructured grid. The combination of these two
approaches can be easily implemented in solving the topology
optimization problems in irregular design domains. Then, a
hook example is implemented to illustrate the effectiveness of
the proposed approach. The example is shown in Fig. 20 and
the description of this example is defined in Fig. 7c of the
literature (Talischi et al. 2012b). The problem definition is
too complex to be described in detail, but the related original
MATLAB file including the boundary conditions, geometry
information, and loads can be downloaded in the
SupplementaryMaterial of Talischi et al. (2012b). The volume
fraction is set to 0.4. Figure 20 a shows the definition of the
problem in which the design is obviously irregular. Figure 20
b shows the optimal result obtained with the SIMP method
with the code provided in (Talischi et al. 2012b) and Fig. 20c
shows the optimal result obtained with the proposed method.
Each of the two results is obtained with a mesh of 8000 ele-
ments. In the parameterized level set method, the
multiquadratic spline is used with the parameter c = 10−5.
The mean compliance of result (b) is 7254.721, and the mean
compliance of result (c) is 6907.560. The mean compliance of
the proposed method is less than the result obtained with the
SIMP method, but it is still hard to conclude which one is
superior because the value of mean compliance is affected
by a lot of parameters which may be totally different in the
two models. However, the final topologies are quite similar.

a The problem definition. b The result of the SIMP method. c The result of the proposed method. 

Fig. 20 The optimal results of the hook example of the SIMP method and the parameterized level set method (a–c).

Fig. 21 The level set surface of the optimal results of the hook example
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The result with the SIMP method provides more details,
which can be tuned with the radius of the filter and the pro-
posed method provides smoother boundaries which are more
suitable for manufacturing.

The level set surface of the result is shown in Fig. 21.
Because the values of the level set function can only be accu-
rately calculated inside the design domain, the values of the
outside part shown in this figure are obtained by taking the
minimum values of the interpolated values with RBFs and a
signed distance function which is calculated in advance. The
outside part is only calculated for display to illustrate the con-
cept of the proposed method. It is not necessary to be calcu-
lated in each step because it has no effect on the result.

According to the figure, the value of the level set function
shows a reasonable range in both the solid and void part of the
design. Thus, the proposed approximative reinitialization
combined with the implementation of the δ(Φ) function can
be considered to substitute for the conventional reinitialization
approach, which is not very easy to implement in the param-
eterized level set model.

Two other examples in Talischi et al. (2012b) with polygonal
finite elements are also studied as shown in Fig. 22, which
further verifies the effectiveness of the proposed method.

6 Conclusions

In this paper, the parameterized level set method is combined
with the polygonal finite element method to solve topology op-
timization problems on complex design domains, a problem that
is difficult using traditional level set approaches. Two numerical
schemes are applied with the proposed model. One is an approx-
imate reinitialization scheme, which is proposed to substitute for
the conventional reinitialization approach in conventional level
set updating models; the other is the multiplication of a δ(Φ)
function to the velocity field to avoid numerical instabilities
caused by infinite values of the level set function at some specific
locations. The numerical examples demonstrate that the pro-
posed parameterized level set method coupled with polygonal

finite elements is robust. For example, an MBB beam was used
to show that the designs obtained using the proposed scheme are
not significantly dependent on the initial guess, the scheme al-
lows for nucleation of holes, the method is not mesh sensitive as
long as mesh quality is reasonable, and the method is not highly
dependent on RBF parameters. Additionally, three problems on
complex design domains are also presented. The parameterized
level set method in this article does not implement any boundary
smoothing scheme like perimeter control or filter, yet all result
have smooth boundaries, which is always a favorable property of
level set methods.

The parameterized level set method should also work well
with other kinds of unstructured finite element meshes, like
meshes with triangular elements or irregular quadrilateral ele-
ments. This has not been verified in this study, but schematically,
there should be no difficulty because the updating of the param-
eterized level set function is in a parametric space instead of on a
mesh grid. Another potential application of the parameterized
level set method is in the geometric nonlinear optimization prob-
lems. Because the knots are not necessarily to be located in a
fixed region, they can move around together with the deformed
meshes. Thus, the numerical updating of the level set function
can be handled easily as illustrated in this paper. Thus, the appli-
cation of this method in problems of compliant mechanism de-
sign optimization should be straightforward.
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