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Abstract

This paper introduces a general recovery-based a posteriori error estimation framework for the Virtual Element Method
(VEM) of arbitrary order on general polygonal/polyhedral meshes. The framework consists of a gradient recovery scheme and
a posteriori error estimator based on the recovered displacement gradient. A skeletal error, which accurately mimics the behavior
of the L? error of the displacement gradient by only sampling the displacement gradient on the mesh skeleton, is introduced.
Through numerical studies on various polygonal/polyhedral meshes, we demonstrate that the proposed gradient recovery scheme
can produce considerably more accurate displacement gradient than the original VEM solutions, and that the a posteriori error
estimator is able to accurately capture both local and global errors without the knowledge of exact solutions. We also demonstrate
the use of the VEM skeletal error estimators to guide adaptive mesh refinement.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

The virtual element method (VEM) is a recent generalization of the finite element method (FEM) that is capable of
efficiently handling general polygonal/polyhedral meshes [1]. This feature makes VEM a suitable framework for mesh
adaptations (e.g. adaptive refinement and coarsening). To realize this potential, we propose a general recovery-based
a posteriori error estimation for VEM of arbitrary order on general polygonal/polyhedral meshes, and demonstrate
the idea in the context of linear elasticity. More specifically, we first introduce an efficient patch-based gradient
recovery scheme for VEM, which reconstructs a more accurate displacement gradient field by least square fitting the
displacement degrees of freedom (DOFs) over each selected patch of elements in the mesh. Based on the recovered
gradient, we further introduce a simple yet effective recovery-based a posteriori error estimator. To avoid explicit
constructions of the VEM basis functions, this error estimator evaluates the displacement error on the skeleton of
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the mesh, which mimics the behavior of the L? norm of the displacement gradient error. We conduct thorough
numerical studies to assess performance of the proposed gradient recovery scheme and error estimator. Through
numerical examples, the proposed gradient recovery scheme and error estimator are shown to be accurate on various
polygonal/polyhedral meshes and with different types of displacement solutions.

The remainder of this paper is organized as follows. Section 2 provides motivations for the paper and summarizes
related work in both VEM and FEM literature. Section 3 reviews the VEM framework for 2D and 3D linear elasticity
problems. In Section 4, we introduce the gradient recovery scheme for lower- and higher-order VEM, and a posteriori
error estimator based on the recovered displacement gradient. In Section 5, some theoretical estimates of the recovered
displacement gradient, which provide insights into the proposed gradient recovery scheme, are provided. Several
numerical assessments are presented in Section 6 to demonstrate the accuracy of the gradient recovery scheme and
a posteriori error estimator on various polygonal/polyhedral meshes and with different displacement solution types.
Section 7 addresses the use of the VEM skeletal error estimators to guide adaptive mesh refinement. Section 8 contains
several concluding remarks and future research directions. An Appendix complements the paper, which presents a
Super-convergent Patch Recovery (SPR) type scheme.

2. Motivation and related work

Interest in numerical methods that can handle polygonal/polyhedral meshes has been growing in the fields of
mathematics and engineering, see [2—14] for a minimal sample of references. Among them, VEM is an emerging
method, first introduced in [1], as a generalization of FEM in the family of Galerkin methods. In the VEM, the
basis functions of the local space are defined implicitly through a suite set of partial differential equations (PDEs).
Unlike FEM, this set of PDEs is never solved throughout the approximation. Instead, we apply integration by parts
to compute suitable projections of the basis functions on to polynomials. [1,15]. Those projections are then used
in the VEM approximation to ensure its consistency together with a suitable stabilization term, which is needed
in order to avoid the appearance of hourglass modes. As a result, only numerical quadratures for polynomials
(and not for more complex functions) are required in the VEM. These unique features allow the VEM to handle
general polygonal/polyhedral meshes (including non-convex ones [16,17]) and to construct various types of elements,
including H(div) and H(curl) conforming elements [18]. The VEM has undergone substantial developments and has
been successfully applied to a wide range of problems. For conciseness, we only focus on the literature of VEM
for structural mechanics here. In structural mechanics, the VEM has been introduced for linear elasticity problems
[19-21], small deformation nonlinear elastic and inelastic problems [22-25], finite deformation elasticity [16,26] and
elasto-plasticity problems [27], plate bending problems [28—31] and contact problems [32].

Among various features of the VEM, the flexibility in dealing with general polygonal/polyhedral meshes makes
it appealing for adaptivity. For example, by introducing hanging nodes, adaptive mesh refinement strategies can be
made more efficient with polygonal/polyhedral elements because it only requires local modifications to the mesh [2].
On the other hand, the shape generality of polygonal/polyhedral elements (especially the concave ones) enables easier
element agglomeration schemes for mesh coarsening [33,34]. To realize the full potential of VEM in adaptivity,
development of a posteriori error estimator is essential — this is the focus of our work.

A posteriori error estimation is a classic topic in FEM with a vast literature, and it is typically categorized
into many types: here we consider the recovery-based error estimation type, see e.g. [35-42]. For more details
about the error estimation in FEM, the interested readers are referred to references [41.43] and the references
within. Recovery-based error estimators (although supported by a less extended theoretical background with
respect to other methods) are often preferable in practical applications because of its simple structure, easy
implementation, and effectiveness in predicting errors. The recovery-based error estimators require an addi-
tional post processing procedure to obtain recovered solutions (typically of gradient type), which are more
accurate than the original ones. Among various recovery techniques in the literature, the most notable one
is the super-convergent patch recovery (SPR) developed by Zienkiewicz and Zhu [35,36,44]. The SPR has
been adopted in [45] to develop error estimators for polygonal and polyhedral FEM. Other techniques also
include the recovery by equilibrium in patches (REP) [40,46] and the polynomial preserving recovery (PPR)
[38,47-49]. Comparing to FEM, developing error estimations in the VEM framework is a more involved task because
the basis functions of the local VEM space are unknown in the interior of elements. Nevertheless, there exist some
error estimators in the literature for C” and C!' VEMs [50-53], but all of them are of residual type.
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In this work, we outline a general recovery-based a posteriori error estimation framework for H' conforming VEM
of arbitrary order on general polygonal/polyhedral meshes. For the kth order VEM, a polynomial of order k 4 1 is
obtained by least square fit of the displacement DOFs over each patch. The recovered displacement gradients on the
sample points (i.e. vertices and edge nodes) in that patch are then taken as the gradient of that polynomial evaluated
at those points. Based on the recovered displacement gradient, an error estimator is obtained through a skeletal
error, which evaluates the displacement error on the skeleton of the mesh. In the proposed framework, because only
displacement DOFs are used in the fitting process and the errors are selectively evaluated on the mesh skeleton, then we
avoid the difficulty of considering the explicit values of the VEM basis functions in the interior of elements. Through
numerical examples, the proposed error estimation scheme is shown to be accurate for lower- and higher-order VEMs
on various polygonal/polyhedral meshes and with different types of displacement solutions (e.g. smooth displacement
fields, displacements with sharp gradients, and ones containing singularities). For linear VEM, the accuracy and
effectiveness of the proposed error estimation framework are further demonstrated by comparing it with a SPR-type
error estimation as outlined in the Appendix.

3. VEM for linear elasticity

In this section, the VEM framework for linear elasticity problem is reviewed. Consider a solid in its stress-free
state that occupies a domain 2 C R with ¢ being the dimension. The solid is subjected to a prescribed displacement
field, u’, on one portion of the solid boundary ™ and a traction t on the other portion of the solid boundary ™, such
that I U I =982 and I™ N I'* = (. In addition, a body force fis applied in the interior of (2.

The governing equations of linear elasticity are:

div(Ce(u)) +f=01in 2
u=u’on ™ (1)
Ce(u)-n=ton [,

where C is the elasticity modulus tensor, which possess major and minor symmetries, i.e. Cijur = Ciij = Cjit =
Cijir. Additionally, €(u) is the linearized strain tensor:

1
e = 3 [(Vw' + Vu], (2)

where V stands for the gradient operator. The above governing equations for linear elasticity can be recast in
variational form, which consists of finding u among the space of kinematically admissible displacements such that

/E(V)i[CG(“)JdX=[f-vdX+f t-vds VveKk’, 3)
J 82 J 0 It

where the space KV denotes the kinematically admissible displacements that vanish on ™.
3.1. Virtual elements on arbitrary meshes

In this subsection, we review the definition of the local spaces of virtual elements in 2D and 3D [19.54,55]. As a
declaration of notation, in the following presentation we use F and P to denote polygons (an element in 2D or a face
in 3D) and polyhedrons, respectively. Moreover, we use e to represent a generic edge in the mesh. Whenever we have
definitions that are independent of dimensions, we use E as a generic element (i.e. generic polytope).

3.1.1. 2D virtual elements
Before stating the definition of the local virtual space Vi (F') for 2D virtual elements, we first introduce a preliminary
virtual space denoted by Vi(F) as follows

Vi(F) = {ve H'(F):v|. € Ple)Ve € 9F, Av € Pu(F)}, (4)

where A stands for the Laplacian operator and 77 (+) is the space of polynomial functions whose orders are less than
or equal to k. By definition, the space Vi(F) contains functions whose Laplacians in the interior of /" and boundary



24 H. Chi, L. Beirdo da Veiga and G.H. Paulino / Computer Methods in Applied Mechanics and Engineering 347 (2019) 21-58

values are both kth order polynomials. It is immediate that Pi(F) C ﬁk(F ). Furthermore, for any v in ﬁk(F ). by
knowing the following three sets of information:

e the values of v at vertices x,: v(X,), VX, € F; (5)

. thevaluesofvatxﬁ:v(xf,), VeecdF, £=1,....k—1; (6)

e the moments of v up to order k — 2: [ vpp_2dx  Vpr_o € Pr o F), (7)
JF

where xf, is the £th internal integration point of the Gauss—Lobatto rule of order 2k — 1 on edge e, one can compute a
projection H,fv € Pr(F) such that

/V(ﬂ,fv_)-VpkdX=/Vv-Vpkdx Vpr € Pu(F)
F F

> Ipux) =) vix,) ifk=1 )
XpeF xyekE
/ﬂ,?’vdx=[udx ifk>2

F JF

In fact, the computability of the projection II;Yv when (5)—(7) are given becomes more apparent by applying an
integration by parts to the first condition of Eq. (8). _
Having introduced the preliminary virtual space Vi(F), we formally define the 2D local virtual space Vi(F) as

Vi(F) = [v € Vi(F) / vgdx = /(H‘fv)qu Vg € (Pr/Pr-a(F)) ¢, 9)
F JF

where (Py/Pi—2(F)) stands for the polynomial space in Pi(F) that are L? orthogonal to P;_»(F). By definition, we
have Pr(F) € Vi(F) € Vi(F) and, moreover, the sets of information of v in (5)—(7) constitute a complete set of
DOFs for Vi (F).

Remark 3.1. Using the given set of DOFs of v in (5)-(7) and, according to (9), we can exactly compute fF vpdx for
any pi € Pr(F). As will be discussed later, this is an important property of the local virtual space Vi (F) that allows
us to compute a L2 projection of Vi(F) onto P(F) [55].

3.1.2. 3D virtual elements
For the 3D case, we restrict our attentions to polyhedrons with planar faces. Again, as a preliminary space, Vi(P)
is introduced as

Vi(P)y={ve H'(P): v|r € Vi(F) VF € 3P, Av e Pi(P)}. (10)

In the above definition, we specily that the functions in ﬁk(P) belong to the 2D virtual space V,.(F) on each face F of
polyhedron P. For any v in V,(P), the obvious 3D counterpart of the projection HIYU defined in (8) of v onto P (P)
can be uniquely determined and computed provided that we have the following information on v (see [54]):

e the values of v at vertices X,: v(Xx,), VX, € P; (11)
e the values of v atxﬁ:v(xﬁ), VeedP, t=1,....k—1; (12)
e the moments of v up to order k — 2 on face F: [ vpr2ds  Vpr o€ Py a(F)andVF € 0P; (13)
JF
e the moments of v up to order K — 2 in P: / vpk—2dXx  Vpr_2 € Pr_a(P). (14)
P

As compared to the 2D case, an additional set of information of v is needed in 3D, i.e. (13), which includes the
moments of v up to order kK — 2 on every face of the element. In particular, by examining the first condition of (8),
also in the 3D counterpart we can apply integration by parts to the term on its right hand side, which yields

/ Vv - Vpdx = f v(Vp, -n)ds — / v Appdx. (15)
P ap

JP
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The terms in the above relation can be exactly computed. On one hand, the second term on the right hand side of the

above relation is known due to (14). On the other hand, because v belongs to Vi(F) on each face F' € P, then the first

term on the right hand side of the above relation is also computable by combining (13) and (9) (also see Remark 3.1).
With 17k(P), we are ready to define the virtual space Vi(P) for 3D virtual elements as

Vi(P) = lv e Vu(P): [ vgdx = f(H,Yv)qu Vg € (Pi/Px—(P))¢. (16)
Jp P

Again, it can be shown that (11)—(14) constitute a complete set of DOFs for Vi (P) [54].

Remark 3.2. For a given element E in 2D or 3D, although the projection operator 17, is defined as from ﬁk(E ) onto
‘P, (E), we can also define the projection HEV from V,(E) onto P, (E) using the same set of definitions (8). For any v
in Vi(E), this projection is computable using only the DOFs of v, i.e. (5)—(7) in 2D or (11)—-(14) in 3D.

3.1.3. Two projection operators

In VEM approximations, two L? projections are utilized, which respectively project a given function v € Vi(E)
and its gradient onto polynomial functions. The first projection, denoted as 110 : Vi(E) — Pi(E), is defined for any
given v in Vi (E) as

/ I prdx = / v prdxVp, € Pu(E). (17)
JE JE

Because any pi € Pr(E) can always be decomposed as pr = pr—2+qr with pr_a € Pr_a(E) and gx € (Pi/Pr—2(E)),
then we can express the right hand side of above expression as

[ vmax= [ v+ aoix= [ wpaix+ [ drfoaos (1)
JE E E JE

This shows that the term || £ U Prdx can be exactly computed using only the DOFs of v in both 2D and 3D and, thus,
the same holds for the projection 17 v.

Remark 3.3. For linear and quadratic virtual elements, i.e. k = | and & = 2, it is shown in [55] that the projection
H]Pv coincides with Hkvv for any v € Vi(E). For virtual elements of order k£ > 3, however, projections H,?v and Hgv
are different.

The second projection, which is utilized to project Vo, is denoted as H,:Ll C[LAHE)E — [P (ENY for a kth
order virtual elements. For a given v in Vi(E), the projection H,:L] Vv is defined as

/ I Vv pejdx = / Voepeidx Vpey € [Pey(E)]Y (19)
JE E

Applying integration by part to the right hand side of the above expression gives

/ Vo -ppdx = / vpi_1 - nds — [ vdivpe_1dx, (20)
JE E JE

J o

which can is also computable in both 2D and 3D using the DOFs of v. More specifically, the second term on the right
hand side of the above expression is immediately given by DOFs (7) and (14). Moreover, in the 2D case, the first term
on the right hand side of (20) can be exactly integrated using the Gauss—Lobatto rule of order 2k — | on each edge
using the sets of DOFs (5) and (6). For the 3D case, on the other hand, by decomposing pr—1 as px—1 = Pr—2 + Q-1
with pg_s € [Pr_s(E)]? and qe—, € [Pi—1/Pr_2(E)] . we can express the first term on the right hand side of (20) as

/ Upg1-nds = Z [ (P2 + Qx—1) - nds = Z [/ vpy 2 - nds + / 1 vgy 'nd-Y:| , (21
Jap JF F JF

FeoP FeaP

which is computable using only the DOFs of v.
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3.2. Virtual element approximation for linear elasticity

Let us consider a discretization denoted by (2, of the domain {2 into non-overlapping polygons or polyhedrons,
where /1 stands for the average element size. We also assume that the boundary of the mesh, denoted by I, is
compatible with the applied displacement and traction boundary conditions, namely, both {7} and I’} consist of unions
of edges and faces of the mesh. In 3D, we also use F to denote a generic face in the mesh. For a kth order discretization,
the global displacement space Ky, « is a conforming finite dimensional space defined as

Knk = {vi € K : vyl € V(E)Y, VE € ). (22)

where Vi (E) is a kth order local virtual space defined in the preceding subsections. In each element £, each component
of the local displacement v (v = [vy, vrv]T in 2D or v = [y, vy, v-]7 in 3D) has the set of DOFs specified in (5)—(7)
and (11)—(14) respectively for 2D and 3D cases. In the following discussions, we introduce H,:)  V(E))E —
[Pi(E)]¢ as the action of H,f] on each component of the vector field, i.e., Hk”v = [H,?vx, H,:)vv]T in 2D and
IV = [ 10y, vy, 110,17 in 3D. Similarly, we also introduce the projection IT,) | : [L2(E)]*¢ — [Py 1(E)]4*4
for second order tensors as

(ﬂ,f'_lex)T}
(R Vo))"

(1L Vu)”
in2Dor IT" \Vv = | (1’ ,Vv,)" | in 3D. (23)

o vy — [
(L V)"

When applied to the strain tensor €(v), the projection IT | €(v) stands for
1
I e(v) = 3 (1) V)" + 11 | Vv] (24)
Our next step is to introduce the VEM approximation to the continuous problem (3), see for instance [19,20,23]. To
that end, for any element E, we need to first approximate the following local bilinear form on the left hand side of (3):

a(uy, vy) = / €(uy) : [Ce(vy)]dx. (25)
JE
The VEM approximation af(uh, v,) of af(uy, vp) is composed of the following two terms:
a,‘f(u;,, V) = / H,file(v;,) :C: Hél,e(uh)dx + aESE(u;, — H,f}uh, Vi — H,f’vh), (26)
JE

where the first integral on the right hand side is evaluated (exactly) using a numerical integration of order 2k — 2;
SE(., ) is a bilinear form that is computationally inexpensive to compute and satisfies the coercivity condition; and
ofisa scaling parameter that scales SE(., ) to the same order of magnitude as af, ). Typical choices of SE(., ) and
E o
a” are:
Ng
SEap, vi) = h‘;;fz Z Zi(wp) - Si(vp) and oF = traceC = C;jij (in indicial notation) (27)
i=1

where hg = |E|V/? represents the size of element E, 5;(v) stands for the ith DOF of v in E, and N stands for the
total number of such local DOFs in E. In the VEM literature, the first and second terms of a,‘f (up, vp) are respectively
known as the consistency and stability terms, and they are respectively responsible for the satisfactions of consistency
and stability conditions, which are the two key conditions to ensure the convergence of the VEM approximation
[1,19].

On the other hand, we approximate the loading term on the right hand side of (3) as

. vi)n + (V) = Zgﬁ f. I1)v,dx + Z Sﬁ t-v,dx  in2D, (28)
rF s A
and
(€. va)n + (. va)n = 5}5 f- ITvydx + 96 t- II'v,dx  in3D, (29)
h)h hlh ; . i Yh Z . r Vi

ot
Fely,
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where ffi and ¢ denote any numerical integrations that are exact for polynomials of order 2k —2 and 2k — 1. respectively.
We note that, in the 2D case, v, is by definition known as a polynomial function of order k on each edge. In addition,
in the special case of k = 1, instead of using a integration rule that is exact of order 0 for ffi (i.e. is able to integrate
any constant function exactly), we use a one-point integration rule with the quadrature point and weight being the
centroid and either the area or volume of each element, respectively. This integration rule is exact when the integrand
is a linear function. For the higher order VEM in this paper, we utilize the commonly used triangulation scheme with
the above stated order of accuracy (more sophisticated choices, for example [56,57], could be taken).

We are now ready to state the final form of the VEM approximation for linear elasticity problems, which consists
of finding u;, € K;, such that

Z |:[ H;Lle(vh) :C: H,fl,e(u;,)dx+ aESE(u;, — H,?uh, vy, — Hk()vh):| = (£, vi)n
E WE

+ v Yvp ekl 30

where K is a subspace of K, with functions that vanish on I,

4. A recovery-based a posteriori error estimation for VEM

This section introduces a gradient recovery scheme that reconstructs a more accurate displacement gradient based
on the VEM solutions. Making use of the reconstructed displacement gradient, this section further propose an «
posteriori error estimator for the VEM, which estimates the error of the displacement gradient. According to the
VEM philosophy, the gradient recovery scheme presented here will focus on reconstructing displacement gradients
on the skeleton (i.e. union of edges) of the mesh. We also employ a H'-type skeletal norm for the displacement
gradient error estimators. For a given discretization {2, and a function v, the H'-type skeletal norm, denoted by &y ;.
is defined as

eve=| Y hp Y [(Vv-T,)-(Vv-T,)de in 2D, (31

Fely, ecdF ¢

and

t2l—

s =| D he Y hr)y [(Vv- T,)- (Vv-1,)de in 3D, (32)

Pel2y, FedP ecdF "¢

where /1 p and /i g are the diameter of polyhedron P and polygon F; and z, denotes the unit tangential vector of edge e.
We remark that, unlike the regular H' semi-norm that integrates over each element in the mesh, the H'-type skeletal
norms defined in (31) and (32) only sample function gradients along the skeleton of the mesh. These skeletal norms
mimic the regular H' semi-norms in the following sense: they take H' semi-norms on the skeleton of the mesh (so
that the norm for a constant function vanishes), and those differences are then scaled in order to achieve the same
behavior (with respect to element contractions/expansions) as the regular H' semi-norm. We also remark that, similar
mesh-dependent norms are considered in the Mimetic Finite Difference (MFD) literature [58,59].

4.1. A gradient recovery scheme for the VEM

We present a gradient recovery scheme for VEM of arbitrary order. This subsection is outlined as follows. We will
first describe in detail the displacement gradient reconstructions for linear and quadratic virtual elements, respectively.
Afterwards, a general gradient recovery framework will be outlined for VEM of arbitrary order k. Note that, in the
present section, we assume to have a patch of elements associated to each vertex of the mesh; the selection of such
patches will be discussed later.

Before proceeding, we first introduce the notation utilized in this gradient recovery scheme. For the ith node in the
mesh expressed by x; = [x;, y;i1T in 2D (and x; = [x;. v, z;17 in 3D), we denote by ; a patch of elements associated
with it. We will describe the criteria for how to choose w; at the end of this subsection. For now, let us assume that
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a patch o is given. We denote by /1, a characteristic size of the patch w, which is taken as the maximum distance
between the nodes in the patch, and by Nf the total number of elements it contains. For the 2D cases, we use Z"(v),
Zf(v) and Z/(v) to denote the ith vertex, edge and internal DOFs of a given function v in the patch , respectively,
and N2, N¢ and N/ to denote the total numbers of vertex, edge and internal DOFs in this patch, respectively. For
the 3D case, we additionally denote by EEF (v)and N wF the ith (internal) face DOFs and the total number of (internal)
face DOFs in the patch w, respectively. For instance, if a given patch consists of 2D linear virtual elements, the vertex
DOFs of v are its values at the vertices of this patch, and there are no edge and internal DOFs. Alternatively, if a given
patch consists of 2D quadratic virtual elements, in addition to the vertex DOFs (as in linear virtual elements), we have
one edge DOF at the mid-node on every edge in this patch, and each element in the patch has one internal DOF, which
is the zero order moment of v over this element.

Moreover, for a given patch e, we denote by Pi(w) the set of polynomial functions of degree less than or equal to
k with dimension np, . For a given order k, we have np, = (k+ 1)(k +2)/2in 2D and np, = (k+ 1)(k +2)(k +3)/6
in 3D. If we introduce a multi-index o« = (e, a2, ar3), we can define the set of basis functions of Py (w) as

myeo = (=) (2) 7 (2=2)7 el =k, (33)

hw hw /Iw

where || = a; + a» 4+ a3 and X, = [X,, Vo, Zo]” is the centroid of w (alternatively, x,, can also be any point in e,
e.g., the mean of all nodes in w). We note that while the above notation is introduced for the 3D case, it also applies to
the 2D case with o3 being zero. In the following discussions, we will reshape the multi-index e, || < k into a scalar
index a, @ = 1, ..., np, and use m{(x) to denote the th basis functions for Pr(w).

4.1.1. Displacement gradient recovery for linear elements

We address the displacement gradient recovery of linear virtual elements in both 2D and 3D cases. Since the
gradient recoveries in 2D and 3D follow similar concept and procedures, we will thoroughly describe the recovery
in 2D and then comment on suitable modifications in the 3D case. For both cases, we attempt to reconstruct a
displacement gradient at every vertex of the mesh, and, for each vertex, the reconstruction is performed in its
associated patches. Once the nodal gradients of all the vertices are obtained, a continuous displacement gradient
on mesh skeleton, denoted by G,uy, can then be obtained by interpolating those nodal displacement gradients on the
mesh skeleton.

For a given patch o; (associated with x;) in 2D, the basic idea of the gradient recovery scheme is to seek a quadratic
vector field, denoted by p®i (x) = [py", py'1" € [Pa(w;)]*, such that its x and y components satisfy

NG, N,
. . - - 2 . . - - 2
pYt = argmin Z: [:;’(f) — :f(u,,,x)] and p{’ = argmin Z [:f(_é) — :}’(uh_y)] \ (34)
EePylwn) ;=1 ' fePalwp) 2y

respectively, where u;, = [u), ., u hy}.]T is the VEM displacement solution.

i i

We can express the quadratic functions pff and p;” as linear combinations of the basis functions of Pa(w;), my ,

a=1,...,6,as

6 6
pUx) =Y m(x)gy" and pyt ="y mgi(x)ge, (35)

a=1 o=1

» i

where go' ™ and gg"
matrix expressions:

* are the coefficients. By further considering the DOFs of py’ and p}’, we arrive at the following

) — o T _ . _ ) o T i
Pt =[S0 S0P o S o] wa P = [F00 S0E o S o] (36)



H. Chi, L. Beirdo da Veiga and G.H. Paulino / Computer Methods in Applied Mechanics and Engineering 347 (2019) 21-58 29

.
where P € RYi *® and q©-*, q»Y € R®! are of the forms

— ,—v(m(m ) ’—p(mmi ) ,—v(mlu,) ,—U(mm,‘) '—vv(mm,‘ ) —-u(mm,)
—-u(m(u‘) »—u(m(w ~11(m(u, —-u( w, -—-u( w, —-u( w,
P=
_:,\L}u (m?)‘) :KIU (m‘zu‘) Ek}.s_(m?") 5}'(,1-_ (mzi‘-) _Nu (mm' u—an (mm’ J
B v e = Ya; Xay Y — Yoy Xoy 2 Z \m‘ 2
1os e T ) “](T) = )(T)) " ) (e ))W 37)
Zv — Xay —v — Yo oo X T \0)1 — Yo \‘5’)' 2 =v \mx 2
1 2 (— =
_ ( o ) 2( e ) 5 (( o, ) e ) (( o, ) (( T, %) ‘
— KXy =v —v — Xy Y = Yoy — Xw, = — Yoy 2 |
1 =P, L =Y —_ :.Ly .:Lu
L N"Jr'( hw[ ) ( hwi N (( h(u, ) hm,- )) Noy (( htu, )) N (( hm, ))J
and
; i s i s i x 1T ;s iy Y i\ Y iv1T
qt =[g"" gt - g™ and g = [ @ g (38)

With the introduction of above matrices, we can equivalently rewrite (34) as seeking q“** and q“+¥ € R®*! such
that

q“"* = argmin [Pa — b“"""]T [Pa — b”] and ¢ = argmin [Pa — b‘“f"”]T [Pa — b)), (39)
acROx1 acRox1

where b”* and b*-* are vectors that collect the DOFs of VEM solution uy, in @;, namely, b*"* = [ZP(up ), ...,
) N“ (up)]" and by = (S0 (g ). _,Nv (ttp, ‘)] Examining the optimality conditions of the above minimiza-

tion problems we obtain the following expres%lon% for q“* and q“i+:
q”* = (PTP)"'"PTh** and q¥ = (PTP) " 'PTH?Y, (40)

Once the vectors of coefficients q** and q“+* are computed, we obtain the polynomial functions py’(x) and
p;”' (x), and the value of the reconstructed displacement gradient G,u,(X;) at X; is taken as

Eipf" le;"
ox (i) =i
Guw () = Vp(x) = L @1
L Py iy )J
dx

In 3D, the recovery scheme follows a procedure similar to the one outlined above except for two modifications.
First, in order to account for the expanding dimension of P,(w;) in 3D, the matrix P defined in (37) is modified as

E]”(rncl”i) El“(m;”) El”(mg)f) .- (mm)
2 (m{") 2 (m5") 2 (my s Bl

P= _ : (42)
=y wyi —=v w; =v wj =y @y

Moreover, the recovery scheme is expanded to include the z component of up = [up x. Up, y, U h‘z]T in 3D. With the
modified matrix P, the displacement gradient recovery scheme in 3D consists of seeking q*/**, q*** and q“+* € R!0*!
such that

. . T .
q“* = argmin [Pa — b”-*]" [Pa — b**]
ack10x1

@Y = argmin [Pa - b‘”"’-"]T [Pa — b‘””y] (43)

acR10x1

q
q“* = argmin [Pa — b“”"z]T [Pa —b“7],
acR10x1

where, similarly to b“"* and b®-Y, b“-* is a vector collecting the DOFs of the z component of u;, as b** =
[EVpz)s s Sp (ttp.-)]7. Once the coefficient vectors q®*, q®- and q“% are obtained, the values of the
(J')"
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reconstructed displacement gradient field G,u,, at node x; are naturally given by

J pf" 0 p;” 0 pi”i
%) ) )
) ap apy: apyt
Gaun(x) = VpUitx) = | Pz Pxy) x| (44)
ox ay az
ape” ap:” apc”
L e (xz)J

4.1.2. Displacement gradient recovery for 2D quadratic elements

We present a gradient reconstruction scheme for quadratic elements in 2D, in which we attempt to reconstruct
the displacement gradient at every vertex of the mesh, as well as the mid-side node of every edge. In particular, the
displacement gradient for every vertex is reconstructed within the associated patch, and the one for each mid-side
node is obtained by averaging the reconstructed gradients within both patches associated with the two vertices of its
edge.

Let us first look at the gradient recovery on the vertices. Similar to the linear case, for a given vertex x; and its
associated patch w;, we aim to seek a cubic vector field, denoted by p® = [p’, py'17 € [Ps(w;)]%. such that its
components satisfy

N, N, N,
P = argmin 1 3 [Z766) ] + Y [256) - Z5wn o] + Y [5 @) — 2l @]
SUEIC/PN j=1 =1
] J J (45)
N, NG, Na,
i = argmin §3 1276 = )] + 3150 = Fnl + /@ = S
UL ] j=1 Jj=1

where we recall that the operator = ]I () =1/|E;] f ¢ (-)dx represents the internal DOF of the jth element in the patch.
. Wi . ~ ‘, / . wj ~
Expanding pf‘ (x) and p)’(x) in terms of basis functions m¢' (X) of P3(w;), ¢ =1,..., 10, as

10 10
pri(x) = Zm(‘;”' (x)g, " and p;”' x) = Z my (X)g,"", (46)

a=1 a=1

we obtain the following relations in matrix forms as

T
. —Ur W —v w; —es o —e , =1/ o =1 w;
Pt = [S100) o S ) S e S on How - S en]. e
and
T
Ly —Ur W —v w; —es o —e , =1/ o =1 w;
P = [_, (p%) Sxg (PY) SR (YD Exe (YD) S () Bt (p;.)} : (48)
. v € I i - .
where matrices P & RWei Ve TN X 10 g qoiox gy € R19%1 are given by
[ Zrm(  EmS") Emy Zrm) ]
Efl\;(}i (mj”f) E;;;_ (m 12”" ) E"t\j'ci;;- (171’3”") Ef‘\’,(ﬂ (mﬁf})
— ! wy — ! [OH H'I [OH — ! wy
Zf(mi") Si(my') Zi(my") EY(m,
P= R (49)

—e wj
Eng, (m,")

= 11 (m T’i )

~T j
= m
| =y )

—e wj
=N, (m,")

E’(m;”")

~J wj
= m
v, m3)

—e wj
=, (m3")
1 wi
Z(m3")

~] Wi
= m
i, m3)

e Wi
=N, (m)

=] wj
= (my,

=TI wj
=N, (mm)_
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and

i,

w [t g g e = [ e gl (50)

We can then rewrite Eq. (45) as finding q®* and q“+¥ € R!*! such that

q

q“"* = argmin [Pa — b‘“"”‘]T [Pa—b**] and q“ = argmin|[Pa — b‘”"'"‘]T [Pa — b, (51)

acR10x1 ack10x1

where b®+* and b*i** are vectors consisting of both edge and internal DOFs of u, , and u,, , in the patch, i.e.

T
. = = —e —e =1 =1
bt =[S o Sy S o S o S o S o] o)
and
by =[Sy - Sg uny) EfGuny) - She Gny) SlGuy) o S ()] 53
= |1 h,y -—chl,;I_ h,y —1 h,y QN’ii h,y —1 h,y QN‘{’i h,y . ( )

The above equations yield
q“* = (PTP) 'PTh®* and ¢ = (PTP) 'PTH?iY, (54)

Having obtained coefficient vectors q“* and q“»¥, we can reconstruct the displacement gradient Gu,, at vertex
x; using Eq. (41).

Let us then look at the reconstruction on the mid-edge nodes. If we denote by X;; the middle node of the edge
connecting vertices X; and x;, i.e. 32,-‘,- = 1/2(x; + X;), we define the recovered values of the displacement gradient at
X;; as the average value of the ones obtained from both patches associated to the two end vertices, namely,

ap" oo apY I
R 1 [ )+ f &) (,,)+ b (xjj)]
Gron(Siy) = 5 [V i)+ VI G)] = 5 e g dl TR EE G
L (Xu)‘l' av (i-z]) - (Xu)+ 3; (i-.l])

where we recall that p and p“J are the reconstructed cubic vectorial functions for patch w; and w;. respectively.
Note that the above construction is different than taking the average of the reconstructed gradient at the two vertices
(a choice that would lead to a loss of accuracy).

Remark 4.1. By comparing with the definition (34) for linear elements, the one (45) for quadratic elements also
considers internal DOFs of u,, for each patch. This requires evaluating not only the edge DOFs of the basis functions
mg' (x) but also their internal DOFs when forming the matrix P defined in (49). While the edge DOFs of mg' (x) are
their values at the selected points of edges, the evaluation of their internal DOFs (the moments of mg" ) requires the use
of at least a 3rd-order numerical integration rule, which imposes addition computational expense on the simulation
(recall that only a 2nd order integration is needed to exactly compute the stiffness matrix). As we will demonstrate
in the numerical examples, it is possible to neglect the consideration of internal DOFs in definition (45) without
sacrificing too much accuracy in reconstructions. Doing this, however, leads to a more efficient gradient recovery
scheme, as it avoids the integration of basis functions my' (x) (o obtain their internal DOFs as we form the matrix P.

4.1.3. A displacement gradient recovery for virtual elements of arbitrary order

Although not numerically evaluated in this paper, this subsection outlines an extension of the displacement gradient
recovery scheme for virtual elements of arbitrary order k in both 2D and 3D. Similarly to before, this subsection first
describes the reconstructions at the vertices, and then states the reconstructions at the edge nodes of the mesh.

For the vertex x; with its associated patch w;, the first step of the gradient recovery scheme for kth order virtual
elements is to reconstruct a polynomial function p* € [Pri1(w)]? via a least square fitting of all the DOFs of uy,
in w;. More specifically. in the 2D case, the polynomial function p* = [Py, pff."']T is obtained following a similar
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definition as for quadratic virtual elements. In the component form, we define

W, NG, i
pe = argmin {3 [E2E) — )+ D [E56) — Efn0) + Y [E1E) — Elwan] 't
EEPk+l(wi) j=l1 j=1 j=l1
(56)
N, N, i
pe = argmin {3 [E2E) — Zu )|+ Y [E5E) — Zun )]+ Y [EHE) — El )]
’ P (wi) j=1 j=1 j=1

For the 3D case, because of the presence of face DOFs, the above component-wise definition of p» = [py", py', p2' "
is expanded to also include those face DOFs. In particular, we seek

N, NG, Noy
pr = asemin §3 (216~ Fwno] + Y [5© - Sl + 3[5/E - 5]
EF g1 w; j=1 j=1 ji=1

(57)
N,

w;

+>[57® - = @]’
1

(and the analogous one for the other two components py*, ps*) where we recall that the face DOF operator E,.F (),
I =1,..., NwF,,, takes the moments of its argument up to order £ — 2 on the faces in patch w;. In practice, the
polynomial function p* is calculated following identical procedures described in the preceding subsections for linear
and quadratic virtual elements, namely, using the matrix P, which contains the edge, internal (and face, in 3D) DOFs
of the basis functions mg’ of Prs1(w;), and vectors b®*, b®-¥ and b”-*, which consist of those DOFs of the x, y and
z components of uy, respectively. For the sake of brevity, those procedures are not repeated here.

Once we obtain the polynomial function p® (x) for each paich @;, the recovered displacement gradient at vertex x'
is computed by evaluating p“i at this vertex, which is identical to the linear and quadratic cases, i.e.

Gruy(x;) = (VpU)(x;). (58)

For higher-order virtual elements, i.e. k > 2, the gradient recovery scheme also seeks to reconstruct Guy at k — 1
internal points on each edge, which coincides with the internal integration points of the Gauss—Lobatto rule of order
k + 1 on that edge. Assuming that 'ifj, ¢ =1,...,k—1,is the £th internal point of the edge that connects vertices x;
and x;, we generalize a suitable definition of the values of Gu,, at this point from (55) as follows [47]

Grup(x) = (VPU)E]) + (1 — e )(VP“)(E])), (59)

i i

where aff 1s the ratio of the distance between 'ifj and x;, and the length of the edge, namely, afl- = Hif,- —x; ||/ l1xi —x; .

Remark 4.2. The displacement gradient recovery scheme is tailored for the a posteriori error estimator using the H'
type semi-norms (31)—(32) defined on the skeleton of the mesh. To that end, we only reconstruct the displacement
gradient on edges of the mesh, that leads to a computationally cheaper procedure. Nevertheless, by following the same
lines, our recovery scheme could be easily extended in order to yield also the internal degree of freedom values of the
reconstructed gradient.

Remark 4.3. According to Remark 4.1, it is possible to neglect the internal and facial DOFs of u,, in the recovery
process. As suggested by the numerical examples for quadratic virtual elements, this may lead to almost identically
reconstructed displacement gradients, and render the recovery scheme more efficient. For virtual elements of order
k > 3, however, more investigation is needed.

4.1.4. Reconstruction of the displacement gradient Gpuy,
In this subsection, we present the procedures to reconstruct a continuous displacement gradient on the mesh
skeleton using the recovered values of Gpuy, at k + 1 equally-spaced points on every edge in the mesh skeleton.
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1
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Fig. 1. An illustration of the displacement gradient reconstruction for linear virtual elements in 2D and 3D. The displacement gradient on each
edge e is interpolated from the reconstructed nodal values using 1D linear shape functions.

In the remaining, for a given generic edge ¢ in the skeleton, we denote G' by the recovered values of the displacement
gradient on the £th point on this edge.

The basic idea of the reconstruction is to interpolate the recovered values of Gu, at the & + 1 edge nodes using
C" continuous shape functions on each edge. More specifically, for a generic edge ¢, we interpolate Gpuy, as:

k+1

Grun(§) = Y N{V(6)GL, (60)

£=1

where Nék) (&) is the 1D Lagrangian shape function (of order k) associated with the ¢ edge node on e, with & varying
from O to L., in which L, is the length of edge e.

In Fig. I, we provide an illustration of the displacement gradient reconstruction for linear virtual elements, together
with the adopted 1D shape functions on a generic edge e.

As aside note, in addition to reconstructing a displacement gradient only on the mesh skeleton, one can also choose
to reconstruct a displacement gradient over the entire {2 using suitable basis functions. For linear virtual elements in
2D, for instance, a continuous displacement gradient over {2 can be reconstructed by interpolating the values at vertices
obtained from the recovery procedure using nodal vector-valued basis functions of degree 1. Alternatively, one can
use both the recovered displacement’ and displacement gradient on the vertices and perform a C' reconstruction of
the displacement field using C' basis functions [28,60]. The reconstructed displacement gradient is then taken as the
gradient of the reconstructed displacement. The advantage of this alternative approach over the former one is that,
in addition to giving a continuous displacement gradient, the alternative approach also provides a displacement with
higher continuity (i.e. C') and potentially higher accuracy over the original displacement solutions (which is only
C" continuous). Aside from the above comments, however, we stick to recovering a C” displacement gradient on the
mesh skeleton in the remainder of the paper.

4.2. Suitable choice of patches

In the gradient recovery scheme, the selection of patches is a crucial component. In the sequel, we describe the
criteria of how to select the patches. For a vertex x;, we choose its associated patch in the same fashion as in the finite
element literature. As illustrated in Fig. 2(a) and Fig. 3(a) for 2D and 3D cases respectively, the patch w; is defined
to be the union of all the elements that connect to x;. In 3D, this patch definition also applies to the boundary facial
vertices, as shown in Fig. 3(b).

Similar to the finite element literature, special attention needs to be paid when selecting boundary patches as they
are likely to contain insufficient DOFs to uniquely determine the polynomial functions in the recovery process (in this
case, the matrix P”P associated with that patch is singular). For instance, if chosen based on the criterion stated above,

! Instead of evaluating the gradient of reconstructed polynomial function at vertices as in (41), a recovered displacement is obtained by evaluating
the reconstructed polynomial at the vertices.
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H Nodal value to
be determined
from the patch

e Vertex DOFs
© Edge DOFs

A |nternal DOFs

X;

(c) (d)

Fig. 2. Examples of (a) internal and (b) boundary patches in 2D for linear virtual elements. Examples of (c) internal and (d) boundary patches in
2D for quadratic virtual elements.

the patches associated with boundary vertices in 2D (cf. Fig. 2(b)) and boundary edge vertices in 3D (cf. Fig. 3(c)) will
typically contain only two elements. Those patches are most likely to contain insufficient DOFs, especially for higher
order elements. In addition, for general polygonal and polyhedral discretization, similar scenarios may occur even
for patches that belong to internal vertices. Therefore, to ensure the robustness of the recovery scheme, we propose
to monitor NE, which is the number of elements the patch contains. If N is less than three, we propose to enlarge
the vertex patch by including another layer of elements. An enlarged patch is defined to be the union of patches
associated with all the vertices that the original patch contains. This criterion will automatically include the boundary
patches (i.e. the patches associated with boundary vertices in 2D (cf. Fig. 2(b)) and boundary edge vertices in 3D (cf.
Fig. 3(c))) that were discussed previcn,]sly.2

4.3. Error evaluation and a posteriori error estimation for the VEM

We discuss approaches to evaluate the errors of both the original and recovered displacement using the H'-type
skeletal norm defined in (31) and (32). On top of the discussions on error evaluations, we further present a posteriori
error estimation based on the recovered displacement gradient G ,uy,, which also makes use of the H'-type skeletal
norm defined in (31) and (32).

4.3.1. Error evaluation
According to (31) and (32), the original displacement error from VEM simulations using the H '-type skeletal norm
is given by

fas=| Y hr Yy [(Vu -1, —Vu-1,) (Vuz, — Vu-1,.)de in 2D, 1)

Fely, ecdF ¢

2 An even safer procedure to select whenever to enlarge the vertex patches would be a direct check on the non-singularity of the matrix P7P.
Nevertheless, the procedure proposed here is cheaper and turns out to be robust in all the numerical experiments.
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Internal vertex patch Boundary facial vertex patch Boundary edge vertex patch

(a) (b) (c)

Fig. 3. Examples of patches in 3D a polyhedral mesh: (a) an internal patch, (b) a patch on a face of the boundary, and (c) a patch on a edge of the
boundary.

and

tal—

fus=| > hp Y hr)y. [(Vu,, T —Vu-1,) - (Vupt, — Vu- 1.)de in 3D, (62)

Pefy, FeaP ecdF "¢

where u is the exact displacement. For the VEM of order &, the displacement solution u;, possesses kth order variation
on a generic edge e, which can be interpolated from the edge DOFs of uj, on the k 4 1 equally spaced points of this
edge (including the two end points). For this generic edge e, let us denote U! as ¢th DOF of u;, on e. We can interpolate
u, and Vu,, - 7, along this edge as

A w dNP@
w(&) = 3 NPOU and (Va - 7)) = 3 — UL, (63)
=1 =1 -

where Nék)(é) is the 1D shape function (of order k) associated with Uf on e, with £ varying from0to L., and L, is the
length of edge e. In practice, based on the above parametrization, the original displacement error is evaluated using a
Gauss—Lobatto rule of a suitable order on each edge.

For the error evaluation of the recovered fields, the reconstruction Gyuy, in (60) is used, replacing Vu,, in the
original displacement error (61) — (62). In practice, similar to the original displacement error discussed above, the
skeletal error of the recovered displacement gradient is evaluated as

tal—

Eiis = Z hr Z (Gpup - To — Vu - 1,) - (Gpupte — Vu - 7,)de in 2D, (64)

Fef, ecdF "¢

and

(ST

gis=| 2 hp Y hr Y [(Guuy 1.~ Vu-z,) (G, — Vu-z,)de in 3D. (65)

Pesy, FedP  ecdF”°

where we interpolate G,uy, along edge e as

k+1

(Grau)(E) =Y NG (66)

=1

with N}“(f) being the 1D Lagrangian shape function (of order k) associated with the ¢ edge node on e, £ varying
from O to L,; and G being the recovered values of G,u;, on the £th point on edge e. In practice, the above integrals
can be evaluated using a Gauss—Lobatto rule of suitable order on each edge.
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4.3.2. A recovery-based a posteriori error estimator

In the proceeding subsection, the error evaluations make use of the exact displacement gradients Vu, which are
typically unknown in practice. Thus, this subsection proposes a recovery-based a posteriori error estimator, which is
based on the reconstructed displacement gradient, to estimate the original skeletal errors (61)—(62) without knowing
Vu. The main idea behind this estimator is to replace the exact displacement gradient with the reconstructed one in
the original error evaluations (61)—(62). Provided that the reconstructed displacement gradient is more accurate than
the original ones, as expected, doing so should yield a reasonable estimation of the original error [41,36].

The error estimator, denoted by €, ,, makes use of the reconstructed displacement gradient Gu;, on the mesh
skeleton. Over a generic element E, we can express the estimated error using as

1
2
:9-’11,.\‘|E = /1F Z /(Ghuk “Te — Vuh - Tc’) . (Ghuhre - Vuh . Ie)de in ZD, (67)
ecdF V¢
and
1
Busle=1hp Y he Y /(Ghuh T, —Vu-1,)- (Gyut, — Vu - 7,)de in 3D, (68)
FedP ecdF V¢

where the G,u, and Vu - 7, are interpolated using (63) and (66) on every edge e of element E, respectively. In
practice, the above integrals can be evaluated exactly using Gauss—Lobatto rules of at least order 2k on edge e. We
note that the above local error estimations are useful in the adaptive refinement and coarsening analysis to pinpoint
which regions to refine and which regions to coarsen [44]. Once the estimated error is known for each element, the
estimated global error is computed by summing the local errors from every elements as:

1
2

Eu,.\‘ = Z (ﬂé/ll,»\'|E)2 . (69)

Ect2y,

In the subsequent numerical studies, we will verify the skeletal errors by comparing them with the standard error
measures. To that end, we also consider the more standard L? errors of both the original and recovered displacement
gradients given as

b2l =

fu = Z /(Vu — V) - (Vu — Vuy)dx | . (70)
_EE.Qk E
and
_ 1
2
=) f (Vu— Gpwy) - (Va— Gpup)dx | (71)
_EE.Qk E

respectively. In the L? errors above, both the original displacement u;, and recovered displacement gradients Gu, are
interpolated using the barycentric coordinates — we use the mean value shape functions in 2D [61] and Wachspress
shape functions in 3D [62] for the linear VEM, and the serendipity shape functions constructed from mean value
shape functions based on [63] for the quadratic VEM. The Wachspress shape functions are only applicable to convex
elements, whereas the mean value shape functions, as well as the serendipity shape functions constructed from them,
are applicable to both convex and non-convex elements [3]. Regarding numerical integration, all the integrals are
evaluated using a fifth order quadrature rule.

To conclude this section, we summarize in Table 1 the notation of all the error measures we have presented. The
subsequent numerical examples will follow those notations.

5. Some theoretical estimates

In the present section we develop some theoretical estimates for the post-processed error ey, in (64). Note that
the present derivations should not be intended as a proof, as they hinge on some reasonable but not demonstrated
assumption. Instead, the purpose of this section is to give some theoretical backbone to our construction.
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Table 1
Summary of the notations of the errors used in the numerical studies.
Skeletal norm L? norm
Err. of the original disp. gradient cu.s (by Egs. (61)—~(062)) eu (by Eq. (70))
Err. of the recovered disp. gradient .5 (by Egs. (64)—(065)) e (by Egs. (71))
Estimated err. of the original disp. gradient Zu.s (by Eqgs. (67)-(68)) n/a

In the following we will use the standard notation for L” spaces and H* Sobolev spaces. In order to keep the
derivations simple, we will restrict our attention to the case of k = | in 2D. The generalization to 3D follows almost
identically while higher order cases can be tackled following the same lines. In the following we assume that the
(family of) meshes are shape regular, in the sense [1] that every element is star shaped with respect to a ball of
uniformly comparable radius and every edge has length that is uniformly comparable to the diameter of the parent
elements. Under such assumptions one can derive that (see for instance [64]) the original error (61) satisfies

Euy = Ch”“”,rﬂ(_@)s (72)

where here and in the sequel C will denote a generic constant, possibly different at each occurrence, independent of
the mesh size &.

For any sufficiently regular tensor valued function v, let us now define the operator || - || as
2 2 2 2
vl = Y vz where  [ivllz =hp Y [ [Iv- 7.l de.
Fef2, ecaF "¢

Note that, by definition, the error in the skeleton norm is given by:
Eiy = HIVU - Gh“h ”| (73)

We recall that, given any element F € {2, each of its vertices x; (with i running in some integer set 7) is associated to
a patch of elements w; (see Section 4.2). Moreover, we here denote by wr = Ujez @; the union of such patches. Note
that the operator G, depends only on the pointwise values of uy, at the vertices of (2,, and thus it can be obviously
extended to any function space for which pointwise values make sense, e.g. [H2({)]?. Given any w € [H2({)]* and
any vertex x; of the mesh, we denote by py € [Pa(w;)]* the polynomial built by our least square procedure with
input values given by evaluating w at the vertices of w;. The VEM function G, w at X; is then computed, as usual, as

G,w(x;) = Vpw (x;). We moreover observe that our post-processing construction is P, preserving, in the sense that
forall F € (2, it holds

Vplr = Giplr  ¥p € [Pa(wp)]. (74)

We start by showing a stability result for the operator G. In order to do so, we need the following reasonable
assumption (see Remark 5.1):
(A1) There exists a constant C* such that, for all w € [H*(12)]%, F € (2, and all vertices x; of F, it holds

PGS ooy < €* - maxw(x;)].

Xj verlex in o'

Let us now lake any w € [H?(£2)]?. Given the definition of || - ||z, first by a Holder inequality and then recalling that
G, w is linear on edges, we have

2 2 2 2 2 2 i 2
IGaWll = ChpllGawlizoogpy = Chy  max  [[Gyw(x)||" = Chy  max  [[Vp (x|~
x; vertex of F x; vertex of F

where the last identity follows from the definition of G. From the above bound, first by a trivial inequality, then with
a standard inverse estimate for polynomials (on star shaped domains), we get

2 2 P2 in2
IGwIIF < Ch3 max  [[VP¥ gy < C  max  [PY [} uqp-
X; vertex of F x; vertex of F

We now conclude our stability estimate for G, by applying assumption (A1)

|||ka|||%- < (C max ( max ||w(xj)||2) =C max Hw(xd,-)”2 (75)

x; vertex of F X vertex in wt X;j vertex inwp
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Let now a generic F € (2,. Using the P, preserving property (74), adding/subtracting terms and the triangle inequality
ecasily yield

IVa = Guunllr = IVea =pllr + IGa(p — W7 + IIGauw —up)llr = 71 + T2 + T5, (76)
for any polynomial p € [P2(ewp)]?, with obvious meaning of the three terms T, 7. T3. The first term is bounded by a
standard scaled trace inequality and approximation results for polynomials on star-shaped domains, yielding

Ty = C|IV(a =Pl p2py + ArIV = D) gip < C]1%|“|H3{F)'
The second term is bounded using (75) and again standard approximation results for polynomials

2
T, <  max . Ipx;) —uxll = Chy,, [l

X vertex inw

while again (75) yields

5 <C max |u(xj)— Hk(Xj)Hz-
Xj vertex in wp ’ '

Now, by definition of || - || and bounding all diameters with £, it is easy to check that Eq. (76) and the bounds above
for 71, T, T5 finally give
5 N
u = IVu = Gaugll < Ch2Mul gy + (Y max ey —uxpl?) 77
FEQh Xj vertex mn g

The above bound is to be compared with (72). It shows that the accuracy of the post-processed gradient G,uy
depends directly on the values of u — uy, at the vertices of the mesh. Therefore if such values are particularly accurate
(as 1s typically the case), the post-processed gradient will strongly benefit. In the extremely positive case that uy = u;
(that is the interpolant of u) the second term vanishes and one obtains an O (h?) convergence rate. The same happens
in the presence of some super-convergence phenomena of u, to u at vertices. In many situations Gu,, will be more
accurate than Vuy, but still of the same order in /.

One can get a better understanding of the last term by assuming that all elements in the mesh have comparable
diameter (which is just to make the argument simple). Indeed, in such case the number of elements in the mesh
behaves as &2 and thus we get immediately

Yo omax  flux) - wG)IP < ChT? maxlulx) — uy(x))]).
Fety, X; vertex in wp X; vertex in {2

Therefore the last term in (77) (considering also the square root) behaves as

-1
h max lux;) — un(x;)l,
x;j verlex in {2y
which (by standard approximation estimates for (u —uy,) in the L* norm) is guaranteed to be O (%) for regular enough
u, but could be far better in the presence of a super convergence property at vertices.

Remark 5.1. Assumption (Al) represents the (uniform in the mesh family) stability of the polynomial least-square
procedure, and depends on the position of the vertices in each patch ;. Roughly, it is sufficient that the set of vertices
in each patch w; uniquely determines a least square P, interpolant (that is, any P, polynomial that takes value zero
at all such points must vanish) and “stays far from” degenerate cases in which such condition is lost. Proving such
assumption would be possible focusing on given element patterns.

6. Numerical examples

In this section, both 2D and 3D numerical studies are presented to show the accuracy and effectiveness of the
recovered displacement gradient and the (both local and global) recovery-based « posteriori error estimators. Various
types of displacement solutions are considered here, including ones with both small and large (but finite) gradients,
and additional one with singularity. Throughout, we set the Young’s modulus and Poisson’s ratio of the solids to be
E = 10 and v = 0.35, respectively, and consider plane strain condition for the 2D examples. Consistent units are
adopted throughout the manuscript.



H. Chi, L. Beirdo da Veiga and G.H. Paulino / Computer Methods in Applied Mechanics and Engineering 347 (2019) 21-58 39

(a) (b) (c) (d)

Fig. 4. (a) Problem setup and dimensions of the unit square. (b) An example of the random Voronoi mesh. (c) An example of the CVT mesh. (d)
An example of the structured hexagonal mesh.

6.1. Numerical investigation in a 2D unit square

In the 2D numerical studies, we test the proposed scheme on a unit square domain 2 = (0, 1)?, as depicted in
Fig. 4(a). We assume two exact displacement fields. The first displacement field u = [u,, u,]” is given by

i, = sin(x)e” and u, = y* — 2x, (78)

which is referred to as the “smooth solution” due to its smoothness and regularity. The second displacement field u
takes the form of [50]
: 25x — 100y + 50
Uy = 16x(1 —x)y(l — }‘)a[an(f
We refer to this displacement field as the “steep solution” as its x component has a sharp (but finite) gradient along the
line x — 4y + 2 = 0. In the numerical studies, the assumed exact displacements u are applied on the entire boundary
of the unit square d{2. We consider various types of polygonal discretizations: random Voronoi, centroid Voronoi
Tessellation (CVT), and structured hexagonal meshes, as shown in Figs. 4(b)—(d), respectively. We test the both linear
and quadratic VEMs.

yand i, = 2x% 4 4y. (79)

6.1.1. Linear VEM (k = 1)

Let us first verify the accuracy of the skeletal error by comparing it with the standard error measures. To that end,
we plot in Figs. 5(a)—(f) the convergence of the skeletal errors of both the original and reconstructed displacement
gradients (solid lines) for the smooth and steep solutions. In the plots, those skeletal errors are compared with the
standard L2 error of the original and reconstructed displacement gradients (dashed lines). It is immediate from the
comparisons that, for both the smooth and steep solutions, the proposed skeletal norm is able to capture the correct
convergence behavior of the L? error of both the original and reconstructed displacement gradients. Thus, for the
remainder of this study, only the skeletal errors will be utilized.

We then study the accuracy of the recovered displacement gradient G,uy,. To do so, we depict in Figs. 6(a)—(f)
the comparisons between the (global) errors of G,u, and those of the original displacement gradient Vu,, for the
smooth and steep solutions. In case of the smooth solution, we observe that G,u,, is far more accurate than Vuy,
for all families of meshes considered. Only for the structured hexagonal meshes, G,u, exhibits superconvergent
behavior — the convergence rate being roughly 1.5 as compared to | for those of the original displacement gradient.
On the other hand, in case of the steep solution, G,u, exhibits superconvergent behaviors for all families of
meshes — 1its errors start to converge at a higher convergence rate (i.e. rate of 2) with respect to the original
displacement gradient (i.e. rate of 1) as the meshes are refined. Finally, we also perform a SPR-type recovery
scheme (see the detailed description in Appendix) and plot the errors of the reconstructed G,uy in Figs. 6(a)—(f). By
comparing the accuracy of Gjuy, obtained from the proposed recovery scheme and the SPR-type recovery scheme, we
conclude that the proposed recovery scheme seems to yield more accurate reconstructions than the SPR-type recovery
schemes.
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Fig. 5. Comparing the convergence behaviors between the skeletal errors (gy 5 and &5 5) and the standard ones (&, and &) for 2D linear VEM.
Smooth solution: (a) random Voronoi meshes, (b) CVT meshes, and (c) structured hexagonal meshes. Steep solution: (d) random Voronoi meshes,
(e) CVT meshes, and (f) structured hexagonal meshes.

Lastly, the accuracy of both global and local error estimators is studied. In Figs. 7(a)—(f), we plot the convergence
of the global error estimator computed from Guy, for the smooth and steep solutions on all families of meshes. For
the local error estimators, we show in Figs. 8—10 fringe plots of the element-wise error estimators and exact errors for
random Voronoi, CVT and structured hexagonal meshes, respectively. The comparisons demonstrate that the error
estimator introduced in this work is effective for various polygonal discretizations, and is capable of accurately
estimating both the global and local displacement errors, especially for the smooth solution case. For the steep
solution, although the error estimators are less accurate on coarse meshes, they quickly converge to the exact errors as
the meshes are refined.

6.1.2. Quadratic VEM (k = 2)

For quadratic VEM, a similar set of numerical tests are conducted for both smooth and steep solutions on the
three families of meshes shown in Fig. 4(b)—(d). To begin with, the use of skeletal errors is verified by comparing
them with the standard L? errors of the displacement gradients. Figs. 11(a)~(f) plot the skeletal errors of both
original and recovered displacement gradients and compare their convergence (o the corresponding L? errors. From
the comparisons, we observe that, for both steep and steep solutions, the skeletal errors of both the original and
recovered displacement gradients agree well (in terms of rate and trend of convergence) with the standard L? errors.
This observation provides us confidence in using the skeletal error in the following tests.

Furthermore, we plot in Figs. 12(a)—(f) errors of the recovered displacement gradients obtained with and without
the internal DOFs (see Remark 4.1) as functions of average mesh size /. The errors of the original displacement
gradient are also included in the plot as references. We can see from the figures that neglecting the internal DOFs
in the recovery scheme almost does not affect the accuracy of recovered displacement gradient. Thus, for the sake
of computational efficiency, we conclude that it is favorable to neglect the internal DOFs in the recovery scheme.
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Fig. 6. Comparing the accuracy between the original errors (&, ;) and the recovered ones (g 5) for 2D linear VEM. The recovered errors include
ones obtained from the proposed scheme and a SPR-type scheme introduced in Appendix. Smooth solution: (a) random Voronoi meshes, (b) CVT
meshes, and (c) structured hexagonal meshes. Steep solution: (d) random Voronoi meshes, (e¢) CVT meshes, and (f) structured hexagonal meshes.

Additionally, similar to the observations in linear VEM, the recovered displacement gradients are more accurate than
the original ones and, in case of the steep solution, they exhibit super-convergent behaviors — the rate of convergence
is roughly 3.

Finally, we investigate the accuracy of both global and local error estimators by comparing them with the exact
errors in cases both of the smooth and steep solutions. For the global error estimator, we depict in Figs. 13(a)—(f) the
convergence of both the estimated and exact errors as the meshes are refined and, for the local error estimator, Figs. 14—
16 show the fringe plots of the element-wise distributions of the estimated and exact errors for random Voronoi, CVT
and hexagonal meshes, respectively. It is apparent from both comparisons that the global and local error estimators
can effectively and accurately predict the exact errors and, as the meshes are refined, the predictions become more and
more accurate. Moreover, aligned with previous conclusions, the recovered displacement gradients obtained without
considering the internal DOFs yield almost identical estimated errors to the ones computed including the internal
DOFs, which confirms again that we can neglect the internal DOFs in the recovery procedure (see Remark 4.1 ).

6.2. Numerical investigation in a 2D “L”-shaped domain

In this numerical example, we consider an L-shaped domain, whose dimensions are given in Fig. 17(a). The domain
is clamped on its top edge and subjected to a constant shear t = 1 pointing downward on its right edge. In this
subsection, we will consider three families of polygonal meshes, i.e. random Voronoi, CVT and concave octagonal
meshes, as shown in Figs. 17(b)—(d), respectively. We will then assess the performance of the proposed gradient
recover scheme and the global and local error estimators under uniform mesh refinement. In Section 7, we will restrict



42 H. Chi, L. Beirdo da Veiga and G.H. Paulino / Computer Methods in Applied Mechanics and Engineering 347 (2019) 21-58

10° 167
i
L 1671
g 10"
-— e [
59 g 5 .2
= £ = £ 10
o w w i
o 2
= 10
=
] 1{]’2 .
o ~O- Eu,s Original Err. —G €u,s Original Err. O Eu,s Original Err.
% —6—Eu,s Estimated Err. —&—£u,s Estimated Err. —G—£Eu,s Estimated Err.
—&—En,s Estimated Err. (SPR) ) —&—£,,,; Estimated Err. (SPR) —&—&\,,¢ Estimated Ermr. (SPR)
- -3
= 5 10 _ X 10
1! 162 107 1672 17 162
h h h
(a) (b) (c)
10! 10" . :
@
IR ~ .
~ ~
- N
I
- 0 ] 0
g . . 10 ‘ 10
— 0 —
S & 5 -
] | w
7] S |1
Qo - 1 -1 - | -1 .
g —G- Eu,s Original Err, 10 ' - €u,s Original Err. 1 10 f —G- €us Original Err.
a 4 —©~&u,s Estimated Err. —&-Ey,s Estimated Err. 1 —&—£u,s Estimated Err.
10 —A-g,, Estimated Err. (SPR) &£, Estimated Err. (SPR) | —&-F,, ¢ Estimated Err. (SPR)
=1 -2 =1 -2 -1 -2
10 10 10 10 10 10
h h h

(d) (e) ()
Fig. 7. Comparing the accuracy between the original errors (&, ) and the estimated ones (£, ;) for 2D linear VEM. The estimated errors include

ones obtained from the proposed scheme and a SPR-type scheme introduced in Appendix. Smooth solution: (a) random Voronoi meshes, (b) CVT
meshes, and (c¢) structured hexagonal meshes. Steep solution: (d) random Voronoi meshes, (¢) CVT meshes, and (f) structured hexagonal meshes.
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Fig. 8. Fringe plots of the element-level exact errors and estimated ones for 2D linear VEM on random Voronoi meshes.
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Fig. 10. Fringes plots of the element-level exact errors and estimated ones for 2D linear VEM on hexagonal meshes.

our attention to a CVT mesh and evaluate the effectiveness of the proposed error estimator under various adaptive mesh

refinement strategies. For this boundary value problem, singularity exists in the displacement and stress solutions at

the reentrant corner of the domain. Thus, one goal of this example is to showcase that the proposed error estimator is

able to capture this singularity in the solution and can effectively drive the adaptive mesh refinement.
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Fig. 11. Comparing the convergence behaviors between the skeletal errors (g, and &g ;) and the more standard ones (g, and &g) for 2D quadratic
VEM. Smooth solution: (a) random Voronoi meshes, (b) CVT meshes, and (c) structured hexagonal meshes. Steep solution: (d) random Voronoi
meshes, (¢) CVT meshes, and (f) structured hexagonal meshes.

We first study the accuracy of the proposed gradient recovery scheme and the error estimators under uniform mesh
refinement. Because we do not know the exact solution for this boundary value problem, only the estimated errors
when linear (k = 1) and quadratic (k = 2) virtual elements are considered. For quadratic VEM, the gradient recovery
are conducted excluding the internal DOFs. In Fig. 18(a)—(c), we plot the convergence of estimated global errors for
both linear and quadratic virtual elements on Random Voronoi, CVT, and octagonal meshes, respectively. We can
see that, for all families of meshes, the estimated errors all converge at a degenerated rate of roughly 0.5 irrespective
of the order of the virtual element. This behavior agrees with theoretical results in the literature [65], indicating
the effectiveness of the proposed error estimators. Moreover, we also depict the distributions of element-wise error
estimators for linear and quadratic VEMS in fringe plots 19 and 20, respectively. It is immediate to appreciate that the
proposed error estimators are able to capture the singularity of the displacement at the reentrant corner for both linear
and quadratic meshes.

6.3. Numerical investigation in a 3D unit cube
In the last example, we present a 3D study on a unit cube §2 = (0, 1)?, as depicted in Fig. 21. The exact displacement
solution w = [uy, iy, uZ]T is given by
u, = sin(x)e’™,  u, =cos(z) and wu, =x —2y7 (80)

which is applied on the entire boundary of the unit cube d{2. In this study, we consider various types of polyhedral
discretizations: truncated octahedral, CVT. distorted hexahedral, and extruded octagonal meshes, as shown in
Figs. 21(b)—(e), respectively. Only linear virtual elements are considered here.
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Fig. 12, Comparing the accuracy between the original errors (g, ) and the recovered ones (g5 5) for 2D quadratic VEM. The recovered errors
include ones obtained from the proposed scheme and a SPR-type scheme introduced in Appendix. Smooth solution: (a) random Voronoi meshes,
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Similar to the 2D studies, we first verify the use of skeletal errors in 3D by comparing them with the standard L?
errors of the displacement gradients. Figs. 22(a)—(d) show the comparison of these two types of errors for both original
and recovered displacements on truncated octahedral, CVT, distorted hexahedral, and extruded octagonal meshes,
respectively. The comparisons indicate that, for these mesh types, the skeletal errors agree well with the standard
L? errors of the displacement gradients. Moreover, Figs. 22(a)—(d) compare the accuracy between the original and
recovered displacement gradients and showcase that, for all types of meshes, the recovered displacement gradients
are more accurate than the original ones. It is also interesting to note that, for the extruded octagonal meshes, the
recovered displacement gradient exhibits super convergence — the rate of converge is 2. In addition, comparing
with the SPR-type scheme introduced in Appendix, the proposed recovery scheme consistently gives more accurate
recovered displacement gradients on all types of meshes.

Lastly, we investigate the accuracy of error estimators by comparing them with the exact errors. To that end,
Figs. 23(a)—(d) show the convergence of both the estimated and exact global errors under mesh refinements for the
truncated octahedral, CVT, distorted hexahedral, and extruded octagonal meshes, respectively. For the local error
estimator, on the other hand, Figs. 24-27 show the fringe plots of the element-wise estimated and exact errors for
those meshes. From the comparisons, we conclude that the error estimators (using both the proposed recovery scheme
and the SPR-type scheme) can accurately predict the exact errors on both global and local levels.

7. On the use of the skeletal error estimators for adaptive mesh refinement

We study the effectiveness of the gradient recovery scheme and error estimators under adaptive mesh refinements.
In this section, we restrict our attention to the CVT mesh and consider both linear and quadratic virtual elements. We
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Fig. 13. Comparing the accuracy between the original errors (g, ;) and the estimated ones (£, ) for 2D quadratic VEM. The estimated errors
include ones obtained from the proposed scheme and a SPR-type scheme introduced in Appendix. Smooth solution: (a) random Voronoi meshes,
(b) CVT meshes, and (c) structured hexagonal meshes. Steep solution: (d) random Voronoi meshes, (e) CVT meshes, and (f) structured hexagonal
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Fig. 14. Fringes plots of the element-level exact errors and estimated ones for 2D quadratic VEM on random Voronoi meshes.
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Fig. 15. Fringes plots of the element-level exact errors and estimated ones for 2D linear VEM on CVT meshes.
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Fig. 16. Fringes plots of the element-level exact errors and estimated ones for 2D linear VEM on hexagonal meshes.

(a) (b)

(c) (d)

Fig. 17. (a) Dimensions, load and boundary conditions of the L-shape beam example. (b) An example of the random Voronoi mesh. (c) An example

of the CVT mesh. (d) An example of the concave octagonal mesh.
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Fig. 19. Fringe plots of element-level estimated errors for linear VEM on random Voronoi meshes (left column), CVT meshes (middle column)
and concave octagonal meshes (right column).

consider the L-shaped problem in Section 6.2 and take the initial mesh to be the CVT one shown in Fig. 17(c) with 100
elements. We then progressively refine this CVT mesh following a solve — estimate — mark — refine procedure:
once the estimated error for each element is computed based on the VEM solution, we first mark those elements
whose estimated errors are above dmaxgeq, (€us|£). where ¢ is a user-defined threshold set to be 0.2 throughout
this example, and then perform refinement on those marked elements. In order to demonstrate the effectiveness of
the proposed gradient recovery scheme and error estimators for a wide variety of adaptive refinement strategies, we
consider the following three adaptive refinement strategies in the literature:

Strategy 1: In this strategy, each marked element is bisected through its centroid along the eigenvector
corresponding to the smaller eigenvalue of the covariance matrix Mo, [66]. For element E. the covariance
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Fig. 20. Fringe plots of element-level estimated errors for quadratic VEM on random Voronoi meshes (left column), CVT meshes (middle column)
and concave octagonal meshes (right column).

Fig. 21. (a) Problem setup and dimensions of the unit cube. (b) An example of the truncated octahedral meshes. (c) An example of the CVT
meshes. (d) An example of the distorted hexahedral meshes. (e) An example of the extruded octagonal meshes.

matrix M, (E) is defined as

Moy (E) = if(x—xf)wxfxf)dx, (81)
|E| JE
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Fig. 22, Comparing the convergence behaviors between the skeletal errors (g, ¢ and ey ;) and the standard ones (g, and &5) for 3D linear VEM
on: (a) truncated octahedral meshes, (b) CVT meshes, (c) distorted hexahedral meshes, and (d) extruded octagonal meshes. Because the extruded
octagonal meshes contain concave elements, the 3D Wachspress shape functions are not applicable [62]. Thus, we do not consider the standard
error for the extruded octagonal meshes.

where x£ is the centroid of E. A schematic illustration of this strategy is shown in Fig. 28(b).

Strategy 2: In this strategy, each marked element with n vertices is subdivided into n quadrilateral elements by
connecting the midpoint of each edge to its centroid [51,67]. A schematic illustration of this strategy is shown
in Fig. 28(c).

Strategy 3: In this strategy, each marked element with n vertices is subdivided into n + 1 CVT elements using
the Lloyd’s algorithm. The initial seeds of the Lloyd’s algorithm are placed at the centroid this element as well
as the midpoints of the lines connecting the centroid and the vertices [68,69]. A schematic illustration of this
strategy is shown in Fig. 28(d).

We note that the above adaptive refinement strategies will naturally introduce hanging nodes to the elements adjacent
to the ones that are refined. In our implementation of both Strategies 2 and 3, in order to save degrees of freedom,
those hanging nodes are not regarded as regular vertices. For instance, in Strategy 2, let us assume that a quadrilateral
element with one hanging nodes needs to be refined. If the hanging node is considered as a regular vertex of that
element, then the element will be subdivided into five elements. Instead, our implementation does not consider this
hanging node as a regular vertex and, thus, will split this element into only four elements.

Figs. 29(a) and (b) show the convergence of the estimated global errors 2y s as functions of the total number of
nodes with the above-mentioned adaptive mesh refinement strategies using linear and quadratic virtual elements,
respectively. It is observed from the both figures that, unlike the cases of uniform refinement shown in Figs. 18(a)—(c),
all the three adaptive mesh refine strategies driven by the proposed error estimator are able to restore the optimal
convergence rates of the H'-type displacement error (i.e. 0.5 for linear and 1 for quadratic VEM) with respect to the
total numbers of nodes, demonstrating the effectiveness as well as the flexibility of the proposed gradient recovery
scheme and error estimator. Moreover, three representative meshes are selected for each strategy at three similar



H. Chi, L. Beirdo da Veiga and G.H. Paulino / Computer Methods in Applied Mechanics and Engineering 347 (2019) 21-58

10!

b _
g <}
e =
w [im|
A-E,s Estimated Err, (SPR) —A— £, 5 Estimated Err. (SPR)
—G- Eu,s Original Err. —3- Eu,s Original Err.
—O-Eu,s Estimated Err. ~©O &u,; Estimated Err.
-1 ]
10 = 2 10 ~ 5
10 2x10 10 2x10
h h
(a) (b)
10!
10!
g 2
[im] w
1 UO 1
gy s Estimated Em. (SPR) —A—& y,s Estimated Err. (SPR)
—(3 Eu,s Original Emr. ~{(3+ Eu,s Original Err.
g —&£u,s Estimated Err. ©-&u,s Estimated Em.
10 - - R .
101 2)(102 ‘I(}‘1 2)(1()2

h

(c)

h

(d)

51

fig. 23. Comparing the accuracy between the original errors (&, ) and the estimated ones (£, ;) for 3D linear VEM on: (a) truncated octahedral
meshes, (b) CVT meshes, (¢) distorted hexahedral meshes, and (d) extruded octagonal meshes. The estimated errors include ones obtained from
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Fig. 25. Fringes plots of the element-level exact errors and estimated ones for 3D linear VEM on CVT meshes.
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Fig. 26. Fringes plots of the element-level exact errors and estimated ones for 3D linear VEM on distorted hexahedral meshes.

global error levels and are plotted in Figs. 30 and 31 for linear and quadratic VEMs, respectively. We conclude from
both figures that all the three adaptive refinement strategies effectively capture the problematic regions of the domain:
the reentrant corner and the two ends of the clamped top edge. We also observe that, compared to the refinements
with linear virtual elements, the ones with quadratic virtual elements are more localized to those problematic regions
because of the higher potential local accuracy in the approximation. Finally, we comment that, for both linear and
quadratic VEMs, Strategy 2 seems to produce the most accurate result under similar number of nodes (although this
may be problem-dependent), and Strategy 3 is more aggressive than the other ones in the sense that it achieves similar
levels of global errors using less numbers of refinements.



H. Chi, L. Beirdo da Veiga and G.H. Paulino / Computer Methods in Applied Mechanics and Engineering 347 (2019) 21-58 53

Exact err. Eu,s Err. estimator €y,s

216 Elements

4096 Elements

Err. estimator (SPR) gu,s

Local err.

Err. estimator (SPR) Eu_s Local err.

0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

Fig. 27. Fringes plots of the element-level exact errors and estimated ones for 3D linear VEM on extruded octagonal meshes.
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Fig. 28. (a) An illustration of an initial CVT mesh with the gray element being marked for refinement. (b) A schematic illustration of the adaptive
refinement strategy 1, where the marked element is bisected into two elements. (c) A schematic illustration of the adaptive refinement strategy 2,
where the marked element is subdivided into 6 quadrilateral elements. (d) A schematic illustration of the adaptive refinement strategy 3, where the

marked element tessellated into 7 CVT elements.
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Fig. 30. When linear virtual elements are considered, some representative meshes using (a) adaptive refinement strategy 1, (b) adaptive refinement

strategy 2, and (¢) adaptive refinement strategy 3. The representative meshes are selected so that the three meshes in each column of this figure
have a similar level of estimated global error.

8. Concluding remarks

This paper introduces a general recovery-based a posteriori error estimation framework for lower and higher order
VEM on polygonal and polyhedral meshes, and demonstrates the theory in the context of linear elasticity. Within the
error estimation framework, we first recover a more accurate displacement gradient through least square fitting of
the displacement DOFs over each patch in the mesh. Based on the recovered gradient, an error estimator is obtained
by evaluating the difference between the recovered and original displacement gradients on the skeleton of mesh.
This skeletal error is shown in the numerical studies to capture the standard L% norm of the displacement gradient
error extremely well. The introduced error estimation is shown to be accurate for both linear and quadratic virtual
elements on various polygonal/polyhedral meshes and with various types of displacement solutions (e.g. smooth
ones, ones with sharp gradients, and ones containing singularities). For linear VEM, the accuracy and effectiveness of
the proposed error estimation framework are further demonstrated by comparing it with a SPR-type error estimation
as outlined in the Appendix. For higher-order VEM, the numerical studies also suggest that we can neglect the internal
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Fig. 31. When quadratic virtual elements are considered, some representative meshes using (a) adaptive refinement strategy 1, (b) adaptive
refinement strategy 2, and (c) adaptive refinement strategy 3. The representative meshes are selected so that the three meshes in each column of this

figure have a similar level of estimated global error.

displacement DOFs (which are in the form of function moments over the elements) in the gradient recovery procedure
without sacrificing accuracy. We note that, although being proposed for VEM and linear elasticity problems, the error
estimation framework can also be readily employed for polygonal/polyhedral FEM and nonlinear elasticity problems.

In terms of future work, we remark that the proposed recovery-based a posteriori error estimation offers an effective
tool for adaptive VEM analysis. Extensions of this research include developing novel and efficient mesh adaption
strategies for VEM on polygonal/polyhedral discretization. Another promising area of research consists of extending
the ideas presented here to nonlinear fracture mechanics [70] and space-time evolution problems.
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Appendix. A SPR-type recovery scheme of linear VEM

To complement the discussions in Section 5, this appendix presents a SPR-type scheme, which is conceptually
similar to the SPR in the FEM literature [35,36,44], for 2D and 3D linear VEM. We will particularly focus on the
reconstructing displacement gradient at the vertices of the mesh. A similar scheme is used in [71] to recover the stress
at the vertices of the mesh for 2D linear elastic fracture mechanics problems. We note that, unlike the gradient recovery
scheme proposed in Section 4, the extension of this SPR-type scheme to higher order VEMs is not straightforward.

Following the notations introduced in Section 4 and for a given patch w;, the basic idea of this SPR-type recovery
scheme is to seek a linear tensorial field, denoted by g* (x) € [P, (w;)]147¢, such that

NE

wj

gw; = argmin Z [g(Xﬂ j) — IT(?(VU};NEJ-] : [&(XC J) - H(?(V“hNEj] ’ (82)
EelPr(e)d )

where Nu‘i is the total number of elements in patch w;, E; is the jth element in w; with its centroid being x.”, and we
recall from (23) that 11'(5’ is the L2 projection of the displacement gradient onto constant functions. With g obtained,
the value of the reconstructed gradient G,u,, at X; is given by

Grup(x;) = g7 (x;). (83)

Having computed G u, at every vertex of the mesh, the remaining steps of the SPR-type scheme are identical to the
ones outlined in Section 4.1.4.

Finally, we remark that the rules for choosing patches in this SPR-type scheme are the same as the ones described
in Section 4.2 except for the threshold on the number of elements which decides whether to enlarge the patch. In this
SPR-type scheme, a necessary condition for the recovery (82) to have unique solution is NZ > 3 in 2D and Nt > 4
in 3D. Thus, the threshold for the SPR-type scheme is set to be 3 in 2D and 4 in 3D. For any patch that contains less
number of elements than the threshold, the patch will be enlarged in the recovery process.
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