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In this work, we investigate the generalized displacement control method (GDCM) and provide a mod-
ification (MGDCM) that results in an equivalent constraint equation as that of the linearized cylindrical
arc-length control method (LCALCM). Through numerical examples, we illustrate that the MGDCM is
more robust than the standard GDCM in capturing equilibrium paths in regions of high curvature. More-
over, we also provide a geometric and physical interpretation of the method, which sheds light on the
general class of path following methods in structural mechanics.
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1. Introduction

Arc-length control type algorithms are among the most popu-
lar and widely used for solving nonlinear problems because they
consider simultaneous iteration on both load and displacement
variables. The arc-length control method (ALCM) has had measured
success in its various forms, which include spherical, cylindrical,
elliptical, and linearized versions (Wempner, 1971; Riks, 1972,
1979; Ramm, 1980; Crisfield, 1981, 1983). However, in some cases
difficulties in recovering equilibrium paths with various versions
of the ALCM have been reported (Carrera, 1994; Feng et al., 1996;
Ritto-Correa and Camotim, 2008).

To overcome issues of numerical stability near limit points
associated with the ALCM, Yang and Shieh (1990) proposed the
generalized displacement control method (GDCM). Since its intro-
duction, the GDCM has been widely used for structural mechanics
applications, including geometric nonlinear analysis of steel, con-
crete and composite frames, and thin structures. Additionally, it
has been used in the development of several new beam, plate, and
shell elements, which are suited for large deformations. Rather than
using the GDCM to solve a complex nonlinear problem, this work
is focused on analysis of the nonlinear solution method itself.
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The success of the method in solving a nonlinear problem
depends on the selection of an initial load factor. Typically, a small
value is chosen to capture complex nonlinearities, but the method
can yield poor or non-convergent results for slightly larger values
of the load factor. In this work, we present a modification to the
GDCM constraint equation that yields convergent results even at
high values of the initial load factor. We will also show that this
slight modification results in an equivalent formulation, namely
in the constraint equation, as the linearized cylindrical arc-length
control algorithm (LCALCM). Recently, the difference was briefly
mentioned by Leon et al. (2011) but was not fully studied, hence,
this paper investigates and elaborates on the methods in detail.
In a related study, Cardoso and Fonseca (2007) also analyzed the
GDCM and identified that it could be expressed as an orthogonal
ALCM.

The remainder of this paper is organized as follows: Section 2
outlines the incremental-iterative procedure and introduces the
nomenclature used in this work. Next the GDCM is presented in
Section 3. In Section 4, we discuss the motivation for the modifica-
tion to the GDCM and show that the resulting constraint equation
is equivalent to that of the LCALCM. We highlight the difference
between the original GDCM and the MGDCM through numerical
examples in Section 5. Finally, concluding remarks are made in
Section 6.

2. Incremental-iterative procedure

The discrete equilibrium equation is f(u) = Ap, where the inter-
nal forces, f, are a function of the displacements, u, and the applied
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forces are given by the product of a reference load vector, p, and the
load factor, A. If the external and internal forces are not in equilib-
rium in any deformed configuration, then a residual vector remains,
i.e.

r=Ap—f(u) (1)

Due to the nonlinear nature of this problem, an incremental-
iterative procedure is typically adopted. At each incremental step,
a series of iterations is performed until convergence is achieved.
The incremental-iterative procedure is given by

i i i i i i i
Kj_1(“j,1)A“j = Akjp + rjfl()\jfl, “171) (2)
where K is the tangent stiffness matrix. We denote the increment
with the superscript i, and the iteration with the subscript j. The
displacements and load factor are computed through additive con-
tributions from each iteration, i.e.

w=u_, +Au (3)
M=+ AN (4)

In the jth iteration of the ith increment, the load factor is incre-
mented by A)\;, and the resulting displacement, Au, is found. Then
the total displacement and total load factor are updated according
to Egs. (3) and (4), respectively. The residual in Eq. (2) is given by

r}_l()‘}_lv u]i'_]) :A}_lp_f(u]l:_1) (5)

The load factor is computed through the following constraint
equation (Yang and Shieh, 1990)

G- Au+bAN =g (6)

The constraint equation is defined by the nonlinear solution
scheme - see Leon et al. (2011) for a review of several nonlinear
solution schemes unified by this constraint equation. In this work,
we will focus on the constraint equation associated with the GDCM.
The augmented system now has (N + 1) unknowns, where N is the
number of degrees of freedom in u, and the additional unknown is
associated with the load factor. We employ the strategy of Batoz
and Dhatt (1979) where the vector of unknowns is decomposed
into two parts

Au]'i = AA;Aup]'i + Aur;i (7)
such that Eq. (2) becomes two inter-related equations
K_, Aupl =p (8)
l(]';1 Aurjl. = 1']‘.71 (9)
Then the new constraint expression is given by
o cd—al.Au/d
A= T (10)

7T 4 i pi
al- Aupl + bl
J pj T5;

3. Standard generalized displacement control method

In the original formulation of the GDCM, Yang and Shieh (1990)
specified al = AA{ Aup{ ™! and bl = 0 to achieve numerical stabil-
ity of the constraint equation (Eq. (10)), but with no physical or
geometrical justification. The update to the load factor is given by

c— AM (Aupit Auy
A)‘}: ]A)J X ijl irj) (1)
{(Aup -Aupj)

where c! is the so-called generalized displacement. The load factor
is formulated such that the generalized displacement is prescribed

on the first iteration of an increment (i.e., cg = c),and is unchanged
at subsequent iterations (i.e., c! 0). Then the load factor is

j>1 =
Cc .
A dup Auy 1T
i 1= 7P1 ) P1
A}\j = Aupl]—] -Aur? (12)
J i>1

N i1 i
Aupi - Aup;

Special treatment of Eq. (12) is required for the first increment
(i.e., i=1) because Aup? does not exist. Hence Yang and Shieh
(1990) considered Au,? = Au,!, which leads to the following def-
inition of c,

c=(AMY Aupl - Aup! (13)

where ALl = A is the prescribed initial load factor. At the first
iteration of an increment, the load factor is

A Aupl. Aupl 1/2

AN = — — P Pl iﬂ\csp] (14)
AN Auptl - Aupl
where the Generalized Stiffness Parameter (GSP) is
Aupl. Aup!
GSP = ‘:_117"1, (15)
Aupi - Aup
The load factor update for the GDCM is summarized as:
AX i=1
 Aup}Auy . i=1
Auy} - Auy! j=1
. 1 1 11/2
AM =S x5 Au;;j]- Aumi - (16)
Aup| " - Aup) J= i
Aupit. Aur]". j>1
Auyi! -Aup!
The sign of the load factor

in Eq. (14) (similarly in Eq. (16) when i>1 and j=1) is
determined by the sign of denominator of the GSP, i.e.
sign(AAL) = sign(Aup’'- Aupl). The sign of Aupi!- Aupi
will change only when the equilibrium configuration contains a
load limit point, which implies that the sign of A)J'l corresponds
to the sign of the stiffness of the system.

By prescribing a small initial load factor, the GDCM has been
used successfully to solve highly nonlinear systems. However, to
the best knowledge of the authors, the robustness of the load factor
has not been studied in detail. Therefore, it is the aim of this work
to investigate the behavior of the load factor in the most complex
regions of equilibrium paths.

In areas of high gradients near load limit points, the GSP of
the GDCM may not accurately reflect the stiffness of the structure.
Notice that the GSP relies on information from the previous (i.e.
Aupi 1) and current increment (i.e. Aup!). If the curvature is high,
then the inner product between the displacement vector from the
first iteration of the previous increment and the first iteration of
the current increment will be small, which will increase the GSP.
Unless the user-prescribed initial load factor (H is very small,
then the load factor will be too large. The overestimation of the
load factor will cause the method to either skip over part of the
equilibrium path or completely diverge. In Section 5 we will exam-
ine a numerical example with an analytical solution to show that
the GDCM load factor is overestimated near limit points for several
values of the prescribed initial load factor.
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4. Modification to the generalized displacement control
method

To remedy the problem of overestimating the load factor, the so-
called modified GDCM (MGDCM) redefines the constraint equation
by setting

a]li = AL Aup) (17)

Just as in the original GDCM, cj'.' represents the generalized dis-

placement on the first iteration and is unchanged on subsequent
iterations, thus the load factor is

c .
A Ay Aug 0T
; 18Upy - Allpy
A)\.] = AUP} 'Aul‘jl' . (18)
Al Aad 471
Aup; - Aup;
and c is simply
c=(AAY Aupl . Aup! (19)

where AA} = AX as before. At the first iteration of an increment,
the load factor is

ﬂzAup% -Aupl

A)Ji = i i i
AM Aup) - Aup)

— +Azx|csp|” (20)

and the GSP has changed slightly to

1 1
Aup; - Aup,

GSP = (21)

Aup - Aup

The sign of the load factor is handled as it was for the GDCM,

where the sign of the inner product (Aupi{l -Aup"]) determines

the sign of the update to the load factor. Notice that information

from the previous increment is only used to indicate the sign of the

load factor, but is not used to calculate its magnitude, as is done in
the original GDCM formulation. The load factor is summarized as

Al

j=1

Aup - Auy i=1

T Al An 1 > 1
Aup} - Aup! / 7=

. 1/2
A= az| Ao Aty T @2)
Aup! - Aup) i=1 )

Aupl - Auyl i =

_ P1 1 j>1
Aup) - Auy!

Next we will show that the modification to the GDCM results
in the same constraint equation as the LCALCM. Eq. (20) can be
reorganized as follows

(MM Auyl - Auyl = A% Auyl - Aup! (23)
or
(AM Aupl)-(AM Auph) = (AL Aupl) - (AXAup)) (24)

On the first iteration the residual is zero, so according to Eq. (7),
Au} = A)| Aupi, then

i i =1 —1 172
Au} - Au) = Auy - Auy = (Asy) (25)

Notice that Eq. (25) is the constraint equation of the cylindrical
ALCM - see Crisfield (1981). We imposed Au - Auj’. =0whenj>1
by definition ofc]?'. If we apply the same constraint to Eq. (25), then

we arrive at the same equation as that of the linearized version of
the cylindrical ALCM. The constraint equation is not sufficient to

Fig. 1. Two-bar planar truss schematic.

solve a nonlinear problem, as the sign of the load factor increment
must still be determined. A number of approaches could be used to
estimate the stiffness of the structure and therefore the sign of the
load factor increments. In this work, we use the sign of the denom-
inator of the GDCM GSP as the sign of the load factor increment, as
proposed by Yang and Shieh (1990).

5. Numerical examples

We explore the differences between the GDCM and MGDCM
through two numerical examples. First we present a two bar truss
subjected to two loading cases. A detailed explanation of the over-
estimation of the GDCM load factor increment is presented through
this example. Next, a twelve bar truss is analyzed and the same
inconsistency in the GDCM load factor is observed. To demonstrate
that the behavior is not unique to a specially selected set of initial
conditions, we investigate a range of equispaced initial load factors
in all examples.

5.1. Two bar truss

We first investigate a numerical example for which an ana-
lytical solution exists — see Appendix of Pecknold et al. (1985).
The structure consists of a two-bar planar truss with vertical and
lateral loads applied, as shown in Fig. 1. The material behavior
of the bars is governed by a linear elastic constitutive relation
using the Green-Lagrange strain tensor conjugated with the 2nd
Piola-Kirchhoff stress tensor. The elastic modulus of the material
is given by E, and the cross-sectional area of each bar is A.

The normalized equilibrium equations (Pecknold et al., 1985)
are:

(1-U)Y1-R*) =Xy (26)

V(R = K%)= X, (27)

where U=ufh, V =v/h, Ay=Py/AEsin3a, A, = P,/AEsin’c, R? =
(1-U)?+ V2, and K2 =1 -2 cot 2 . The internal force vector, tan-
gent stiffness matrix, and external load vector are

(1-U)1-R?)

f= (28)
V(R2 = K?)
21-UP +R2 -1 - -

_ (1-U?+R2-1 2v(1-U) 29)
—2V(1-U) R? —K? +2V?

p=[lu Ml (30)

respectively. Two loading cases will be considered: (1) symmetric
load case and (2) combined symmetric plus anti-symmetric load
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Table 1
Error in the GDCM versus the MGDCM for the symmetric loading case.
A GDCM MGDCM
Steps Max error % Steps Max error %
0.27 15 25 15 1.0
0.24 14 3.9 17 0.8
0.21 19 1.7 20 0.6
0.18 20 2.2 23 0.4
0.15 26 0.7 27 03
0.12 20 1.7 34 0.2

case. The inclination angle is set at & =63.4°. The problem will be
analyzed using the original GDCM and the MGDCM, which has an
equivalent constraint as that of the LCALCM. A convergence toler-
ance of 1019 js used on the incremental displacement vector. The
numerical results obtained with each method will be compared to
the analytical result.

5.1.1. Symmetric loading case

The external load for the symmetric loading case consists only
of the vertical load, such that the external load vectorisp=[1 0]T.
The analytical solution is given by Pecknold et al. (1985)

A=UQ1-U)2-U) (31)

Two load limits occurat U =1 - /1/3,and U =1 +
the corresponding values of the load factor are A = +2(1/3

1/3 and
)3/2

and A = —2(1/3)3/2, respectively. For each of the GDCM and the
MGDCM, the number of steps and maximum errors are shown in
Table 1 for various choices of the initial load factor, AX. The load
factor is kept fixed and the number of steps is adjusted so that the
numerical solutions reach U> 2. The error, which represents the
quality of the equilibrium path, is computed at every two sequential
steps by calculating the relative error between the analytical solu-
tion and the numerical solution. The maximum error is reported
in Table 1. The maximum error of the MGDCM for a given AAX is
significantly lower than that of the GDCM.

The plot of U versus A for the case of AA = 0.24 is shown in
Fig. 2. The behavior of the methods in the rest of the cases shown in
Table 1 is similar to this case, so we only show one plot for brevity.
The larger error of the GDCM is due mostly to the behavior near
limit points, in which the converged solutions skip over portions of
the equilibrium path.

0.4

0.3}

0.2

0.1

-0.2 d
Analytical
-0.3[| —=—mMGDCM ]
- ® -GDCM
-0.4 - - -
0 0.5 1 15 2

Fig. 2. Equilibrium path, U versus A, for the symmetric loading case with AX =0.24.
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Fig. 3. Analytical solution for the two bar truss subjected to the combined loading
case. (a) U versus A and (b) V versus A.

5.1.2. Combined proportional loading case

The external load for the combined symmetric plus asymmet-
ric loading case consists of both the vertical and horizontal load.
Letp=[1 ¢]", where ¢ is assumed to be 0.05. Again, the reader is
directed to the Appendix of Pecknold et al. (1985) for the explicit
analytical solution. Four load limits occur at (0.2794, 0.2220),
(1.5511,0.1026),(0.4489, —0.1026), (1.7206, —0.2220) and the cor-
responding load factors are 0.3109, —0.3779, 0.3779, and —0.3109,
respectively. The analytical solution is plotted in Fig. 3, where the
arrows indicate the direction of the path. The U versus A trajectory
is broken into segments, which will indicate by the label number
shown in Fig. 3(a). For example, the segment between label 1 and
label 2 in, will be referred to as segment 1-2. The entire path is
given eight segments: 1-2, 2-3, 3-4, 4-3, 3-5, 5-3, 3-6, and 6-7.

The errors between the analytical solution and each of the GDCM
and MGDCM are shown in Table 2 for various choices of the load
factor, AX. The error is computed the same way as it was for the
symmetric loading case. Of the load factors used in this study, the
GDCM only converges when AX = 0.19, but the error is signifi-
cantly higher than it is for the MGDCM with the same load factor.
In all other cases investigated, the GDCM either does not converge
(indicated by “N/C” in Table 2) or the solution jumps to a previously
converged portion of the curve during path recovery (indicated by
“N/A” in Table 2). Plots of U versus A and V versus A are shown in
Figs. 4 and 5, respectively, for the values of AA shown in Table 2.
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0.4

0.2}

0.4

0.2r

Analytical - = - MGDCM —e— GDCM

Fig. 4. Equilibrium paths, U versus A, for the combined loading case (a) ‘AX =0.19, (b) ‘AX =0.18, (c) Ak =0.17, (d) ‘AX =0.16, (e) ‘AX =0.15,and (f) AX =0.14.

When AA =0.19 the method successfully captures the seg-
ments 1-2, 2-3, and 3-4 (cross reference Fig. 3(a)), but skips
segments 3-4 and 4-5 and jumps to a portion of curve on segment
5-3, then captures the remainder of the path. When AL =0.18
the method only captures the segment 1-2, then skips the entire

portion of the curve of interest and converges at a later part of the
curve not shown here. The method does not converge at the sec-
ond load limit point when AX = 0.17. The behavior when AX =
0.16, 0.15and 0.14 is similar: segments 1-2, 2-3, and 3-4 are suc-
cessfully captured, but all or some of segment 3-4 is skipped. The

-0.5 0 0.5

Analytical — = -MGDCM —e— GDCM

Fig. 5. Equilibrium paths, V versus A, for the combined loading case (a) ‘AX =0.19, (b) ‘AX =0.18, (c) Ak =0.17, (d) ‘A =0.16, (e) ‘AX =0.15,and ) AX =0.14.
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Fig. 6. Equilibrium path with zoomed in areas for ‘AX =0.19. (a) Uversus A and (b) V versus A.

Table 2
Error in the GDCM versus the MGDCM for the combined loading case.
A GDCM MGDCM
Steps Max error % Steps Max error %
0.19 12 18.1 59 2.5
0.18 N/A N/A 62 24
0.17 N/C N/C 66 2.6
0.16 N/A N/A 70 2.0
0.15 N/A N/A 74 1.5
0.14 N/A N/A 80 1.5

N/A = solution jumps to a previously converged portion of the curve.
N/C = solution not converged.

method correctly traces the segment 3-5, but instead of continu-
ing on to 5-3, the method jumps back to segment 1-2 and traces
backwards towards the origin.

We further elaborate on the GDCM for the case where AL = 0.19
to demonstrate how the load factor increment is overestimated in
the vicinity of load limit points. The load versus displacement plots
for the GDCM with zoomed in regions are shown in Fig. 6. The plot
of U versus V is shown in Fig. 7, in which the analytical solution,
GDCM solution, and location of load limit points are indicated. The
first load limit point occurs near step 4, and we see rather large
jump between steps 4 and 5. The jump is explained by the denomi-
nator of the GSP, i.e. Aup? - Aup?. The components of these vectors
are (1.290551, 1.41579) and (-9.010711, —16.687993), respec-
tively, which results in an inner product (GSP denominator) of
35.254757,and aload factor increment of —0.016314594. If instead,

Analytical ——GDCM O Load limit points‘
N 1 B

Fig. 7. U versus V for the combined loading case with ‘AX =0.19.

the denominator of the GSP only uses information from the current
step to determine the load factor increment, as is the case for the
MGDCM, i.e. Aup?- Aup4, then the result is 359.6820231, leading
to a load factor increment of —0.005107757. Therefore, the GDCM
yields a load factor increment that is 219.4% larger than that of the
MGDCM. Then, to move to step 6, the GDCM step becomes 57.6%
smaller than the MGDCM counterpart. Despite the variability in the
size of the load factor, the GDCM is able to capture the first load limit
point.

The next load limit points fall between steps 20 and 21, but
they are skipped by the GDCM. The denominator of the GSP in
the GDCM is 11.46312976, while the MGDCM is 14.29454495. This
results in a load factor increment of —0.028611324 for the GDCM
and —0.025621491 for the MGDCM. The GDCM load factor incre-
ment is only 11.7% larger than that of the MGDCM, but this is large
enough to skip the trajectory between steps 20 and 21. This demon-
strates that especially in areas of high curvature, the size of the load
increment factor should only rely on information from a the cur-
rent step. Even a slight overestimation can cause the method to skip
over important areas of the equilibrium curve.

The behavior at the final load limit point, which occurs near steps
37 and 38, is similar to that at the first load limit point. The GDCM
load factor increment is 110.9% greater than the MGDCM between
step 37 and 38. Then, to recover and reach step 39, the GDCM step
is small, 75.7% smaller than that of the MGDCM.

5.2. Twelve bar truss

The next example is a twelve bar truss structure, shown in
Fig. 8, which reduces to a three degree-of-freedom system due to

Fig. 8. Schematic of twelve bar truss.
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Fig. 9. Equilibrium paths for the twelve bar truss with ‘AX =0.018. (a) u versus A, (b) v versus A and (c) w versus A.

Table 3
Error in the GDCM versus the MGDCM for the twelve bar truss.
A GDCM MGDCM
Steps Max error % Steps Max error %
0.022 128 0.6 135 03
0.021 130 1.1 141 0.3
0.020 141 0.7 148 03
0.019 N/C N/C 156 04
0.018 131 35 165 03
0.017 169 0.5 175 03

N/C = solution not converged.

symmetry. The material behavior of the bars is governed by a linear
elastic constitutive relation using the Green-Lagrange strain tensor
conjugated with the 2nd Piola-Kirchhoff stress tensor. The elastic
modulus of the material is given by E, and the cross-sectional area of
each baris A. The problem has been studied with the GDCM method
and other nonlinear solution schemes (Yang and Leu, 1991; Krenk
and Hededal, 1995; Leon et al., 2011).

We investigate six different initial load factors, shown in Table 3,
all of which are smaller than the load factor reported in Leon et al.
(2011).In lieu of an analytical solution, the MGDCM was employed
with an initial load factor of 0.00005 (resulting in 59,602 steps) as a
reference solution. The error was calculated between this reference
solution and each of the GDCM and MGDCM at six initial load fac-
tors. The results are shown in Table 3. The GDCM converges in five
of the six cases, however the error in each case is larger than that
of the MGDCM. The GDCM fails to converge when AX = 0.019. The
source of the error for the case of AA = 0.018 is evident in Fig. 9.

6. Conclusion

In this study, we have shown that a modification to one param-
eter of the original GDCM constraint equation results in a more
robust nonlinear solution scheme. Instead of using information
from the previous increment, as is done in the original GDCM, only
information from the current increment is used to define the load
factor. Analysis of the MGDCM revealed that its constraint equa-
tion is equivalent to that of the LCALCM. Detailed numerical studies
on structural systems demonstrate that the GDCM fails to capture
the equilibrium path for certain choices of the load factor, while
the MGDCM closely matches the analytical solution for all chosen
values of the load factor. Although we considered only truss sys-
tems here, the formulation also performs well in capturing behavior

of systems composed of nonlinear beam elements, which include
rotational degrees of freedom. Those examples are not shown here
for brevity.
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