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a b s t r a c t

Previous papers related to the optimization of pressure vessels have considered the optimization of the
nozzle independently from the dished end. This approach generates problems such as thickness variation
from nozzle to dished end (coupling cylindrical region) and, as a consequence, it reduces the optimality
of the final result which may also be influenced by the boundary conditions. Thus, this work discusses
shape optimization of axisymmetric pressure vessels considering an integrated approach in which the
entire pressure vessel model is used in conjunctionwith a multi-objective function that aims to minimize
the von-Mises mechanical stress from nozzle to head. Representative examples are examined and
solutions obtained for the entire vessel considering temperature and pressure loading. It is noteworthy
that different shapes from the usual ones are obtained. Even though such different shapes may not be
profitable considering present manufacturing processes, they may be competitive for future
manufacturing technologies, and contribute to a better understanding of the actual influence of shape in
the behavior of pressure vessels.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

In the pressure vessel literature, the optimization of nozzle and
heads has been conducted independently. Although this is a prac-
tical and widely used approach, it leads to undesirable problems
such as thickness variation from nozzle to head (among others)
and, as a consequence, reduces the optimality of the final result
(which may also be influenced by the adopted boundary condi-
tions). Thus, this work investigates the optimization of pressure
vessels considering a model of the entire vessel. A multi-objective
function based on a p-root of summation of p-exponent terms of
von-Mises stress values is defined in order to minimize the tank
maximum von-Mises stresses. Mechanical and thermal loads are
considered. Shape optimization techniques are applied, and the
design optimization procedure is implemented by combining the
commercial finite element analysis system ANSYS with our MAT-
LAB optimization algorithm. Although composite tanks have
: þ55 11 30915722.
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silva@usp.br (E.C.N. Silva).
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a strength/weight ratio higher than steel tanks, they have a higher
manufacturing cost. Thus, this work emphasizes homogeneous
tanks, and focuses on CNG (Compressed Natural Gas) tank design
by means of shape optimization techniques.

This paper is organized as follows. The literature review and
related work are presented in Section 2. The formulation and
numerical implementation of the optimization problem for the
pressure vessel is described in Sections 3 and 4, respectively. In
Section 5, the optimized shapes for the entire pressure vessel are
presented and the results are discussed. Finally, in Section 6, some
conclusions are inferred.

2. Related work

The design of pressure vessels is an important and practical
topic which has been explored for decades. Even though optimi-
zation techniques have been extensively applied to design struc-
tures in general, few pieces of work can be found which are directly
related to optimal pressure vessel design. These few references are
mainly related to the design optimization of homogeneous and
composite pressure vessels.

A pioneering work on optimization techniques for designing
pressure vessels was presented by Middletown and Owen [1], who
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used parametric optimization techniques to minimize the maxi-
mum shear stress in the design of a pressure vessel dished end
(head) modeled with axisymmetric finite elements. Following this
work, Middletown [2] applied these parametric optimization
techniques to design a pressure vessel nozzle considering the
minimization of the maximum shear stress. Mechanical and
thermal loads were taken into account by specifying different
temperatures in the internal and external walls of the nozzle and
dished end (head). Later, Blachut [3] also applied parametric opti-
mization techniques to minimize the weight of the dished end by
considering the limit pressure instead of mechanical stress. The
limit pressurewas defined as the value that first causes a full plastic
region along the entire thickness of the pressure vessel. The opti-
mization problem was defined as the minimization with
constraints of the limit pressure, the strain at the peak of the dished
end, and box constraints for parametric design variables. A zero
order method (no gradients) was applied to solve the optimization
problem. Four situations were studied: optimization of the main
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Fig. 2. Flowchart of optimization procedure.
dimensions of a torispherical shell; optimization of the elliptical
profile of the torispherical shell with uniform thickness; the same
problem, but including the thickness as a design variable; and again
the same problem, however, considering the thickness varying
along the meridian defined by a polynomial. The weight reduction
obtained was 8%, 19%, 27%, and 31%, respectively. As an important
conclusion, they showed that the boundary conditions between the
dished end and the cylinder do influence the design. A “Fully Stressed
Design”-(FSD), which keeps the stress constant along the body, was
also performed, however, it produced inferior results in relation to
the best result among the four cases discussed, showing that, as
expected, the design considering stress constraints is not as intui-
tive and thus a more formal approach is needed.

Another relevant work considering pressure vessel design using
computational modeling was presented by Zhu and Boyle [4], who
applied shape optimization techniques to optimize separately the
head and nozzle of the pressure vessel, considering as objective
function either the mechanical stresses or the limit pressure. The
limit pressure is calculated by using the elastic compensation
method [5e7], and performing successive linear analyses, which
has as main advantage the fact that it precludes the need to
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Fig. 4. Computer-aided Engineering (CAE) model including pressure (P), temperature
(Ti, Te), and boundary conditions.
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Table 2
Initial values for design variables (mm).

initial shape 1 initial shape 2 initial shape 3 elliptical head

y1 (0; 3066) y1 (0; 3066) y1 (0; 3066) y1 (0; 2066)
y2 (500; 2932) y2 (382.7; 2989.9) y2 (258.8; 3.31.9) y2 (223; 2053)
y3 (866; 2566) y3 (707.1; 2773.1) y3 (500; 2932) y3 (434; 2016)
x1 (900; 893) y4 (923.9; 2448.7) y4 (707.1; 2773.1) y4 (624; 1957)
x2 (800; 719) x1 (900; 893) y5 (866; 2560) y5 (782; 1877)
x3 (700; 546) x2 (800; 719) y6 (965.9,2324.8) y6 (901; 1783)
x4 (600; 373) x3 (700; 546) x1 (900; 893) y7 (975; 1677)

x4 (600; 373) x2 (800; 719) x1 (900; 893)
x3 (700; 546) x2 (800; 719)
x4 (600; 373) x3 (700; 546)

x4 (600; 373)
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perform non-linear analysis, thus reducing the computational cost
in the overall optimization procedure. Their optimization proce-
dure was implemented using the software ANSYS with the APDL
(ANSYS Parametric Design Language) language and spline curves to
perform shape optimization. The obtained results showed satis-
factory improvements. The work of Malinowski and Magnuki [8]
employed parametric discrete optimization techniques to design
internal reinforcements of pressure vessels by minimizing the
reinforcement mass considering stress constraints. Following an
analytical approach, Banichuk et al. [9] used variational calculus to
find the head meridian profile optimal curve in order to maximize
the ratio between head volume and mass subjected to stress
constraints.

An interesting issue when designing the head (or nozzle) is the
stress concentration in the transition between the head (or nozzle)
and the cylinder. At the head and cylinder junction, bending
moments and shear forces appear in order to compensate the
stiffness difference between the components (head and cylinder).
These bending moments and shear forces generate a stress
concentration that can be estimated by thin shell theory. When
a non-hemispherical head is considered, the stress concentration
along the junction increases. Such stress concentration can be
reduced either by transitioning the thickness from the head to the
cylinder or by changing the head geometry. Following this idea,
Magnucki and Lewinsky [10] analytically assessed the head
geometry (shape) design that generates an equivalent stress less
than or equal to the cylinder stress. In this case, the internal
bending moments and shear forces would be null. They considered
a head geometry partially composed by a sphere and a generic
curve (to be determined). The sphere radius is calculated to
generate equivalent stresses in the head that do not exceed the
equivalent stress at the cylinder surface. The stress is uniform and
Table 1
Material properties.

Young’s Modulus E 200.0 � 109 Pa
Poisson’s Ratio n 0.3
Density r 7810.0 Kg/m3

Thermal expansion a 1.15 � 10�5 1/◦C
the thickness is uniform for the proposed geometry. An equivalent
ellipsoidal head would have an equivalent stress value in the head
20% larger than the equivalent stress in the cylinder and a head
thickness 50% larger than the cylinder thickness. The minimization
of stress concentration in pressure vessels with ellipsoidal heads
was also discussed by Magnucki et al. [11] by means of analytical
techniques. As noticed in their previous work, if the same thickness
is considered for head and cylinder, there is a stress concentration
in the junction of head and cylinder with head stresses being larger
than cylinder stresses. A stress equalization can be obtained by
increasing the head thickness or by changing the head geometry b/
a > 0.5, where b and a are the minor and major ellipse axes,
respectively. In the case of thickness variation, an increase of 70%
from cylinder to head would be necessary, which is impractical
from amanufacturing point of view. An interesting plot of thickness
ratio as a function of (b/a) ratio related to the non-dimensional
equivalent stress equalization between head and cylinder could
be built. From this plot, by considering the same thickness for head
and cylinder, the ratio (b/a) must be equal to 0.6 for stress equal-
ization. In another plot, the ratio between the maximum non-
dimensional equivalent stress and the cylinder equivalent stress
(subjected to pressure only) is given as a function of the ratio (b/a).
It shows that (b/a) values less than 0.48 are not of interest because
the stress concentration would increase. For (b/a) values ranging
from 0.48 to 0.86, high stress values are generated (although equal
for head and cylinder). Thus, other criteria, such as minimummass,
must be selected to decide on a (b/a) value between 0.48 and 0.86.
From these previous pieces of work, we conclude that heads with
hemispherical, torispherical or elliptical geometries are not optimal
because they can only avoid the stress concentration in the junction
between head and cylinder with large thickness variation, which
may be impractical (e.g. from a manufacturing point of view).
Meanwhile, it is also concluded that the minimization of the stress
concentration in the junction can be achieved by changing the head
meridian profile shape, suggesting that shape optimization tech-
niques can be applied to search for this optimum shape. The same
study could be developed for the junction between nozzle and
cylinder, however, no analytical work has been found, probably,
due to difficulties to develop the analytical model. However, similar
conclusions may be applied, that is, by changing the nozzle
meridian profile shape the stress concentration in the transition
can be reduced.
Table 3
Representative optimization parameters.

p 1 to 8
w 0.5
ah 0.25
an 0.5
fh ¼ fn ¼ 0.01
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Although most of previous optimization literature assumed
specific geometries, Hammer and Olhoff [12] used topology opti-
mization to design structures subjected to pressure loads. For such
design-dependent problem, the boundary where the pressure is
applied must move as the material is removed. This problem is
addressed by using a spline function to represent the boundary
where the pressure is applied. A follow up of this work was
provided by Du and Olhoff [13] and Zheng et al. [14], who extended
the investigation to three-dimensional structures. However, they
considered as objective function the minimization of mean
compliance without stress constraints, which is not realistic for
pressure vessel design. In fact, the solution of topology optimiza-
tion considering stress constraints is still an open problem [15e17].

Recently, Blachut andMagnuki [18]published anextensive review
about modeling and optimization of pressure vessels where they
mention that, in the optimization field, there are still few pieces of
work related to pressure vessel design. This work provides a contri-
bution along those lines by presenting an integrated approach in
which the entire vessel is considered in the optimization process.
3. Formulation of the shape optimization problem

In this section, an approach to design CNG tanks based on
the shape optimization technique is presented. In this shape
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optimization approach, the head and nozzle meridian profile
curves will be optimized by using spline curves, thus no pre-
defined shape will be assumed. Shape here refers to the
geometric shape of the midsurface with a uniform thickness. The
shape of the midwall surface is more important than thickness for
either maximum stress or load-carrying capacity [4]. A typical
optimization problem is defined as

Min FðxÞ
Subjected to gðxÞ � 0

xL � x � xU

where F(x) is the objective function, x are the design variables, g(x)
are inequality constraints, and xL and xU are box constraints. The
pressure vessel optimized design can be achieved by direct
enforcement of maximum stress as constraints or, alternatively, by
defining a stress measure to be minimized as objective function. In
this work, we deal with the stress minimization problem by
defining a multi-objective function based on a p-root of summation
of p-exponent terms of von-Mises stresses. These stresses are the
usual choice of stress measurement for pressure vessel design in
the literature [10,11]. The von-Mises stresses are chosen instead of
limit pressure [5e7] because the intention is to design the vessel for
actual working conditions [4]. If different levels of mechanical
stresses occur in nozzle and head regions in this work, then an
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analysis of the entire vessel is performed. A proper mathematical
setting must be formulated in the sense that the optimization
process should guarantee that nozzle and head stress values will
have equal influence in the objective function. This is achieved by
using a logarithmic function. Thus, a multi-objective function is
defined as the sum of the logarithmic of the p-root of summation of
p-exponent terms of head and nozzle von-Mises stresses, allowing
the control of the head and nozzle stresses through a weighting
coefficient, which it is given by:

F ¼ wln
�Xnh

i¼1
sphj

�1
pþð1�wÞln

�Xnn

j¼1
spnj

�1
p (1)

where shi
and snj are the von-Mises mechanical stresses at Gauss

points of the i e th and j e th finite elements that model the head
and nozzle, respectively; w is the weighting coefficient which
allows control of the influence of stresses in the head and nozzle
regions in the optimization problem; p is an exponent coefficient
which can assume even or odd values (as von-Mises stress values
are always positive); nh and nn are the number of finite elements
used to discretize the head and nozzle regions, respectively.
Therefore, the minimization of the multi-objective function
consists of minimizing simultaneously the von-Mises mechanical
stresses in the head and nozzle regions.
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3.1. Design variables

In the adopted shape optimization approach the shapes of head
and nozzle are given by cubic spline interpolation whose shape is
changed during the optimization process by varying the coordi-
nates of spline knots. Separate spline curves are defined for the
head and for the nozzle. The optimization must be performed in
a way that the spline knots move in the normal direction to the
spline curve, because analytical shape sensitivity in the direction
tangent to the spline can be shown to be null. In principle, x and y
coordinates of spline knots could be chosen as design variables,
however, considering the constraint that knots must move in the
normal direction, it suffices to choose only x or y coordinates. Fig. 1
shows that x and y knot coordinates are chosen as the design
variables for nozzle and head splines, respectively. Thus, the head
design variable set is defined by the coordinates of the head spline
knots (yh) in the Cartesian direction y, while the nozzle design
variable set is defined by the coordinates of the nozzle spline knots
(xn) in the Cartesian x direction, as illustrated in Fig. 1.

3.2. Complexity constraints

In order to reduce the numerical oscillations during the opti-
mization process, and to control the spline shape, complexity
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Table 4
Maximum von-Mises stress values (MPa), where subscripts h, n, 0, ss, and h2 indicate
head, nozzle, initial shape, standard spherical, and cylindrical region h2, respectively
(sah2

¼ 86:6 Mpa for an infinite cylinder).

Example sh sh0 sss sn sn0 sh2 sh20

Fig. 9(a) 80.4 101.3 67.0 142.9 318.6 89.0 91.5
Fig. 9(b) 73.9 92.9 67.0 103.3 318.6 89.0 91.5
Fig. 9(c) 75.6 79.4 67.0 103.4 318.6 89.0 91.5
Fig. 12(a) 303.5 292.0 261.6 276.6 452.7 276.5 278.0
Fig. 12(b) 302.1 286.5 261.6 276.6 452.7 276.5 278.0
Fig. 12(c) 256.6 276.2 261.6 276.6 452.7 276.5 278.0
Fig. 9(a, b and c) thermal load
Fig. 12(a, b and c) no thermal load
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constraints are introduced in the optimization problem. Thus, the
complexity constraints for the head region are defined as:

y1 � ymax
y1 � y2 � e
yi � yiþ1 � e
ynh � ymin ði ¼ 2 . nh� 1Þ

(2)

where yi are shown in Fig. 1 and nh is the number of knots in the
head region; ymax and ymin are the maximum and minimum values
allowed for these coordinates, respectively; and e is a small number.
For the nozzle, the complexity constraints are defined as:

x1 � xmax
x1 � x2 � d
xj � xjþ1 � d
xnn � xmin ði ¼ 2 . nn� 1Þ

(3)

where xi are shown in Fig. 1 and nn is the number of knots in the
nozzle region; xmax and xmin are the maximum and minimum
values allowed for these coordinates, respectively; and d is a small
number.

A material volume constraint is not specified because the
change of spline length is not significant during the optimization.
Althoughmaterial volume constraint is not included, it is verified “a
posteriori”.

3.3. Summary and remarks

Based on the above considerations, shape optimization problem
can be defined as:
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Min : Fðyh; xnÞ
Subjected to :

y1 � ymax x1 � xmax
�y1 þ y2 � �e �x1 þ x2 � �d
�yi þ yiþ1 � �e �xj þ xjþ1 � �d
�ynh � �ymin ði ¼ 2 . nh� 1Þ
�xnn � �xmin ðj ¼ 2 . nn� 1Þ

The numerical implementation of this defined shape optimiza-
tion problem is described in the next section. Mechanical (pressure)
and thermal loads (temperature difference) are considered. In
addition, in the case of vessels subjected to internal pressure,
buckling instability may occur for head and nozzle (mainly head) if
hoop stresses reach negative values [19]. The head buckling is more
susceptible to occur for vessels with large diameter/thickness ratio
and high yield stress values [20]. Because during the optimization
process the head and nozzle geometry is changed, then a geometry
susceptible to buckling problems may be obtained. In this work, no
constraint is specified for the hoop stress in the optimization
problem, its value is only verified “a posteriori” in the final result.

4. Numerical implementation of shape optimization program

The flowchart of the program is illustrated in Fig. 2. The program
is implemented using the commercial software MATLAB [21] and
ANSYS [22]. All processes, including the optimization process and
file input and output from ANSYS are controlled byMATLAB. ANSYS
input files contain all the information of the pressure vessel
computer-aided engineering (CAE)model. After obtaining the input
files, the MATLAB routine executes ANSYS, and an output file is
generated, which is in turn read by MATLAB.

The pressure vessel is modeled by using the 2D-axisymmetric
shell finite element type SHELL208 [22]. The default option for this
element employs two nodes (linear displacement interpolation of
the midsurface) and three integration points through the thickness
(at the bottom, at the top and at the midsurface), as illustrated by
Fig. 3. This element has the capability of modeling bending and
membrane stiffness, and torsion. It gives, as a result, the longitu-
dinal, meridional, and von-Mises stress values at the Gauss inte-
gration points. The von-Mises stress considered and presented for
all results in this work are the maximum values among the Gauss
integration points through the thickness.

Fig. 4 illustrates the mechanical and thermal boundary condi-
tions applied to the model. In this figure, Ti and Te are internal and
external temperature, respectively, and P is the internal pressure.
200 250 300
ations

p = 5

sponding to head spline knot number equal to 3 (no thermal load).
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Following the flowchart in Fig. 2, the initial data of the optimi-
zation problem is the geometry of the pressure vessel, which
contains the spline knot coordinates (or design variable initial
values), material properties, load and boundary conditions. The
spline curves are obtained using the MATLAB function spline,
considering the design variables yh and xn and discretization
parameters nh and nn for head and nozzle, respectively. The used
function spline considers a cubic spline data interpolation, which is
generated using the following parameters:

Sh ¼ f ðxh; yhÞ ¼ ½splineðh; xi;1 : nhÞ; splineðh; yi;1 : nhÞ� (4)

Sn ¼ f ðxn;ynÞ ¼
h
spline

�
n;xj;1 :nn

�
;spline

�
n;yj;1 :nn

�i
(5)

where Sh and Sn are matrices that contain the cubic spline knot
coordinates for the head and for the nozzle, respectively. The head
spline Sh is obtained considering the tangent at the symmetry point
equal to zero (see Fig. 5). As mentioned before, xh and yn are
calculated as functions of yh and xn, respectively, considering the
constraint that knots must move in the normal direction.

In the sequence, the CAE model is defined including algorithmic
parameters and mesh attributes such as the finite element type,
number of nodes and elements, loads and boundary conditions.
Once the CAE model is built, the ANSYS solver is executed by
running a linear static analysis, which generates output files that
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Fig. 11. Optimization result obtained for initial shapes 1, 2, and 3 corresponding to different
are given beside each figure.
contain the results of von-Mises mechanical stresses (sh and sn) at
each finite element integration point.

The sensitivity analysis of the multi-objective function in rela-
tion to design variables is obtained by using the central finite
difference scheme. Thus, for the gradient numerical calculations it
is necessary to obtain the perturbations dh and dn defined in the
expressions below,

vF
vyi

y
Fðyi þ dhÞ � Fðyi � dhÞ

2dh
(6)

vF
vyi

y
Fðxi þ dnÞ � Fðxi � dnÞ

2dn
(7)

Notice that y and x coordinates are defined as design variables for
head and nozzle, respectively. Moreover, dh and dn are calculated
considering a fraction of the spline length Lh or Ln, which is given
by:

Lh ¼
H nh
j¼1 Sh

�
xj; yj

�
ds

P
yi

0dh ¼ fhLh (8)

Ln ¼
H nn
i¼1 Snðxi; yiÞdsP

xj
0dn ¼ fnLn (9)
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Fig. 12. von-Mises stress values along vessel optimized meridional profile for initial shapes 1, 2, and 3 corresponding to different number of knots at head spline and with
thermal load.
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where fh and fn are percentage values specified for head and
nozzle, respectively.

To solve the optimization problem, the gradient based sequen-
tial linear programming (SLP) optimization algorithm is used [23].
The SLP is implemented using the available function linprog (Linear
Programming) from MATLAB. The SLP requires that a moving limit
scheme be defined for design variables. These moving limits also
help to control the numerical oscillations of multi-objective func-
tion gradients. The amplitude of the moving limits is defined as
a function of coefficients qh and qn. These coefficients are calculated
by using a scheme similar to the one used for calculating dh and dn.
Thus, qh and qn are obtained considering a fraction of the spline
length (Lh or Ln), which is given by:

qh ¼ ahLh; qn ¼ anLn (10)

where qh and qn are the moving limits coefficients for the head and
nozzle, respectively, which are updated at each iteration. Accord-
ingly, ahand an are percentage values specified for head and
nozzle, respectively. Therefore, the upper and lower bounds
obtained using the moving limits routine for the design variables
are calculated by:
0 500 1000
0

500

1000

1500

2000

2500

Dimension in x (mm)

D
im

en
si

on
 in

 y
 (

m
m

)

initial
optimized

Fig. 14. Optimization result for example 2, considering h2 ¼ 1000 mm and free tangent
angle at head symmetry knot (no thermal load). Detailed views of head and nozzle are
given beside figure.
yiL ¼ yi � qhili (11)

yiU ¼ yi þ qhili ði ¼ 1 . nhÞ (12)

xjL ¼ xj � qnjlj (13)

xjU ¼ xj þ qnjlj ðj ¼ 1 . nnÞ (14)

where subscripts L and U are lower and upper bounds, respectively.
The parameters li and lj are updated during the optimization
process, and thus the moving limit steps decrease by 5% with the
convergence of multi-objective function.

Thus, the following optimization problem at each iteration is
defined:

Min : Fðyh;xnÞ
Subjected to :

y1 � ymax x1 � xmax
�y1 þ y2 � �e �x1 þ x2 � �d
�yi þ yiþ1 � �e �xj þ xjþ1 � �d
�ynh � �ymin i ¼ 2 . nh
�xnn � �xmin j ¼ 2 . nn
ykL � yk � ykU k ¼ 1 . nh
xlL � xl � xjU l ¼ 1 . nn
0 500 1000
0

500

1000

1500

2000

2500

Dimension in x (mm)

D
im

en
si

on
 in

 y
 (

m
m

)

initial
optimized

Fig. 15. Optimization result for example 2, considering h2 ¼ 1000 mm and null tangent
angle at head symmetry point (no thermal load). Detailed views of head and nozzle are
given beside figure.
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Fig. 16. von-Mises stress values along vessel optimized meridional profile obtained for example 2, considering h2 ¼ 1000 mm and free tangent angle at head symmetry point (no
thermal load).
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The optimization problem is updatedwith the new design variables
and the loop is continued until convergence of the multi-objective
function and, finally, the optimal shape of the vessel is obtained.

5. Numerical results

This section illustrates the integrated approach for pressure
vessel design, in which the entire vessel is considered during the
optimization process.

Fig. 5 shows the finite element model adopted for the vessel
shape optimization. As indicated before, a 2D-axisymmetric shell
element from ANSYS is used (SHELL 208). The material properties
are described in Table 1. The initial vessel shape is depicted in Fig. 5,
where the values of the parameters d0, h2, h3, h4, and d1 are equal to
2000 mm,1000 mm, 866 mm, 200 mm and 1000 mm, respectively.
The corresponding initial values for the design variables that
generate this geometry, considering spline approximations, are
described in Table 2. These initial values for the vessel dimensions
are based on reference [4]. The parameter h1 depends on the initial
design domain, and the influence of h2 will be analyzed in Section
5.2.2. The thickness is uniform along the vessel profile and its value
is equal to 10.0 mm. Examples are presented considering pressure
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Fig. 17. von-Mises stress values along vessel optimized meridional profile obtained for exam
thermal load).
load (P) equal to 1 MPa, and also pressure load together with
thermal load. The thermal load is obtained by specifying
a temperature gradient along the thickness. The p exponent value
in Eq. (1) is changed continuously from 1 to 8, and the adopted
parameter values for ah and an (see Eq. (10)) are equal to 25% and
50%, respectively, for all examples. The coefficient w (see Eq. (1)) is
equal to 0.5 for all examples. These parameters are summarized in
Table 3.

5.1. Example 1: pressure vessel design with g ¼ 0

In this example, the objective is to analyze and compare the
design of pressure vessels with mechanical loading only (pressure)
and with both mechanical and temperature loading. An initial
shape close (due to spline approximation) to a semi-sphere is
adopted for the head (h1 ¼ d0/2). The theoretical semi-spherical
shape presents a uniform low value stress distribution, with
a peak stress at the junction between cylinder and semi-sphere.
Thus, it is a quasi-optimum result from the stress point of view,
however, it is difficult to manufacture. Furthermore, it is a good
initial guess to evaluate the optimization algorithm and its
evaluation.
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Table 5
Maximum von-Mises stress values (MPa), where subscripts h, n, 0, se, and h2 indicate
head, nozzle, initial shape, standard ellipse, and cylindrical region h2, respectively
(sah2

¼ 86:6 Mpa for infinite cylinder).

Example sh sh0 sse sn sn0 sh2 sh20
h2 g

Fig. 16 143.2 153.4 150.6 141.3 319.0 90.4 91.3 1000 free
Fig. 17 140.4 153.0 150.6 103.4 319.0 90.2 91.3 1000 null
Fig. 19 242.0 252.0 213.6 201.0 392.8 200.0 201.0 1000 null
Fig. 22 141.2 161.1 150.1 109.5 336.0 92.5 95.0 500 null
Fig. 23 135.0 162.5 150.3 106.1 333.7 75.7 82.4 250 null
Figs. 16, 17 and

22 and 23
no thermal load

Fig. 19 thermal load
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Fig. 18. Optimization result for example 2, considering h2 ¼ 1000 mm and thermal
load with null tangent angle at head symmetry point (with thermal load). Detailed
views of head and nozzle are given beside figure.
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The tangent angle g of the head spline at the vessel symmetry
axis point (see Fig. 5) is kept null during the optimization. The
internal and external temperatures, Ti and Te, are equal to 250 �C and
25 �C, respectively. Three, four and six knot splines are considered to
describe the head shapes, whereas the nozzle shapes are parame-
terized using a four knot spline in all examples. This parametrization
choice is motivated by the convergence characteristics of the
problem, which is easier for the nozzle shape than for the head one.
The initial values of design variables are given in Table 2 considering
three different initial shapes (close to a semi-sphere) corresponding
to three, four and six head spline knots (design variables).

Initially, the convergence of the von-Mises stress values
(maximum values among the three Gauss integration points
through the thickness) along the vessel meridional profile is
analyzed by considering different discretizations of the finite
element mesh with and without thermal load. The results obtained
for the von-Mises stresses are shown in Figs. 6 and 7 (the beginning
of the plot is the center point of the head), disregarding and
including the thermal load, respectively. In both analyses 4, 4, 4,
and 2 divisions are adopted for head, cylindrical region h2, nozzle,
and h4 region, respectively; and the discretizations employed are
10, 20, 50, and 100 finite elements for each division. By analyzing
von-Mises stress values, it can be concluded that stress curves
converged to the same values along vessel meridional profile.
Numerical discretizations with 1100,1150, and 1250 finite elements
for the problems with three, four and six head spline knots (design
variables) (corresponding to initial shapes 1, 2, and 3 e see Table 2)
are adopted, respectively, with and without thermal load. These
discretization choices are considered to provide accurate enough
stress results throughout the optimization processes.

5.1.1. Entire vessel design without temperature gradient
First, a temperature gradient is not considered along the vessel

thickness. The optimization results obtained are shown in Fig. 8
considering different number of head spline knots (corresponding
to initial shapes 1, 2, and 3). Fig. 9(a, b and c) show the variation of
von-Mises stresses along the meridional profile of the entire vessel
for three, four, and six knot splines corresponding to initial shapes
1, 2, and 3, respectively.

The analytical stresssah2
(along the cylindrical region h2, see Fig. 5)

of an infinite cylinder calculated using membrane theory is equal to
86.6 MPa [10]. For all plots in this work, “analytical”means the von-
Mises stress result for an infinite cylinder. The maximum von-Mises
stress in the head and nozzle are presented in Table 4. Fig. 10 shows
the convergence of themulti-objective function for head splinewith
3 knots (and initial shape 1). It illustrates the effect of the p-contin-
uation strategy in the optimization process - see Eq. (1).

5.1.2. Entire vessel design considering temperature gradient
Now, a temperature gradient is added along the thickness of the

vessel model. The objective is to analyze the effect of thermal
loading in the final design vessel shape. The results obtained by
shape optimization are illustrated in Fig. 11 considering different
numbers of head spline knots (corresponding to initial shapes 1, 2,
and 3). Fig. 12(a, b, and c) show the variation of von-Mises stresses
along the meridional profile of the entire vessel for different
numbers of head spline knots (and initial shapes). Fig. 13 shows the
convergence of the multi-objective function considering a number
of head spline knots equal to 6 (and initial shape 3).

5.1.3. Discussion
The maximum von-Mises stress values in the head and nozzle

are presented in Table 4, and are indicated in the plots of Figs. 9 and
12. As expected, in all cases the obtained optimized stress distri-
butions are usually not better than a semi-spherical head (which,
however, is difficult to manufacture). From Fig. 9, it is noticed that
for the three cases analyzed without thermal load, the maximum
head stresses are smaller than the cylinder stresses. As the number
of spline knots increases, the stress value oscillation also increases,
an effect that is not observed in the design problem with the
thermal gradient, as shown in Fig. 12. In addition, the stress values
in the junction between head and cylinder decrease (see Table 4)
and the convergence stability is improved either in the presence or
absence of the thermal gradient.

Furthermore, a smooth stress distribution is obtained for the
head using a small number of spline knots (3 and 4) either with or
without thermal load, as shown in Figs. 9 and 11(a, b), Fig. 12(a
and b). A similar conclusion was obtained by Zhu and Boyle [4]
considering the separate head design without thermal load. When
a six knot spline (corresponding to initial shape 3) and thermal load
are considered, the maximum head stress (256.6 MPa) is smaller
than even the semi-sphere stress (261.6 MPa) - see Table 4.

Concerning the nozzle, when the thermal gradient is not
considered, its shape and stress distribution oscillates between two
results which are shown by solid lines (optimized) in Fig. 9(a and b)
This does not occur when the thermal gradient is considered, that is,
only one local optimum is obtained, as shown in Fig. 12. Meanwhile,
it is noticed that an increase in the number of spline knots in the
nozzle may generate geometries with slightly higher stress values
(see Table 4). In addition, when the thermal load is considered, the
nozzle stresses for optimized shape approach the cylinder stresses.

5.2. Example 2: pressure vessel considering influence of angle g at
the head top

In this example, an initial shape close (due to spline approxi-
mation) to an elliptical head shape (h1 ¼ d0/4) is considered.
A control of the g tangent angle at the point of symmetry of the
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vessel (see Fig. 5) is implemented. Another important aspect in this
example is to verify how the shape optimization result is affected
by the variation of the dimension h2 (see Fig. 5). Thus, for example,
for large h2 dimension (approaching an infinite cylinder), the
problem may be uncoupled, and the optimization problem may be
solved for the nozzle and the head separately. The thermal load is
considered along the vessel thickness for one of the cases analyzed
in this example.

Seven and four knot splines are considered to describe the head
and nozzle shapes, respectively, giving a total of eleven design
variables in the design optimization problem. The initial values of
design variables corresponding to a shape close to an elliptical head
shape are given in Table 2. A discretization equal to 1300 finite
elements is adopted for all cases in this example, i.e. with and
without thermal load.

5.2.1. Entire vessel design considering pressure and temperature
loading

In this first case, a temperature gradient is not considered along
the vessel thickness. Thus, the objective of this first case is to
analyze the influence of the g tangent angle at the head top (vessel
symmetry axis point - see Fig. 5). The angle valuewill be considered
either null or variable and h2 is kept constant and equal to
1000 mm. Figs. 14e17 show the final results of the shape
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Fig. 20. Optimization result for example 2, considering h2 ¼ 500 mm (no thermal
load). Detailed views of head and nozzle are given beside figure.
optimization and the von-Mises stress distribution, considering
free and null angle. The results obtained by the optimization are
compared through von-Mises stress plots with the corresponding
standard elliptical head shape vessel which is known to provide an
optimum stress distribution [4].

Therefore, from Figs. 16 and 17 the maximum von-Mises stress
values for optimized head shape considering initial shape with free
angl (143.2 MPa), with null angl (140.4 MPa), and corresponding
standard elliptical head shape (150.6 MPa) are, respectively, 65.4%,
62.1%, and 73.9%, greater than the corresponding analytical stress
sah2

of the infinite cylindrical vessel. The difference between the
analytical (86.6 MPa) and numerical stress for the cylindrical region
(h2¼1000mm) (90.2MPa), is 4%. For the nozzle, the optimized von-
Mises stress is 63.2% and 19.4% greater than sah2

considering free
(variable) (141.3 MPa) and null angle (103.4 MPa), respectively, as
detailed in Table 5. In both cases, optimal results obtained by shape
optimization are better than using a corresponding elliptical head,
and obtained stress values for the head and nozzle, considering null
angle, are lower than maximum stress value for a vessel with cor-
responding elliptical head. The stress values obtained with null
angle condition are lower than stress values obtained considering
free (variable) angle. It seems that the null angle solution is a local
minimum which is difficult to reach. The optimization taking the
design variable g into account must be conducted with care, thus,
the null angle condition will be considered for the next results.
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Fig. 21. Optimization result for example 2, considering h2 ¼ 250 mm (no thermal
load). Detailed views of head and nozzle are given beside figure.
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Fig. 22. von-Mises stress values along vessel optimized meridional profile obtained for example 2, considering h2 ¼ 500 mm (no thermal load).
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Now, the entire vessel is designed considering the influence of
thermal load. The internal and external temperatures, Ti and Te, are
equal to 200 �C and 25 �C, respectively. Figs. 18 and 19 show the
optimized shape and von-Mises stresses along the meridional
profile of entire vessel, respectively, considering null angle condi-
tion. It is noticed that at the head, the maximum stress for opti-
mized shape (242 MPa) is larger than the maximum stress for
elliptical head shape (213.6 MPa). In addition, the maximum stress
at nozzle (201 MPa) is close to sh2

stress along the h2 dimension
(200 MPa), as detailed in Table 5.

5.2.2. Entire vessel design considering the influence of segment h2
In this case the tangent angle of the vessel symmetry point is

kept null (g ¼ 0), and the dimension h2 is analyzed considering
dimensions equal to 500 and 250 mm Figs. 20e23 show the final
results of the shape optimization and the von-Mises stress distri-
bution for the present study.

By comparing the von-Mises stress results for the head, we
conclude that maximum head von-Mises stress values of the
optimized result (141.2 MPa and 135 MPa) is 63.1% and 55.9%
greater than sah2

(infinite cylinder) for h2 equal to 500 and 250 mm,
respectively. In both cases the corresponding maximum elliptical
head stress (150.1 MPa and 150.3 MPa) is 73.3% and 73.6% greater
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Fig. 23. von-Mises stress values along vessel optimized meridional profile
than sah2
(infinite cylinder), respectively, thus the obtained stress

values for the head shape are lower than the stress values for
elliptical shape. For the nozzle, the optimized result (109.5 MPa and
106.1MPa) is 26.4% and 22.5% greater than sah2

(infinite cylinder) for
h2 equal to 500 and 250 mm, respectively, as detailed on Table 5.
Thus, head and nozzle stresses are not significantly changed due to
h2 change. However, again, optimal result head stresses obtained by
shape optimization are better (lower maximum stress value) than
using a corresponding standard elliptical head vessel.

The cylinder stresses are sensitive to the h2 value. It is impor-
tant to observe that stress values for optimal results in the central
region for h2 equal to 1000, 500, and 250 mm are different, being
equal to 90.2, 92.5, and 75.7 MPa, respectively, and thus, 4.2% and
6.8% larger than, and 12.6% smaller than sah2

(infinite cylinder),
respectively. By increasing h2 values we observe the widening of a
region with constant stresses, as expected (see Figs. 17, 22 and 23)
with the stress value reaching the stress value of the “infinite
cylinder”.

Thus, it should be remarked that for the h2 dimensions analyzed
(250 mm and 500 mm) it is important to consider the shape
optimization of the entire vessel, allowing the optimizationmethod
to minimize the different stress levels between head and nozzle by
considering the coupling region (h2).
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obtained for example 2, considering h2 ¼ 250 mm (no thermal load).
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6. Conclusions

In this work, an integrated shape optimization study of pressure
vessels is conducted considering a model of the entire pressure
vessel. A proper multi-objective function based on a logarithmic of
a p-root of summation of p-exponent terms has been defined for
minimizing the tank maximum von-Mises stress.

For vessels with mechanical loading only and initial shapes close
to a semi-sphere, one notices that the maximum head stresses are
smaller than the cylinder stresses. In addition, as the number of
spline knots increases, the stress value oscillation also increases,
a patternwhich is not observed in the designproblemswith thermal
gradient included. However, as the number of spline knots increases,
the stress values in the junction between head and cylinder decrease
and the convergence stability is improved either with or without
a thermal gradient. Remarkably, a smooth stress distribution is
obtained for the head region evenwhen using just a small number of
spline knots (3 and 4). Another interesting aspect observed for the
cases investigated is that the nozzle stresses approach the cylinder
stresses when the thermal load is considered.

By comparing the standard elliptical head results, we concluded
that the stress values are smaller for the optimized result than for
the elliptical head when no thermal load is considered. In addition,
lower stress values are obtained considering the null angle condi-
tion (g ¼ 0). Thus, the null angle condition seems to give a better
vessel design for stress value criteria.

When analyzing the influence of segment h2 in the absence of
thermal gradients, one notices that the cylinder stresses are more
sensitive to the h2 value than head and nozzle stresses. Thus,
depending on the value of the connecting segment h2, it is important to
consider the shape optimization of the entire vessel, allowing the
optimization method to minimize the different stress levels between
head and nozzle by considering the coupling cylindrical region (h2), as
successfully achieved in this work.

As future work, the design of pressure vessels taking into
account non-linear effects, such as pressure limit, will be per-
formed. These issues are presently under consideration.
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