03:38 28 February 2011

At:

[University of Illinois]

Downloaded By:

Mechanics of Advanced Materials and Structures, 17:393-405, 2010
Copyright © Taylor & Francis Group, LLC

ISSN: 1537-6494 print / 1537-6532 online

DOI: 10.1080/15376494.2010.483321

Taylor & Francis
Taylor & Francis Group

An Analytical Approach for an Adhesive Layer in a Graded

Elastic Wedge

Efstathios E. Theotokoglou,! Ioannis H. Stampouloglou,' and Glaucio H. Paulino®
ISchool of Applied Mathematical and Physical Sciences, Department of Mechanics-Laboratory of
Strength of Materials, The National Technical University of Athens, Athens, Greece

2Department of Civil and Environmental Engineering, University of Illnois at Urbana—Champaign,

Champaign, lllinois, United States

In this paper the influence of an adhesive layer in a graded elastic
wedge consisted of two subwedges radially bonded, is investigated
by means of linear elasticity. The adhesive layer in the analytical
solution is simulated either by an interface or by an infinitesi-
mal subwedge of very small wedge-angle. The graded character
of the wedges is given either by a linearly varying or by an expo-
nentially varying shear modulus. The inhomogeneous anisotropic
self-similar bi-wedge and tri-wedge, loaded by a concentrated force
at their apex, are studied analytically under plane strain or gen-
eralized plane stress conditions, using the self-similarity property.
Based on the separation of loading in each subwedge and on the
continuity of displacements at the interface, an analytic solution
is deduced for the stress and displacements fields. Applications
have been made in the case of a graded bi-wedge and a composite
tri-wedge, in which for specific values of gradation, the stress and
displacements fields are determined.

Keywords functionally graded materials, angularly inhomogeneous
wedge, self-similarity property, plane elasticity problem,
adhesive layer, multi-material junction

1. INTRODUCTION

A very interesting problem in anisotropic and inhomoge-
neous elastic materials [1-25] is that of cylinders subjected in
pure torsion and possessing cylindrical orthotropy with a varia-
tion of the materials properties [2]. In another interesting prob-
lem, Chung and Ting [8] and Ting [10] gave the solution of
an anisotropic half-space with elastic moduli depending upon
one coordinate, the angle, 8, when the loads on the half-space
are represented by a straight line of force. Finally Carpinteri,
and Paggi [22] studied the order of singularity of multi-material
junctions where the Young’s modulus varied only with the an-
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gle, 0. These kinds of problems are called “angularly inhomo-
geneous problems.”

The anisotropic wedge problem has already been confronted
by many researchers [10, 12, 15, 17-22, 24]. In these investiga-
tions, the wedge problem is studied under a generally applied
loading at the faces and/or the apex of the wedge. The linear
elastostatic problem of a generally anisotropic and angularly
inhomogeneous plane wedge loaded by a concentrated force at
its apex is studied in Stampouloglou and Theotokoglou [20].

A graded wedge (angularly inhomogeneous) may represent
a multi-wedge with a lot of equiangular subwedges of different
material. On the other hand the increasing use of adhesive joints
in many practical applications requires the understating of the
stress distributions in these joints [26]. Two different graded
wedges may be glued together by an adhesive layer. This type
of connection is important from the engineering point of view
because it may appear in brazed tri-material systems, in the
region of ply drop in composites, and at the edge close-out of
sandwich beams.

The purpose of our paper is to study, by means of elasticity,
a plane graded bi-wedge and to investigate the influence of an
adhesive bonding layer between the two graded sub-wedges. In
order to keep the self-similarity property in the proposed an-
alytical solution, the adhesive layer is simulated either by an
interface (a subwedge of zero wedge-angle) or by an infinitesi-
mal subwedge of very small wedge-angle with elastic constants
those of an isotropic adhesive material. In the first case an an-
alytical solution is obtained for a graded bi-wedge whereas in
the second case an analytical solution for a tri-wedge results.

The multi-material wedge with a lot of equiangular sub-
wedges of different material, which may appear in half spaces
with an “angularly inhomogeneous” variation of the elastic mod-
uli [6], is represented in this study by a graded wedge. The
graded character of the wedge is approximated by:

(i) a linearly varying shear modulus and a constant Poisson’s
ratio for each subwedge
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FIG. 1. A graded bi-wedge under a concentrated load at its apex.

(ii) anexponentially varying shear modulus and a constant Pois-
son’s ratio for each subwedge.

These types of approximations are the most popular ap-
proaches for considering elastic nonhomogeneity [4, 6, 25].

Let us consider a graded linear elastic wedge of angle
0, (= 0, 4+ 0,), loaded by a concentrated force at is apex. It
is also supposed that the wedge consisting of two subwedges, is
radially bonded (Figure 1). In each subwedge j(= 1, 2), the an-
gularly varying shear modulus G, equal to the Lamé [5] constant
w(p = G), is given by:

(i) alinear variation
L@ =u; +£0, og<0<Pp;; j=12 (1)

where Wi, &;(j =1, 2) known constants.
(ii) an exponential variation

. «i+B
HO) =, 07T, oy <8 < B,

0, =B —a;; j=12 )
. &+ 3;

Iy, = u (9 — JTBJ>’ j=1.2 (3)
2 0;

dj:—e—jlll(l—cj'?j), GJ—B] (X],

Ci=& /s Jj=12 C))

where &; (j = 1, 2) is a known constant.

On the other hand a composite wedge (0,, = 6, + 6, + 6,)
is considered consisting of two graded subwedges (j = 1, 2)
and an infinitesimal third subwedge of angle 8, = A6
(Figure 2). In each subwedge the angularly varying shear mod-
ulus is given by:

Y

FIG. 2. A composite wedge consisting of two graded subwedges and an in-
finitesimal third subwedge under a concentrated load at is apex.

(i) alinear variation

@) = py + &6, B, — oy = 64,
o (=0) <0 <B(=06y)
=Wy & =0,B, — o, =0, = AB,
o (=01) <0 <P, (=0;+ A0)
nP(0) = 1y + £26, By — x2 = 02, 02 (= 8; + AB)
<0 <B,(=0,+6,+ A0) Q)

where s &;(j =1, b,2) known constants.
(ii) an exponential variation

uh(@) = p,, e 0, =B, — .
a(=0)<0=<p,(=0)

n(0) = . 0, = B, — &, = A,
oy (=601) <0 <P, (=061 +6,)

n2(©) = p,,e® 0000/ 6, = B, — «,,
(=01 +0,) <0 =<P,(=01+62+6,) (6)

where w, ,d;(j = 1,2) are given by relations (3) and (4) and
1, known constant.

Based on the self-similarity property [5, 20, 21] and the
graded character of an angularly inhomogeneous wedge, the
stress and displacement fields have been determined for each
case of gradation. Finally applications have been made for a
graded bi-wedge of angle 0,, = 71/2 and a composite tri-wedge
of angle 6,, = 7t/2, in which for specific values of gradation,
the stress and displacements fields have been determined. The
stress fields in the case of the composite tri-wedge (8., = 7t/2)
are compared with the results obtained by the finite element
analysis.
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2. THE INHOMOGENEOUS ANISOTROPIC
SELF-SIMILAR BI-WEDGE LOADED BY A
CONCENTRATED FORCE AT ITS APEX

Let an infinite plane angularly inhomogeneous bi-wedge with

a concentrated force at its apex (Figure 1),

F=F,+F,=F +F,
Fj = Fiec+ Fiej =12 ™)

where F;(F; ., F; ) the concentrated force acting on the sub-
wedge J(— 1,2).

Taking into consideration the self-similarity property [5,
20] and the graded character of an angularly inhomoge-
neous wedge, the radial stress field of each subwedge
(Gf’e) = G(ejg, =0, j =1,2)[5, 20], in the polar coordinate sys-
tem (r, ©)(Figure 1), is given by:

Taking from relations (9a) the difference of displacements
fields, u'/(r, 8)—u'’ (r = 1, 0), it is obtained a displacements
field, u(’)(u(’ ) "), free from rigid body displacements, given
by [20, 241;

i (r,0) =uPr,0) —ur=1,0);j =12,

or

#(r,0) = (I'jcos 0 + A;sin0)Inr,
=(=I;sin0+ Ajcos0)Inr,

ue)(r 9)
(9b)

where k; = 3—4v; forplane strainandk; = (3 —v;)/(1 +v;)
for generalized plane stress conditions, Poisson’s ratio, and

o Fi[W;(B;) — Vo) + Piloy) — Pi(B)] — Fi[Q;(B;) — Q)]
! [Pi(B;) — Pi(aep)IW,;(B;) — () + Pj(o;) — Pi(B)]—[Q;(B;) — Q,(exj)]?
A — Fi [Q;(B)) — Q)] — Fj [Pj(B;) — Pj())] (10)
! [Pi(B;) — Pi(op)IW;(B;) — W;(ax;) + Pi(oy) — Pi(B)] = [Q,;(B;) — Q)]
8u(e with
o (r,0) = ————— G (F cos 0 + A;sin0),
r(kj + P;(6) = / u(8) cos? 86,
jfefﬁj;]zlea (8) Kj+1
. . — () :
whereas the displacements field #(u!”, u’) of each sub- 2,0 = Kj+ 1 /p’ (6) cos B sin 646,
wedge j(= 1, 2) using Michell’s Tables [5, 20, 24], is written )
as: v;(0) = P I/u(”(e)de; j=12 (11)
j

u) = (I'jcos®+ A;sin)Inr

Kj+1
; 2
ug:_<
Kj +1

jsin@ — Ajcos0);,j=1,2

+1nr> (I'j sin® — A cos 0)

For the case of a linearly varying shear modulus
u)(j = 1,2), from relations (10) and (11) and taking into con-
sideration relations (1), it is obtained:

r; ——y/F N F J=1,2

. A =nF 8 Fy = 1.2 (12)
+0—L—(T;cos0+ A;sin@);j =1,2 (9a)
Kj+1 where
( ) 4 (”/ +§; f+2°‘f> [0; —sinB; cos(0; + 2a;)] — 2&;sin(0; + 20¢;)(0; cos0; —sin0;)
Y =(k;+1
16 (u, + ;22 ) (6% — sin28,) — 452(8; cos 0; — sin @)’
5 o (uj + & 8 +2“’> [0; +sin©; cos(0; + 20¢;)] + 2&;sin(0; 4 20¢;)(0; cos 0; — sin0)
=K
16 (p] g2t ) (62 — sin28;) — 4£%(8; cos B, — sin6;)
(u/ + &0 “’) sin 0; sin (8 + 2a;) — 2£; cos(8; + 20¢;)(6; cosB; — sin ;)
n; =k + 1) (13)

2
16 (uj 42 ) (6% — sin? ;) — 45%(8; cos 0; — sin0,)?
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Taking into consideration the boundary conditions along the
interface (OA) (Figure 1),

iV, 0 =p) =a?r0=0),
il(r, 0 = B)) = a2 (r, 0 = B)). (14)

[y =—v,Fi, +nF, =

provided that

—(M; + M)+ (1 +¥2) (81 + 82) #0

From relations (12) and (16a), it is obtained

[Yim3 +van? — Yiv2 (81 + 82)] Fe + [v181M, + v28m; —imy (g + o)1,

Iy ==y, P, + Mo Fy, =T

[y181m, +v200m; —

Ay =nF, -8 F, =

—(My + 1%+ vy +v2) (01 + 82)

MMMy + M)1Fx + [8m3 + 8onf — 8182 (v) +v2)] Fy

Ny =1 Fy —8:F, = A

and the separation of the force in each subwedge (relation (7)),
it is finally obtained

CycosP, + ArsinB; =TacosP; + Apsinf,
[ysinf; — Ajcosf3; = asinf3; — Axcos B

Fi, + F, = F

Fi,+F, =F, (15)

2

di+4 . d l4.0.; d?+4
2 it 4 , (%
dij(k; +1) ( 27, —Sin2B; — 5 cosZBj)ez Y 24,

—(My + 1)+ (v +v2) (61 4+ 82)
(16b)

On the other hand, in the case of an exponentially varying
shear modulus, from relations (10), (11), (2), and (3), the co-
efficients y;, n; and 6; (j = 1, 2) of relations (12), are given
by:

: d g
— sin2ot; — 5 cos 20c]~> e 249

Yi= 81, edi® 4 e=48 — (24 d3sin?6;)
d>+4 . d>+4 . :
. d? (k; +1) ( ﬁ; +sin2p; + % COSZBj) 249 — (ﬁTT, +sin2a; + % cos2oc_,-> e 2419
T 8, 9 + e~ — (24 d7 sin?0)
ICACER) (%’ sin2f; — cos 2[3]-) 18 — (%’ sin 2a; — cos 20(j) e 149 -
n; = 8”0,- ei0; 4 o=di0; _ (2+dj2 sin2 9/-)

From the solution of the system (15), we have

_ [ +M3) + V281 + 8)IFx + (=8im, + 6om) F,y

h. —(My +M2)* + (v1 +v2)(81 + 82)

F o= (Yo — Yim) Fe + [=mo(y + 1) + 8a(yy +V2)IF,
’ =M + M)+ (V1 +v2)(01 + 82)

P = [y +M2) +v1 (01 + )] Fy + (=621 + 81M) Fy
: —(My + M)+ (V) +v2)(81 + 82)

Fy, = M=y 4 [=mi +10) + 81vi + vo)lFy

’ —M; + M)+ (V1 +v2)(01 + 82)
(16a)

Relations (16) are valid either in the case of linearly varying
shear modulus or in the case of exponentially varying shear
modulus, where the v, 8; and 1; coefficients are taken either
from relations (13) or from relations (17).

3. AN INFINITESIMAL ISOTROPIC ADHESIVE LAYER

BONDED BETWEEN TWO GRADED SUBWEDGES
Let an infinitesimal adhesive layer bonded between two
graded subwedges (Figure 2). The problem is reduced to the
study of a tri-wedge loaded by a concentrated force at its apex.
Let ¢ the average thickness of the infinitesimal adhesive layer
and R, the maximum radius of the considered sector. The an-
gle 0, of the subwedge (b) which simulates the infinitesimal
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adhesive layer is defined as: (Figure 2),

a(r, 0 = By) = a(r, 0 = B)),
Oy = A0 = (18) g (.8 = By) = il (.8 = By,
i (r, 8 = op) = i,”(r, 0 = ),
=(b) _ _ = _
Because of the infinitesimal angle 6, (= A®), an order of iig (r,0 = 0) = iig (r, 0 = ), (23)
approximation O(A6?) is supposed, namely:
the separation of the concentrated force F in each subwedge,
sin AB = ADO, cos AB = 1,sin(p + AB) =sin@ + ABcos @, Fi, + Fy, + F, = F,,
cos (@ + AB) = cos @ — ADsin @ (19) Fi, + Fy, + F, = F,, (24)

Taking into consideration relations (5), (19), and (13)
(j = 1,b,2) in the case of a linearly varying shear modulus,

we have:
(ko4 1 4(m + & %) (6, —sinB; cosB;) — 2&,sinB, (6, cosB; — sinB;)
Y1 = (Kj
16 (1, + £1%) (67 — sin? 0;) — 482 (8, cos 6y — sin 6)?
9, . . .
5 = (k4 1) 4 (4 &%) (01 +sin 0 cos B;) + 2&,; sin B, (6 cos B; — s1n61)’

16 (u; + 51%)2 (6% —sin?0;) — 482 (8 cos B, —sin @)’

4 (py + &8 sin2 0, — 28, cos 0 (8, cosO; — sin O
m =+ 1) (1 192)2 : 1 1 12( I 1 1) . 20)
16 (1) + £15)" (67 —sin26;) — 4&7 (6, cos B —sin 6;)
~ <Kh+l

sin 0 (sinB; + ABcos0y)
2(AB —sin AB) ’

5. = Kh—l-l cos 01 (cos®; — AOsin0)
b= 2(A0 —sinA@)
N Kb+1 (sin20; + A0 cos20,)
n, = (21)
8 (AO — sin AD)

=(ky+1
Y2 = (K2 ) D D,

b =(ka+1)

{ 4[my+E (% + 01 + AB)] [0 — sin B, cos (8, + 20, +2A0)] _ 2&;in (62 +20:+2A0) (82 cos 6, — sin 6y) }
{ l)] l)l

4[my+Er (% + 01 + AB)] [82+sin 0, cos (6 + 26, + 2A9)]+2£2 sin (0 + 20,+2A0) (0 cos 0, — sin 0,) }

4[uo+8&r (B + 61 + AB)]sin B, sin (8, +26,+2A8)  2£ cos (0, + 20 + 2A0) (8, cos 8, — sin 0,)

= 1 22
M= (k+1 D, D, (22)
with . .. .

and relations (9), (12) and (20)—(22), it is obtained:
0 2 sin@; —y,;cos0;)F; — (6;sinB; — 1, cos0;)F
D1:l6|:u2+£2(—2+91+A9>:| (m - Yi DF, — (0 1 m DF,
2 =M, sin0; —y,cos01)Fp, — (8, sin O — 1, cos 01)Fp,,
X (9% — sin’ 0,) — 483 (8, cos 0, — sin 0,)* (v1sin 041, cos 8;)F, —(1; sin 0;+8; cos 0,) F
= (v, sin 01 +mn, cos 01)F, — (M, sin 01 + &, cos 61)Fp, .
From the boundary conditions along the interfaces [, +v,A0)sin 61 — (v, — 1, AB)cos 61]F),

OA 1 B=p, =a,=0;)and OA(0 =, = x, =0, + AB) —[(dy +M,A0)sin0; — (M, — 6, A0) cos 01]F},
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= [(My + v, A0)sin8; — (v, — 1,A8) cos 8, 1F From the solution of system (26), the force components

i F; and F; (j=1,b,?2),are determined.
= B2+ A9)sin 01 = (1 = 280) cos 811, On the é)ther hand, from relations (6) and (17)(j = 1, b, 2),

[(vy, =M, AB)sin6; + (0, 4 v, AB) cos 0,]F, in the case of an exponentially varying shear modulus, the co-
— [, — 0, A0)sin 0 + (85 + 1, A0) cOs 0] F), efficientsy;, §; andn; (j = 1,2), are given by:

= [(y, =M, A0)sin 0 + (M, + v, A0) cos 0]/,
—[(Ny — 52A0)sin 6, + (862 + M, AB)cos 611F3,

Fi, + Fy, + F, = F, Cdi(ki+ 1)
Fly + Fby + Fz.\' = Fy (25) Y= 8”'01
d;
d 4 1 _1
After some manipulations, it finally results ( z;r —sin20; — 5 o8 20 ) e2h® — d%e 219
X
eh91 4 e=di® — (24 d}sin? 0,)
14 MM, —Yids 4 MmNy — V182 F
H, H, b
8 — 6 8 — 5 5= it D
4 M10p 1My +T11 2 1M2 F, =F, 1= 811,
H, H, ) d}+4 d 18 ) 1410
1 5 i -3
MYy =Yy Y2 =¥ ( +5in20,+4 cos261) e (T) e
H, H, b e1®14e=h1®1— (244} sin? )
MMy, —d1Y,  MiM2 — 8172
+ (1 + H, + o ) B, =F, . d? (ki + 1) ! (4 sin26; — cos20;) e3d01 4 p=3di0 }
1= 40, 2
By = MM = Y102 b2 = 0ims o 81, ehO 4 et — (24 d}sin? 6))
- H, : Hy . @D
- —5
F = n1Y2 'szle 4 M2 1Y2 Fi,
y H, H, y
Fp=F—-F, -k, F=F-F -, (26)
d? (ky+ 1)
Y2 = T 8u
LLUZ
Gt _ sin2 (0, + 0, +0,) — 0052(61 + 0,40,) | e24202 4+ —sin2(8,46,) — 0052(61 +0,) e~ 20
2> 2,
x Ds - D,
d; (ko + 1)
0p = ————
8“02
"’*“+ Sin2(814-62+6;) + £ cos2(8 + 6 + 6;) | €349 dﬁ“ 200, +0 200,40 3420,
1+02+6, cos2(01+6,+6,)|e +sin2(0; + b)+ cos2(0; +0y) |e”
x D, B D,
d} (xa+ 1) [[%sin2(81 + 02 +6,) — cos2(81 + 05 + 0,)] 3% [£5in2(8) +6)) — cos2 (8, + 0,)] e~
M= 81y, D, D,
(28)
with
with D2 = edzez =+ e_d262 — (2 + d22 sin2 92)

5 For the isotropic infinitesimal sub-region, j = b (0, = A8),
Hj=n;—v;0;,j=10b,2 relations (21) because of relations (19), are again valid. The force
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FIG. 3. A graded bi-wedge of angle © = 7t/2 under a concentrated load at its
apex.

components F; and F; (j =1,b, 2) are determined from the
solution of system (26).

4. APPLICATIONS

Three applications are considered in order to study the influ-
ence of the adhesive layer in the elastic behavior of composite
wedge. The first one concerns an elastic graded bi-wedge, the

b |
| @
: {J\'.,u':'{g‘!ll
|
l b

M A
I TRl (Ko bty )
|
|
| =
I ~
| R, -
| 420
|
| ALAN S @
g 2Mix Bi=ty =\ = :
8= b 2 (4" (0)
n
o B =a, :; A

F. (a, =0) 2

G

FIG. 4. A composite tri-wedge of angle © = 7t/2 under a concentrated load
at its apex.

second one an elastic composite tri-wedge with a low strength
intermediate subwedge whereas the third one an elastic com-
posite tri-wedge with a high strength intermediate subwedge.

Let a graded bi-wedge with angles, 6; = 7 and 6, =
% (8w = 01 + 6;) (Figure 3) in plane strain conditions. In each
subwedge a linearly varying shear modulus or an exponentially
varying shear modulus, is considered whereas Poisson’s ratio is
taken constant (v =V, =V, K| = Kp = K).

At first, the linearly varying shear modulus in each subwedge,
is given by:

uD(O) =, + £,0 = u(l - cg)
+2Cub, x; (=0) <0 < Bl<=g), 01 =B — oy

(0?1 +[31>

s
o= p— e b =28 E=Cuou=p (9 )

pA(0) =, + £,0 = u(2 — c§>

+CH67 062(: %[) S e S BZ(Z %[)962 - BZ — X2

by = 20— £ = £ 8= 2u

— @ <6 _ @) , (29

where W, & given constants with ¢ = E/ = 0.10. Substituting
relations (29) into relations (13), it is finally obtained

1 1 1
v, = 0962551 5 —o88s3 T 263155 T
w

K+ 1

K+ 1 K+ 1
Y, = 0.5366——, &, = 0.2189——, n, = 0.2690
28 H
(30)

From our analysis the force components in each subwedge
are given from relations (16a), and the stress and displacements
fields from relations (8), (9), (16b), and (30). The stress and
displacements fields are determined in the two particular load-
ing cases (Fy =1, F, =0) and(Fy =0, F, = 1). Every other
loading case may arise from the above two cases based on the
superposition principle.

e In the case that Fy =1, F), =0, we have [27]:

Fi, = 0.6893, F;, =0.1712,
Fy, = 03107, Fy, = —0.1712 (31)

e In the case that Fy =0, F, =1 we have:

Fi, = —0.3093, F;, = —0.0671,

X

Fy, = 03093, F,, = 1.0671 (32)
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Secondly the exponentially varying shear modulus in each
subwedge, is given by:

_x1+B)
H(1)(9) — HOledl(e 3 ) — p'ed|(9—7'(/12)’

oc1(=0)59§r31(: g) 0
o + P

x+B
U (@) = HOzedz(e_ zte) D1 (O=/3)

7T 7T
“2(2 g) <0< Bz(z E)’ 0
w, :2u=u(2)<6=w)’

2

where the coefficients d; and d, are appropriately calculated
from relations (4) so that the shear moduli given by relations
(33) approximate the shear moduli given by relations (29). This
happens in order to obtain almost the same range of variation
in the values of shear modules in both, the linearly and the
exponentially varying shear modulus, applications. Thus for
¢ = 0.10, we have:

1=PB; — o,

2 =Py — x2,

(33)

Q:ﬂ:_é_zc 0.20,

o M
dy = ——1 ( 2) — 0.2054,

|

szi_iz-c 0.05,

LLUQ 2
d=—Sn (1 _ 0.05—) — 0.0507 (34)

s 6

Taking into consideration relations (17), (33), and (34), it is
obtained

1 |
v, = 0962451 5 — 9876551
m m
1
N, = 2.6304<1
u
1 1
v, = 0536551 5, 02011 51,
m m
1
n, = 0.26895 (35)
u

For the two particular loading cases (Fy =1, Fy, = 0) and
(Fy =0, F, = 1), the force components in each subwedge are
determined from relations (16a), and the stress and displace-
ments fields in each subwedge from relations (8), (9), (16b),
and (35).

o In the case that Fy =1, F, = 0, we have:

Fi, = 0.6892, F\, = 0.1713, Fy, = 0.3108, F,, = —0.1713
(36)

Aro, ,

1,001 /

1.00-
0’ &)
| % >
7 z z
frmeiaeme B e
-——F=1, F=0
F=0, F =1

FIG. 5. The dimensionless stress and displacements fields in terms of the
angular variation © of a graded bi-wedge of angle 6,, = 7t/2 in plane strain
conditions.

o In case that F, =0, F, = 1, we have:

F,, = —0.3082, F;, = —0.0666, F,, = 0.3082, F,, = 1.0666

’ ’ (37)

It is observed that the force components with the appropriate

determination of the coefficients d; and d,(relation (4) [relations

(31), (32)], are almost equal with those calculated in the linear
case.
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FIG. 6. The dimensionless stress and displacements fields in terms of the
angular variation © of a composite tri-wedge of angle 8,, = 7t/2 in plane strain
conditions with a low strength intermediate adhesive subwedge.

Let elastic composite tri-wedge (Figure 4) of angles
01 = %.6, and 60 = 5 (0, =0, + 6, + 0,) consisting
of two graded subwedges (j = 1,2) and an isotropic in-
termediate subwedge (j = b), which simulates the infinites-
imal adhesive layer (Section 3). In each graded subwedge
a linearly varying shear modulus or an exponentially vary-
ing shear modulus is considered whereas Poisson’s ratio is
taken constant(v; = v, =, K; = K, = K). The angle 0, of the

isotropic adhesive subwedge is given by relation (18) for a layer
of average thickness, ¢, with 1.50mm < ¢ < 2.00mm, and a
maximum radius of a sector, Ry = 500mm . Thus it is obtained
0, = n/420rad.

The linearly varying shear modulus in each graded subwedge
and the constant shear modulus in the isotropic subwedge are
given by:

uh@) =, + &0 = u(l - Cg) + 20u6,

061(=0)§9§f31<=g)791=[31—061,

ulzu—ég, £ =28 &=qn p=p?
x<9=“1_§61=%), (38)

7T
H(h)(e) = W, = const., &, (: g) < 0 < Bb

717 T
X < 420) s 6;, Bb Xp 20 (39)

477t
(2) = = 2 —_ _—
W (0) = u, + &0 u( C14O>

117
+Cub, (= m) <0<,

2117
X <=m>, 02 = B, — 2,

477
- 2 — T, = = , 2 = 2
2% p 5140 L =E=Cn p=u
0(2+E)2 477T
p— 2T P _ T 40
X( 2 140 “0)

where p, & given constants, with ¢ = &/u = 0.10, p, =
/50 and k, + 1 = 0.85(k 4+ 1). From relations (20), (21),
and (22), we have:

1 1 1
v, = 096255 5 —osgs3i Tl g — 263155t
m m

1 1
v, = (0.3858 x 105571 5, = (11375 x 10952
m m

1 1
= (0.6624 x 109571 ) = 0540651
m m

1 1
5, = 0214951 1 — 026665
u

(41)

e In the case that F, = 1, F,, = 0 from relations (8), (9),
(12), (26), and (41), it is obtained:

Fi, = 0.6911, F;, = 0.1719, F,, = 0.3089,
Fo, = —0.1719, F,, =22 x 107, F, = 1.3 x 107>, (42)

y
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FIG. 7. The dimensionless stress and displacements fields in terms of the
angular variation © of a composite tri-wedge of angle 0,, = 7t/2 in plane strain

conditions with a high strength intermediate adhesive subwedge.

o In case that Fy =0, F, = 1, we have:

Fi, = —0.3052, F;, = —0.0663, Fy, = 0.3052,

x

y

F, = 1.0663, F,, = —5.1 x 107°, F, = -3 x 107° (43)
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FIG. 8. Finite element mesh for the composite tri-wedge problem.

It is observed that the force components of the adhesive
(j = b) are very low because of the infinitesimal area of the
adhesive wedge taken into consideration.

The exponentially varying shear modulus in each graded sub-
wedge of the tri-wedge (Figure 4), taking into account relations
(34), is given by:

_xtBy
u(@) = u01ed1 (0-=1be) _ e O=/1)

T
o (=0)<6=<p =35) 01 =0 —x

e G %‘31 —u, d;=02054  (44)
u(b)(e) = M, = constant, K, = constant,
8 = By — o = 75 (45)
u®(g) = uozedz(e—%m) = Qe O—47m/140).
%3 211775 <0<, Z%t 0 =B~
h, = u® (8= 22P2) Lo 4 — 0.0507 (46)
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FIG. 9. Comparison of the radial o,,-stresses in terms of the angular variation 6, in a composite tri-wedge for r = 200 mm, between the analytical solution and

the Finite Element Analysis for the loading case Fy =1, F, = 0.

Setting ¢ = 0.10(£ =0.10p),n, = u/50,k, +1 =
0.85 (k + 1), from relations (21), (27), and (28), occurs:

1 1 1
v, = 0962451 5 — 087655 1, = 2630451
m m m

1 1
v, = (03858 x 10°) X" 5, = (1.1375 x 10457,
m m

M, = (0.6624 x 10%) K: L

1 1 1
v, = 0540551 5, = 0214851 1, = 026655
u

(47)

e In case that F, = 1, F, = 0 from relations (8), (9), (12),
(26), and (49), we have:
F, =0.6912, F; = 0.1720, F,, = 0.3088,
F,, = —0.1720, F,, =22 x 107, F,, = 1.3 x 107°,(48)

N

e In case that F, =0, F, = 1, we have:

Fi, = —0.3051, F;, = —0.0663, F,, = 0.3051,
F>, = 1.0663, F,, = —5.1 x 107, F, = —3 x 107°(49)

The displacements field in each subwedge of the tri-
wedge(j = 1, b, 2), is given by the same relations (9b) and (10).
The third application concerns an elastic tri-wedge (Figure 4)
with elastic properties given by relations (38) and (39), where the
shear modulus of each graded subwedge is varying linearly and
the infinitesimal adhesive subwedge consists of a high strength

material (p, = 50p). Following the procedure described previ-
ously (relations (38)—(43) occurs:

Fi, = 0.7489F, — 0.3186F,, Fy, = 0.1869F, — 0.0698F,

Fy, = 0.3631F, + 0.2913F,, Fy, = —0.1228F, + 1.0519F,

Fypy = —0.1120F, 4 0.0273F,, Fj, = —0.0641F, + 0.0179F,
(50

The dimensionless stress (ro,,) and displacements
(#;/Inr;i = r,0) fields, in the plane strain case for v =
0.30 (k =3 — 4v = 1.80) and p = 10 GPa, are plotted for the
first application in Figure 5, for the second application in Figure
6, and for the third application in Figure 7. The plots in Figures 5,
6, and 7 are referred only in the case of a linearly varying shear
modulus, as the plots resulting for the exponentially varying
shear modulus case almost coincide with the above graphics.
It is observed that according to our analysis, the influence of
the adhesive layer in the stress and displacement fields can be
considered as negligible. Hence the adhesive layer may be de-
generated into an interface (a subwedge of zero angle) between
the two graded subwedges.

The Finite element software ANSYS [28] is used to com-
pute the stress fields in the second application (Figure 4). A
two-dimensional finite element model is used for the analy-
sis. The infinite composite tri-wedge is simulated by a finite
wedge of a radius Ry = 1000mm(relation (18)). Fixed condi-
tions are applied to the radial direction at » = Ry. In the Finite
Element Analysis the 8-noded quadrilateral plane strain ele-
ments (PLANE 82) are used [28]. The area of the wedge apex
is modeled with the 6-noded triangular plane strain elements
(PLANE 2). 11000 elements with almost 33300 nodes constitute
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FIG. 10. Comparison of the radial o;,-stresses in terms of the angular variation 6, in a composite tri-wedge for r = 200 mm, between the analytical solution

and the finite element analysis for the loading case Fy =0, Fy = 1.

the Finite Element Mesh (FEM) (Figure 8). In the Finite Element
Mesh the angularly varying shear modulus is simulated by an
angularly step varied modulus in every 7,5° degrees. The FEM
is uniform in the radial direction with 60 equal length elements.

The radial stress fields calculated analytically and numeri-
cally using the Finite Element Analysis, for the loading cases
(Fy =1,F, =0) and (Fyx =0, F, = 1), are plotted at the arc
r = 200mm in Figures 9 and 10, respectively. It is observed that
the agreement between the proposed analytical solution and the
numerical solution is good and the percentage differences are
insignificant.

5. CONCLUSIONS

In our study an analytical approach was developed in order
to determine the stress and displacement fields not close to the
singular point at the apex of a graded bi-wedge, loaded by a
concentrated force at its apex. The proposed study is based on
the self-similarity property, on the separation of loading in each
subwedge and on the continuity of stress and displacements
fields at the interfaces between the subwedges.

In this paper an analytical approach was also developed for
the influence of a wedge-adhesive layer in an elastic graded bi-
wedge loaded by a concentrated force at its apex. The adhesive
layer in the bi-wedge was considered either by an interface (a
layer of zero thickness) between the two graded subwedges or

by an intermediate infinitesimal subwedge of very small wedge-
angle, with elastic constants those of an isotropic adhesive mate-
rial. Hence, with the proposed procedure, a tri-material junction
consisting of two graded subwedges bonded to an infinitesimal
adhesive subwedge was investigated.

The graded character of the subwedges was studied either by
a linearly varying or an exponentially varying shear modulus.
The linearly varying shear modulus may be successfully substi-
tuted by an exponentially varying shear modulus based on the
appropriately selected exponential coefficients.

By means of the first and the second applications (Section
4) it was found that independently from the consideration of
a low strength adhesive subwedge(y, = n/50), the stress and
displacement fields of the subwedges almost coincide (Figures 5
and 6). In the case that an infinitesimal subwedge simulates the
adhesive layer, its radial stress field was practically negligible.
Thus, the composite tri-material junction can be, with a great
accuracy, reduced to a two-material junction, eliminating the
adhesive infinitesimal subwedge. The stress fields that appeared
in Figures 5 and 6 show that in absolute values, the radial o,,-
stresses are sufficiently higher in the radius for 8 = 7t/2 than in
the radius for 8 = 0. This is due to the considered variation of
the shear moduli in the graded subwedges. However, in the case
of a high strength adhesive subwedge(ub = SOu), anincrease of
the stress field of the graded subwedges (Figure 6) at the neigh-
borhood of the adhesive subwedge, up to 10% was observed.
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When the shear modulus of the adhesive layer increases, then
as expected, the radial stresses of the adhesive increase, too.
This increase causes a radial stress concentration of the graded
subwedges at the neighborhood of the adhesive. On the other
hand the plots of the stress and displacement fields (Figure 7)
remain similar to those of Figures 5 and 6. The stress fields in
the case of the low strength adhesive subwedge were also calcu-
lated by the Finite Element Analysis. A comparison was made
with the proposed analytical solution and a good agreement was
achieved (Figures 9 and 10).

In our study we try to confront the influence of an isotropic
adhesive layer between two graded subwedges. In the case that
the adhesive layer is simulated either by an interface or by
an infinitesimal isotropic subwedge, the problem remains self-
similar in linear elasticity, and no shear and normal interactions
(0,0 = 0pp = 0) appear in any radial line of the composite
wedge. In the case that the adhesive layer is simulated by a layer
of constant thickness, the geometrical symmetry is not valid any
more, and thus the problem does not remain self-similar and the
stress field does not remain radial. This means that shear and
normal interactions appear at the interfaces among the graded
subwedges and the adhesive layer (0,9 # 0, 0gg # 0). The ad-
hesive layer of constant thickness between the two subwedges
may be treated only numerically via the Finite element method.
In the case of a constant thickness adhesive layer, it is expected
that the stress field, due to the interactions among the subwedges
and the adhesive layer, is mainly in shear.
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