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Abstract. A fundamental solution is established for a crack in a homogeneous half-
plane interacting with a crack at the interface between the homogeneous elastic half-
plane and the nonhomogeneous elastic coating in which the shear modulus varies
exponentially with one coordinate. The problem is solved under plane strain or
generalized plane stress conditions using the Fourier integral transform method. The
stress field in the homogeneous half plane is evaluated by the superposition of two
states of stresses, one of which is associated with a local coordinate system in the
infinite fractured plate, while the other one in the infinite half plane defined in a
structural coordinate system.

1. Introduction. Turbine systems and aerospace applications require the use of
structural ceramics to protect the hot sections. The thermomechanical mismatch
between metal and ceramics induces high residual stresses responsible for cracking
and spallation. Functionally graded materials (FGM) are composites with
predetermined, continuously varying mechanical properties that reduce the residual
stresses in composites (Yamanouchi et al., 1990, Holt et al., 1993, Kokoni and
Choules, 1995). FGMs can be described as two-phase particulate composites where
the volume fractions of their constituents differ continuously in the thickness direction
(Hirano et al., 1988, Yamanouchi, 1990). Hence, the composition profile could be
chosen to give the appropriate thermomechanical properties. In particular by varying
the volume fractions of the constituents between zero at the interface to one hundred
percent near the surface, thereby obtaining a continuous through-thickness material
property variation, it is possible to obtain not only smoother stress distribution but also
higher bond strength (Erdogan, 1995). In addition, their properties may be determined
either experimentally or by using the method of cells (Pindera et al., 1998). Gradual
variation of mechanical properties appear naturally in bones or soils and artificially in
FGM. This material property graduation may be simulated by a power or an
exponential law (Yamanouchi et al., 1990, Erdogan, 1995 and Bartsch et al., 2001). A
number of investigators have studied crack problems in nonhomogeneous materials
via different methods and procedures (Delale and Erdogan, 1988, Erdogan et al.,
1991, Pindera, 1991, Erdogan, 1995, Chen and Erdogan 1996, Jin and Batra, 1996, Pei
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and Asaro, 1997, Pindera et al., 1998, Shbeeb et al., 1999, Chan et al., 2001, Choi,
2001, Kim and Paulino, 2002).

A very interesting problem in layered structures such as ceramic-coated metal
substrates, is the interface crack problem. It is well known that in the simplest case of
two bonded elastic homogeneous materials containing an interface crack, Young's
moduli and Poisson’s ratios are constant and therefore a jump discontinuity exists at
the interface. Thus, the stress state around the crack tip exhibits an oscillation (Rice
and Sih, 1963, Erdogan, 1965). This implies wrinkling and overlapping of the crack
interfaces near the crack tip. In a FGM, considering a continuous through thickness
material property variation, which is bonded to a substrate and contains an interface
crack, it has been shown (Delale and Erdogan, 1988), that the crack tip stress and
displacements oscillations disappear. In that study, one material is assumed
nonhomogencous with its material properties varying through the thickness in a
certain exponential manner and the interface crack problem is confronted by
eliminating the jump discontinuity in the material properties and without considering
Dundurs’ parameters (Dundurs, 1969).

In this work we consider for the first time the problem of a crack in the
homogeneous half-plane interacting with a crack at the interface between the non-
homogeneous coating and the homogeneous half-plane (Fig. 1). A very important
problem, which has not been addressed yet, is that thermal barriers always include
some thickness of pure ceramic material (Kokoni and Choules, 1995).

In the plane elasticity problem shown in Fig. 1, it is assumed that the cracked half-
plane is homogeneous with elastic constants #,, k,, the coating 18 nonhomogeneous

with elastic parameters ,uz(y), K'Z( y), and x, according to Delale and Erdogan
(1988), is approximated by:

w(y)=we™ ., 0<y<h, (1)

where g is the shear modulus, x; =3—4v. for plane strain and x; = (3— v,)/ (l+ V,,) for

generalized plane stress, v, being the Poisson’s ratio (i =1,2) and /3 is a real constant

which represents the coefficient of nonhomogeneity. In previous studies (Erdogan et
al., 1991, Erdogan 1995, Chen and Erdogan, 1996), it was shown that the influence of
the variation in Poisson’s ratio on stress intensity factors is rather insignificant and,
therefore, ¥ may be assumed to be constant throughout the medium. In the case of
nonhomogeneous ceramic coatings, for example a thin film of Gold, Silver, Lead,
Zerconia or Mullite to be deposited on Nickel or steel bearing and sliding parts as dry
film lubricant (Ahmed, 1987), the stiffness of coating is less than that of the substrate.
In other cases involving contact problems and some thermal barrier coatings, the
coating is stiffer than the substrate Thus, the non-homogeneity constant # will range
from -3 to 3 which covers nearly all cases that may arise in practice and a Poisson’s
ratio of 0.3 may also be considered (Chen and Erdogan, 1996, Shbeeb et al., 1999).
First, the stress and displacement fields are computed for the FGM. In the second
step, the crack in the homogeneous half-plane is confronted by considering the
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superposition of the solution of the infinite half-plane with a crack, with the solution
of the infinite plane without a crack. Introducing the boundary conditions, all the
unknowns are expressed in terms of the slopes of the crack displacement
discontinuities along the cracks at the infinite half-plane and at the interface. Finally
from the perturbation problem, a system of four integral equations in terms of the
unknown distribution of dislocations, which solve the problem is derived. In this way
we succeeded in expressing all the unknown coefficients in terms of the slopes of the
crack displacement coefficients and in reducing the solution of the whole problem to
the solution of a system of four singular integral equations.

2. The problem of nonhomogeneous coating. By using standard Fourier
transforms for the nonhomogeneous layer 2 (Fig. 1), we have

IZ Eletre s, IZA” Ee g ()

—ea H=1 —ea h=l

where A (£),...,A,(E) are unknown functions, A,..,4, are the roots of the
characteristic equation, given by (Chen and Erdogan, 1990):

(242, -F+ 2K per o 3)
K+1
and

g
PO e gl (T @

Using the strain-displacement relations and the constitutive equations (Chen and
Erdogan, 1995), the stress field is finally given by

O-"n (x y _] r f Z n n An"‘e—f“fdf; y>= 0

(5)
0y, (%, ¥) fz A (E)eMe™dE;, y>0

n=1

where

G,(&)=4,(x+1)-iéD,(3-x), H,(&)=A4,D,-if; n=1234 (6)
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Figure 1: A crack in the homogeneous half-plane interacting with a crack at the interface.

3. A crack in the homogeneous half-plane. The stress and the displacement
fields in the cracked homogeneous half-plane, considering the superposition principle,
are given by

(% y)=u" (e y)+uP(xy) . vl y) =0 y)+ 0P (x y)
(7)
o-lq(x,)) 0-1(:,)(55 3’)"*"0'1(1, (x V) Lj=xy

where the superscript (1) refers to the field components in an infinite plane with a
crack and the superscript (2) to those in the half-plane without the crack.

Takmg into consideration the Fourier transform for the displacements ul (x y)
and (x, y) along the x-coordinate, and the regularity condition,

timu® = £im v1) =0, it is finally obtained

y——oa y—3—00

(x,y)= \[— f E)+ YR (E))e e dE, —eo< y<D
(8)
vf”(x,y)=ﬁ [[(@)+yQ, ()P e as, —o<y<0



L15

where

R(&)= |§|Q1(<§) ®0,&), Rz(¢)=—:é £); —w<y<0 (9

Using the strain-displacement relations, and the constitutive equations, (Chen and
Erdogan, 1995), the stress field 0'1[;.)(:', j=x, j) for the region, y <0, may be obtained.

The displacement field in the cracked infinite plane, according to Fourier
transform, is given by

(1) 1

(0, %)= \/—.[ Un(n.€)e™dg, of'(x,5)= EI:OV32(y,,§)e*i‘:5d§, ¥ <0

(10)

taking into account that fim u,m = flim vl(l) =0, we get

Yoo e

U32(YI "f) = (R41 (5)‘*’ WR, (f))‘emy1 s Vi (yl,f) = (Q4i (f)‘i‘ ,‘r’1Q4;:(é:))el‘ﬂyl , »<0 (11)

where

R,(£)=—20,(&)-] F0.0). Role)=-

Q ; <0 (12)
lél | 42 ¥

|§

We introduce the following slopes of the crack displacement discontinuity along the
crack (b,,bz),

f}(-’ﬁ): ? (7)1 (x1,0+) ()(x]’O )), f4(x,) 4 (”1 (x1,0+) ()(x],o,)); b <x <b
Ix ax

1 1

(13)

with the properties:
L(6)=0. 0<x<b. x>b,. ["f(x)dg=0: n=34 (14)

From the application of the inverse Fourier transform, it is finally obtained that:
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1 (x-1) 1

Q.| _| 2E  (k+D)2g|[4
{ } _icf(|5|+1) x‘i—l {B}

Q2.(¢) )

with
Al)= ﬁ j: £ie)e<de, B(E)= ﬁ j: £ ) dr (16)

4. Boundary conditions along the coating and along the interface between the
coating and the homogeneous half-plane. From the boundary condition along

y=h, (Fig. 1),
Oy, (0. 1)=0, 0, (x.h)=0; —s<x<o (17)

and taking into consideration relations (5), we have:

A (&)= et FiG = HG) o) s (G HiGo) y (o) 6 (5)4(8)+ G (@)AE)

H,G,-H.G, H,G,-H.G,
(13)
A — A=) (GBHI_GIH3)A + gl (GaHz—GzHa)Aﬁ =i A(E)+ G
4(5) € HG, GA, 1(5) € H.G,—G.A, _(5) 4|(§) l(é) 42(6)‘42(‘::)
and from the boundary conditions along y =0,
0., (x0°)=0,,(x07). 0,,(107)=0,,(x0); —w<x<e (19
A, and A, are expressed in terms of Q,, Q,, f; and f, . We introduce:
d 5 : d " :
filx)= g(vz (x,O )— ) (x,O )), fAE B a—x(u2 (x,O )— u, (x,O )), —a<x<a (20)

which are the slopes of the crack displacement discontinuities along the interface
crack (Ha,a), with the following properties

£x)=0, K{>a, [ f(x)x=0; n=12 1)

Application of the inverse Fourier transform to equations (20), and taking into
consideration relations (2), (7), (8), (10) and (11), we get Q, (é’) and Q, (5) in terms of
unknown distribution of dislocations f,, f,, f, and f,.
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5. Conclusions. General procedure for the solution of a crack in the homogeneous
half plane interacting with a crack at the interface between the nonhomogeneous
coating and the homogeneous half-plane, is given. From our analysis, all the unknown
coefficients are expressed in terms of the slopes of the crack displacement
discontinuities, along the crack at the homogeneous half-plane and along the crack at
the interface between the coating and the homogeneous half-plane.

The proposed procedure needs neither the inverse of a coefficients matrix (Shbeeb
et al., 1999) which may be create serious numerical problems nor the stiffness matrix
procedure (Pindera, 1991, Choi, 2001).

Taking into consideration the four boundary conditions arising from the
perturbation problem, namely

Oyyim (xl ,0_)= P (xl) » Oy, (xl =0_)= pz(xl); b <x <b,

' 22
Oayy (xaoi): ps(x), Oy (x’oi): p(x); —a<x<a =

where p,, p,, p; and p, are the traction forces on the crack surfaces, o, (i=ux,y)
are given by (5) and oy (i=x,,y1) by (7) after an appropriate coordinate

transformation, the system (22) of four integral equations that solves the general
problem is derived.

From the numerical solution of (22), the stress and the displacement fields in the
coating and the substrate and the stress intensity factors at the crack tips may be
calculated with respect to the coefficient of innhomogeneity £ (equation 1) and to the

material constants.
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