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1 Introduction compatibility (2"%=(symV)u@") and the constitutive relations
Solid mechanics problems consist of the following three reld@”"=C(x)e?), but violates equilibrium(V-¢?*+0 with no
tions: body force$. The incompatibility formulation satisfies equilib-
rium and the constitutive relations, but violates compatibility con-
« equilibrium ditions (g2 (symV)u@®). The constant-constitutive-tensor for-
« compatibility mulation satisfies equilibrium and compatibility conditions, but
« constitutive violates the constitutive relatione"*= Cyjp £ with Cyp # C(x)).
Conservation integrals based on these three consistent formula-
To determine fracture parameters, e.g., stress intensity facttigss are the focus of this paper.
(SIFs and T stress, by means of the interaction integ( This paper is organized as follows. Section 2 comments on
integra?) method, auxiliary fieldssuch as displacements®®), related work. Section 3 presents auxiliary fields for SIFs &nd
strains(£2%), and stresse&r®™) are needed. In fracture of func- Stress. Section 4 provides three consistent formulations using the
tionally graded material6FGMs), the use of the auxiliary fields |_ntera(_:t|on integral approach. Sections 5 and 6 (_establlsh t_he rela-
developed for homogeneous materials results in violation of off@nships betweeM and SIFs and’ stress, respectively. Section 7
of the three relations earlier, which leads to three independdiffvides comparison and critical assessment of the three consis-
formulations (see Fig. 1 nonequilibrium, incompatibility, and tent formulations. Sections 8 presents some numerical aspects rel-

constant-constitutive-tensor formulations. Each formulation lea§¥@nt to the formulations. Section 9 presents two examples, which
to a different final form of the resultiny! integral, and forcon- test different aspects of the formulations. Finally, Sec. 10 con-

sistency extra terms are added to compensate for the differenceGfydes this work.
response between homogeneous and nonhomogeneous materials.
Table 1 illustrates the auxiliary fields corresponding to each foy Related Work

mulation. Notice that the nonequilibrium formulation satisfies ] ) ) )
The interaction integral method is an accurate and robust

scheme for evaluating mixed-mode SIFs dnstress. The method
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Fig. 1 Motivation for development of alternative consistent
formulations. Notice that ~ C(x)# Cy, for x#0. The area A de-
notes a representative region around the crack tip.

method has been employed to evaluatstress in isotropig11] F19- 2 Cartesian (x;,Xp) and polar (r,6) coordinates originat-
ng from the crack tip in a nonhomogeneous material subjected

and orthotropic[12] FGMs. In the aforementioned papers, th . : i

interaction inﬁegral method has been investigated F;)ypmeans %Facnon (&) and displacement boundary conditions

either an incompatibility formulation [8-12] or a constant-

constitutive-tensor formulatiof9]. Thus, for completeness and ) )

unification of concepts, this work introducesianequilibrium for- _ Other methods have also been used to investigate fracture of

mulation for evaluating SIFs and stress in isotropic and ortho- FGMSs (see the papers by Erdogg2¥], Noda[25], and Paulino et

addressed in this investigation, which includes a critical asse$¥-Delale and Erdogaj®27], Erdogan(24], Erdogan and Wii28],

ment and comparison of the formulations. and Chan et al.29]. Delale and_Ergo_ga[SO] investigated a crack
The FEM has been widely used for fracture of FGMs. EischdR @ FGM layer between two dissimilar homogeneous half-planes.

[13] evaluated mixed-mode SIFs by means of the paﬂg}u and Asard31] studied a semi-infinite crack in a FGM strip.
independentl; integral. Gu et al[14] evaluated SIFs using the ShPeeb et al[32,33 studied multiple cracks interacting in an
standard) integral. Anlas et al[15] calculated SIFs by using the INfinite nonhomogeneous plate. Honein and Herrmig#) stud-

path-independenfi integral. Marur and Tippurl6] investigated a !Ed cct)_nS(:r\éatlon Ia_V\_lsf_ln_tnonhorl;nggen(_eoUfhplamtahgla;tostatlcstand
crack normal to the material gradient using the FEM in conjund?Véstigated a semi-infinite crack by using the path-in epentien

tion with experiments. Bao and C&l7] studied delamination integral. Gu and Asarf81] studied orthotropic FGMs considering

cracking in a graded ceramic/metal substrate under mechanig pur-point bgnding s_pecim_en. Ozturk and Efdomm used
and thermal loads. Bao and Wand8] investigated periodic integral equations 1o invesligate mode | and mlxgd-mOQe C@Ck
cracking in graded ceramic/metal coatings under mechanical al?{&)blems inan |nf!n|te nonhomogene_ous orthot_roplc_: me_dlum with
thermal loads. Kim and Paulifd 9] evaluated mixed-mode SIFs & crack aligned with one of the principal material directions. Due
by means of the path-independe]étintegral, the modified crack to its generality, the FEM is the method of choice in this work.
closure (MCC), and the displacement correlation technique.

Moreover, Kim and Paulino investigated mixed-mode SIFs f@ Auxiliary Fields

cracks arbitrarily oriented in orthotropic FGMs using the MCC
method[20] and the path-independed integral[21]. The nons-
I[r;_gzﬁjIk?;:tglssso{lt—)sgneiiggdtee\évgl)llanr?zasnesl%Ef)rt]:]l:angtllzol\;] eé(gg?;'%r: alljxiliary fields have to be suitably defined in order to evaluate

- - S ixed-mode SIFs and stress. There are various choices for the
[23] studied T stress gnd fmlte_crack kinking in FGMs. Theyauxiliary fields. Here we adopt fields originally developed for ho-
calculatedT stress using the difference of the normal stress

P . . ogeneous materials. For each formulatiamnequilibrium, in-
along 6=0, i.e., (o,x~0yy). Recently, Kim and Paulinfl1] pro-  .,moatibility, constant-constitutive tensothe selection of auxil-
posed a unified approach using the interaction integral methodigl)y fields is done according to Table 1. The auxiliary fields
evaluateT stress and SIFs in FGMs, and also investigated t%opted in this paper are described later.

effect of T stress on crack initiation angles.

The interaction integral makes use of auxiliary fields, such as
displacementgud"), strains (¢2*), and stresseso®). These

3.1 Fields for SIFs.For evaluating mixed-mode SIFs, we se-
lect the auxiliary displacement, strain, and stress fields as the
crack-tip asymptotic fieldé.e., O(r'/2) for the displacements and
O(r~?) for the strains and stresgesith the material properties
Nonequilibrium Incompatibility Constant-constitutive-tensor Sampled at the crack-tip locatige.g., Ref[13]): Figure 2 shows

formulation formulation formulation a crack in a FGM under two-dimensional fields in local Cartesian
and polar coordinates originating at the crack tip. The auxiliary

Table 1 Comparison of alternative formulations

yaux ua U displacement, strain, and stress fields are chos¢#2337):
saux g.aux SHLIX . )
0= C(x) g2 £3%=(x) g o= Cﬁpeaux yduX= KiiquI(rllzy 0, atlp) + Kﬁuxfll (rl/2’ 0, atlp) (1)
V. gd%£0 £AUX£ (Symv)uaux C(x) # Ctip
£3%= (symV )ud™, 2
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Fig. 4 Conversion of the contour integral into an EDI where
I'=Iy+I*-TI's+I'",m;=n; on I'y and m;=-n;on T’

Fig. 3 A point force applied at the crack tip in the direction
parallel to the crack surface

J= ||m§ (O'ijuiyl_WC‘)‘lj)qudr (9)
r

I—0
P KR (@ RS eerie e 0 E5, he uiaent d
whereK* and K{"* are the auxiliary mode | and mode Il SIFs,
respectively, andi’P denotes contracted notation of the compli-
ance tensolS evaluated at the crack tip, which is explained in
Appendix A. The representative functiori§r'/2,,a®) and
g(r~12,¢,a") are given in Appendix B and can also be found imThe J integral of the superimposed fieldactual and auxiliary
other references, e.g., Ref87,38. fields) is obtained as

J:f (‘TijUi,l‘W51j)Q,jdA+f (ajju; 1= Wéy)) jqdA (10
A A

3.2 Fields forT stress.For evaluatingl stress, we choose the
auxiliary displacement, strain, and stress fields as those due tdsaf {(aij + 05 (U + U - 2o+ i (eq + s{'ﬁ“")&lj}qvjdA
point force in thex; direction, applied to the tip of a semi-infinite A
crack in an infinite homogeneous body as shown in Fig. 3. The
?;é(llfjay displacements, strains, and stresses are chosen as+f {(Uij + o2 (U + Y — Lo+ 0B ey + €299
: A

— ti
uH=tinr,6,7.a%) @ (s} qdA (1D
= (symV )ua (5 which is conveniently decomposed into
oW = tS(r—l, 0,f,a“p) (6) B=J+ %+ M (12)

wheref is the point force applied to the crack tip, aaf denotes \yhereJ2uxis given by
contracted notation of the compliance ten$oevaluated at the
crack tip, which is defined in Appendix A. The representative
functionst'(Inr, 6, f,a?) andts(r~1, ¢, f,alP) are given in Appen-
dix C and can be found in other references, e.g., R&8&41.

For orthotropic materials, the auxiliary fields may be deter- _ 1 auxauxs } dA
mined by either the Lekhnitskii or Stroh formaligm2]. There is 2%k €ik 1S jd

no difficulty in determining the auxiliary fields in the case ofand the resulting interaction integra¥) is given by
isotropic materialg11].

Jaux= f (O_ﬁ_lu ﬁtljx_ Wauxalj)q'jdA+f {O'ﬁ.‘” ﬁlljx
A A

. _ M= f {ojury+ oMU 1 = 5 (oyel ™+ i) 81} dA
4 M-integral formulations A

The standard integral[42] is given by oA L A
+ {O'ijui'l + O-ij >i,li']__ E(Uiksik + Tik sik)élj}’jqu
A

J=lim (Wélj ~ Ojj ui‘l)nde‘ (7)
-0 I'g (13)
where)V is the strain energy density expressed by This general form oM integral becomes a specific form tf
_1 =1lc 8 integral for each of the three formulations, which is explained in
W= 30iii; = 3Cijueusij ®  the next section.

andn; is the outward normal vector to the contdly as shown in
Fig. 4. The portion of” with applied displacements is denotEg
and the portion of" with applied traction is denoteld,. Moreover

4.1 Nonequilibrium Formulation. The name of the formula-
tion is based on the fact that the auxiliary stress field

I'=T,+I',. Using a plateau-type weight function varying fram

=1 onT'stog=0 onT'y[10] and assuming that the crack faces are

traction-free, Eq(7) becomes

Journal of Applied Mechanics

o™= Cija ()™ (14

does not satisfy equilibrium because it differs from
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oﬁuxz (Cii“)‘ipszlux’ (19 {0_ LAY 4 UG, 8 uxs 1 dA+ { yAux_ gau
where Cijq (x) is the constitutive tensor of the actual FGM and LT T U T 1A iU~ &iL)
(Ciju)1ip is the constitutive tensor at the crack tgee Fig. 1 The a
derivatives of the auxiliary stress field are - Cijkl,leklsij “JqdA (23
AX_ ()@ g O aux_ (o) AUy aux where the undgrlined term is an incompgtibility te'rm,'which ap-
7ii5 = Cipa j00ela™+ Cija (e = (CigDipeia + Cija j(X)ig pears due to incompatibility of the auxiliary strain fields. The
+[Cijia (%) = (Cija)ipJeRi] (16) existence of the final form dl integral for FGMs in Eq(23) has

where the underlined term in E¢L6) vanishes. Thus this argu- been proved by Kinj43].

ment confirms that the auxiliary stress field selected in this for- 4.3 Constant-Constitutive-Tensor Formulation. The con-
mulation (Eq. (14)) does not satisfy equilibrium, i.es"*# 0 (no  stant-constitutive-tensor formulation satisfies equilibrigof*
body forces or inertia This choice of the auxiliary flellols has beer=g with no body forces and compatiblity condltlons(edd"
discussed by Dolbow and Go§g], but a nonequilibrium formu- =(U+ UR% /2), but violates the constitutive relatlonsh(pra”"
lation was not provided in their paper. The nonequilibrium in the Ch) sa”X With  (Cip)eo % Ciig(x)). Notice that Hux
stress field has to be taken into account in the interaction integra ;‘JJ;; tip®ki likI7tip 7 ikl 7ii i

formulation, which is discussed in detail later. oij € due to the violated constitutive relationship. Thus Eq.
Using the following equality: (13 becomes
aux — aux — __aux — _aux

. el = Cia()eiey = ok = 0 (17 M :f {‘Tu UPy o U z(UukSiux"‘TiWS.k)@u}q jdA
one rewrites Eq(13) as A

f {O'u ?L{X"'Ulj i1 Ulkelk 5lj}q dA+f {0'” Uy f {Uljj U1 +0-I] ?Lljjx-" Jijj J)ul 1t Uu Xul,lj 2(0'” leﬁux

+ 05U 1 — oyeelc Oy} jadA= My + My (18 + ojjef i+ of ey + aﬁ“xsijvl)}qu (24)
The last term of the second integfall,) in Eq. (18) is expressed Using equilibrium and compatibility conditions for both actual
as and auxiliary fields, one obtairld as

aux —_ au: —_ au —_ au
(oikei 51j),j = (oweiy X),l— (Uijeij X),l_ (CijkISkleij X),l aux . au aux . aux
=C aux . auxy aux M= {UiJ Uiy * aj )h (Ulk8|k + o Elk)‘slj}q,jdA
= Lijkl, 18kI€j] ijkl €k1,1€jj ijkl €kI€ij 1 A

_C'Jk| 18k|8'l +UIJ 8ii~1+aiisﬁ% (19 1 aux aux , _aux, aux
Substitution of Eq(19) into Eq. (18) leads to + | gloyel 1= o aei + 0 Ve 1 o 1e}qdA - (25)
A
M., = Y4 g U 4 B+ g% ) adA Notice that the resultingVl involves derivatives of the actual
2 L((r'” i oy o Ut o) strain and stress fields, which arises due to the material mismatch,

and may cause loss of accuracy from a numerical point of view.

aux . aux au The existence of the final form of integral for FGMs in Eq(25)
= | (Ciju e+ 8ij,1+<7i18ij,f)qu (20 has been proved by Kir#3].
A

Using compatibility (actual and auxiliary and equilibrium(ac- 5 Extraction of Stress Intensity Factors
tual) (i.e., aij,;=0 with no body forcg one simplifies Eq(20) as For mixed-mode crack problems on orthotropic materials, the

energy release ratgs andg,, are related to mixed-mode SIFs as
MZZJ {(Tﬁlj-xui’l—Cijk|'18k|eﬁux}qu (21) fO||0WS [37]
.A ) o __Kigp Ki(uf + uf) + K
Therefore the resulting interaction integtM) becomes Gi==-ZaIm BV (26)
aux+ aum 5 dA+ K

f {7 oW = oweliou)a, J {efi s Gy =R K, (P + )+ K PP (@D

_Cijkl,laklaﬁux}qu (22 where Im denotes the imaginary part of the complex function.
where the underlined term is a nonequilibrium term, which aF;[hus
pears due to nonequilibrium of the auxiliary stress fields. The Jocar=G =G + Gy = C1iKZ + C1 K Ky + €K (28)
existence of the final form df! integral for FGMs in Eq(22) has
been proved by Kinj43] and Paulino and Kinf44]. where

4.2 Incompatibilty Formulation. The incompatibility formu- Cii=— fl (:““p“L/L“p)
lation satisfies equilibriunto?"’=0 with no body forcesand the 1 2 wiPusP
constitutive relationshifef =Sy (x) o), but violates compati- ip ip
blity condltlons(sa“"vé (ua”X+ua“X)/2) Thus Eq.(20) is also valid Cooz - ) Im( _1 _ ) L Im( P P
for this formulation. Using equilibriuntactual and auxiliaryand 1272 tp e ) " 2 L
compatibility (actua), one simplifiesM, as ]
a tip, | ti
Co2= = Im(ug” + u3?) (29
f {O'U(U?Lljjx_ &ij, - Ciju, 18k|8lj “IqdA 2

For two admissible fields, which are the act(al e, o) and aux-
Therefore the resulting interaction integf&l) becomes iliary (ud¥ g3 g% fields, one obtain$6]:

354 |/ Vol. 72, MAY 2005 Transactions of the ASME
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Thcar= Cra(Ky + K92+ coo(K) + K™ (Kyy + K™ + Con(K

+ Kﬁu 2= Jlocal + Jﬁ)l::él + Mlocal (30)

aux
local

Jvoer= C1a(KPP9? + ¢y KK+ oo K192 (31

and My is given by

whereJjocq is given by Eq.(28), Jipcy iS given by

Migcar= 2011K K+ cqo K K™+ KK ) + 265K K™
(32

The mode | and mode Il SIFs are evaluated by solving the fol-
lowing linear algebraic equations:

Ml(gt):al =2cK; + Ky, (KP*™=1.0K{"™=0.0 (33

M2 = Ci) + 26,Ky,  (KM™=0.0K3™=1.0 (34
o) . . o Fig. 5 Crack geometry in a nonhomogeneous material, which
where the superscript i, (i=1,2) is used just to indicate that js graded along the x; direction

the values are distinct in each case. For isotropic materials, the
off-diagonal terms of;; drop, and Eqs(33) and(34) become

2
Mioea= g K1 (KI"= 10200 (35 1o %p' @1
11
@ _ 2 aux_ aux_ where a} is a material parameter at the crack tip location for
Miocal= Et_*-K”’ (Ki™=0.0Ki"=1.0 (36)  plane stress, and is replaced ] for plane strain(cf. Eq. (65)).
P For isotropic materials, Eq41) becomes
respectively, whereEy,=Ey, for plane stress andy,=Eqp/(1 -
- vﬁp) for plane strain. The relationships of E¢33) and(34), and T="2Mca (42)
Egs.(35) and(36) are the same as those for homogeneous ortho- f

tropic [6] and isotropid 5] materials, respectively, except that, forwhere E; =Ey, for plane stress ang; :Etip/(l_,,t?i ) for plane

FGMs, the material properties are evaluated at the crack-tip 10Ggrain. P P P

tion. Notice that, for the orthotropic case, there is no need for

Newton’s iteration, which is needed with other approaches such as

the path-independerd integral[21] and the MCC integral20]. . .

Herg the SIFspfor mgtéle [ a%d mode Il are naturally degcoupiéd 7 Comparison and Critical Assessment

Egs.(33) and(34)). The three formulations presented earlier aomsistentin the
sense that extra terms are added to account for the difference in
response between homogeneous and nonhomogeneous materials.

. However, each formulation has an independent final fdsee
6 Extraction of T Stress Egs.(22), (23), and(25)) due to the different characteristics of the
T stress can be extracted from the interaction integral by nulbwuxiliary fields. The final form of th&/ integral for each of these
fying the contributions of both singuléie., O(r~+9) and higher- formulations is compared and assessed from a theoretical point of
order (i.e., O(r'/?) and higher terms. The derivation is explained view later.

in detail by Kim and Pauling11,12 and Paulino and Kinj44]. The nonequilibrium formulation results in the simplest fival
From the earlier derivation of E413), theM integral in the form integral thus requiring the least computation and implementation
of line integral is obtained as effort among the three formulations. This is observed by compar-

ing Egs.(22), (23), and(25). Moreover, the nonequilibrium for-
) aux aux au mulation is equivalent to the incompatibility formulation, because
Migcal = r“mo {owei "y — Uiy~ o U tndl (37 poth formulations involve the same constitutive relations and cor-
s Ts responding material derivatives. This equivalence is observed in
Here we can consider only the stress parallel to the crack dirdge numerical examples of Sec. 9. However, the constant-

tion, i.e.: constitutive-tensor formulatiof8] requires the derivatives of the
actual stress field, which may introduce accuracy problems with
0 =Téy 6y (38)  standardC® elements commonly used in the displacement-based
I . . FEM.
Substituting Eq(38) into Eq.(37), one obtains In order to further compare the three consistent formulations,
) let's consider an exponentially graded material in which Poisson’s
Migcar= = lim f of Py 1dl = Talf lim f o "mydld ratio is constant and Young’s modulus varies in any directime
s g =0 T Flg 5)
39 E(xq) = Eg exp(8X;) = Eg exp(B1Xy + B2X5) 43
Because the forcéis in equilibrium(see Fig. 3 L= constant (44)
=i 2w 4 (40) whereX=(Xy,X,) refers to a global coordinate systery, is the
= rlTo . aij 1 direction of material gradatiotinclined by ¢, with respect to the
s X; coordinate, and the nonhomogeneity parametérg;, and 3,
and thus the following relationship is obtained: are related by
Journal of Applied Mechanics MAY 2005, Vol. 72 | 355
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B1=6c0s6y, Bp=5sinb, (45  for the nonequilibrium formulation, because both formulations use

. . . R the same constitutive tens@(X).
This selection of material property leads to simplification of the a(x)

resultingM integrals and allows one to better assess and compare7.3 Constant-Constitutive-Tensor Formulation. The de-

the characteristics of the formulations. Moreover, exponentiallivatives of interest, with respect to the global coordinate system,
graded materials have been extensively investigated in the tectarie (m=1,2):

cal literature, e.g., Ref$8,15,19,21,24,27-36,45-#8& he result-

ing M integrals corresponding to the three formulations are deijm= Cija.m(X)& + Cija (X)&11,m = BrCija (X)era + Cija (X)81m

rived later in the global coordinate system, which is used in the = By + Cija X m (53
numerical implementatiofsee Sec. 8 latgr

7.1 Nonequilibrium Formulation. The derivatives of inter- Uﬁl,j:w: (Ciikl)tipsﬁllfr); (54)
est, with respect to the global coordinate system,(arel,2) The global interaction integrdMy,)giopai (M=1,2) is given by
5= Cija j(X)ei™+ Cija (X) 8= B;Cigia (X) g™+ Ciga (X)2ig f g gany _ L cany pan ys L0 0
;i U; g U m— = (oE; T € (o
:ﬁjcijkl(x)silux"' ap(Cijkl)tipsﬁll,ij:BjO'ﬁux (46) A ij¥i,m ij “i,m 2 ik€ik ik ©ik/ “mj ﬂxj
= - 1
Cljkl,n'j IBmCukI(X) . (47) + f E{Uijsﬁe:r(\_ O'ij,meﬁux"' Uﬁuxsij,m _ Uﬁ%sij}qu (55)
where ap,=exp(81X;, +B,X,) is a factor that arises due to the pro- A

portionality of Cj; for the material gradation considered. Th P~ : : - .
global interaction integraiMp)gosa (M=1,2) is given by &ubstitution of Eqs(53) and(54) into Eq. (55) yields (m=1,2):

1 q
o+ oy = E(Uiksﬁ(ux"' o e 5mj}—dA

aq M:f {a—-u-
(Mmgiobar= | {oyjUm + 07U m = ol "y} dA N IX;
A ﬁX]-

1
+ | Ziggdux_ AU _ o aux . AUX,
+f {054 m = Cijia mewei] "adA (48) fA 2{0”8”’m Py ikl S meiy - Ty i m
A

= (Cij)tipeii meij AdA (56)

where Cjj = Cjjy (X). Notice that, for this case, the finkd inte-
aq gral requires the derivatives of the actual strain field, which may

—_ aux au —_ aux 11 3 . . .

(Mm)global—f {oyUim + "t m =~ ouceii ml}ﬁx_dA have numerical accuracy problems. The derivatives of material

A ) properties are represented by the material nonhomogegeiity

Eq. (56). Moreover, the first integral of Eq56) is different from
+f 180Uy m = Bmoijei "1qdA (49 those for the other two formulations.
A

Substitution of Eqs(46) and(47) into Eq. (48) yields (m=1,2):

Notice that, for this particular case, a simpler expression than that
for the general case is obtained. Eq.(22). The derivatives of 8 Some Numerical Aspects
material properties are represented by the material nonhomogene- i . .
ity B in Eq. (49). Moreover, the contribution of the nonequilib- FOr humerical computation by means of the FEM, Mente-
fium term to theM integral is related to the value gral is evaluated first in global coordinaté®/,))giona) @nd then
o ) o ) transformed to local coordinate$My,.,). The M integrals
7.2 Incompatibility Formulation. The derivatives of inter- (M, )., for the three consistent formulations have derivatives of

est, with respect to the global coordinate system,(arel,2): material properties in common. In this paper, we do not use
aux _ g aux | o aux — _ A aux closed-form expressions for derivatives of material properties be-

Zijm= S m(X) 0™+ Sja(X)okim = = BmSja (X)0ig cause these expressions would be specific to each specific func-
+ St (X)afim= = Bmef "+ S (X) oim (50) tion or micromechanics model. Thus, for the sake of generality,

together with Eq(47). The global interaction integrdM ) giopal \(/)\?eﬁ(rj“ett:rer?elr%:eeiltjﬂgdzglvatlves by using shape function derlvatives

(m=1,2) is given by The derivatives involving material derivatives for each formu-
lation are

aq
— aux_ _au _ . gauxe 1 9M .
(Mi)giobai= f {oyul + of"Uim — owcely m'}andA «nonequilibrium: o= Ciyq jek™+ Cijaegi; (57
A , : ,
f {0 ( aux aur)T(J C aux} dA (51) eincompatibility: sﬁu:] = Sjkl ’mo'ék‘lux+ S1jk| O'Et?;] (58
+ 0 (Ui mj ~ &ij.m) ~ Cijki meki€ij 1
A *constant-constitutive-tensow;j = Ciju mex + Cijui €kim

Substitution of Eqs(50) and(47) into Eq. (51) yields (m=1,2): (59
4 A simple and general approach to evaluate such derivatives con-
(M) giobal= f {o; U+ of U gikgﬁ(“X(smj}_qu sists of using shape function derivatijd4]. Thus the derivatives
A ' b X of a generic quantity® (e.g.,Cij, Sju, Or &) are obtained as
n
P AN,
+ f {Uijuﬁ%xj - O'f}l’]é]Su}qu (52) - = E _IPi, (m: 1,2) (60)
A X 15 X

Notice that, for this particular case, the firdl integral does not Wheren is the number of element nodes aNg=N;(¢, ) are the
involve any derivatives of material properti¢sf. Eq. (23)). In  element shape functions which can be found in many references,
this formulation, the first integral of Eq52) is the same as that e.g., Ref[49]. The derivativesIN;/dX,, are obtained as
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Fig. 6 Example 1: FGM plate with an inclined crack with geometric angle 0: (a) geometry
and boundary conditions  (BCs) under fixed-grip loading;  (b) typical finite element mesh;  (c)
contours for EDI computation of ~ M.ntegral; (d) mesh detail using 12 sectors (S12) and four
rings (R4) around the crack tips (0#=18° counter-clockwise )

N IXy _,) Nlog FRANC2D [50,51] developed at Cornell University. The&eRANC2D
NJax [~ J INJo (61)  element library for FGMs consists gfaded elementsl9,46,45,
rete en which incorporate the material gradient at the size scale of the
whereJ™! is the inverse of the standard Jacobian matrix relatingement. The specific graded elements used here are based on the

(X1, Xp) with (&, ) [49]. generalized isoparametric formulatiopresented by Kim and
. Paulino[19], who have also compared the performance of these
9 Numerical Examples elements with that of conventional homogeneous elements which

The performance of the interaction integral for evaluating SIFgoduce a step-wise constant approximation to a continuous ma-
and T stress in isotropic and orthotropic FGMs is examined bigrial property field 45].
means of numerical examples. This paper employs the three forAll the geometry is discretized with isoparametric graded ele-
mulations, such as nonequilibrium, incompatibility, and constanments[19]. The specific elements used consist of singular quarter-
constitutive tensor, for numerical investigation. The following expoint six-node triangle§T6qp for crack-tip discretization, eight-
amples are presented node serendipity elemen{®8) for a circular region around crack-
tip elements, and regular six-node triangld$) in a transition
zone toQ8 elementgsee, for example, Fig. 6, for a typical crack
tip region discretization

All the examples consist of SIFs afdstress results for both
isotropic and orthotropic FGMs, and those results are obtained by
the interaction integral in conjunction with the FEM. In order to
validate SIFs and stress solutions, the FEM results for the first

“The FEM code-Franczp was formerly calledsom-Francep [19]. example(an inclined center crack in an exponentially graded plate

(1) Inclined center crack in a plate
(2) Strip with an edge crack

All the examples are analyzed using the FEM coeRANC2D”.
(Minois; FRacture ANalysis Codep), which is based on the code
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Table 2 Example 1: comparison of normalized mixed-mode SIFs in isotropic FGMs for Ba
=0.5 (K,=¢E°\Vma) (see Fig. 6). Contour 5 shown in Fig. 6 (c) is used for the constant-
constitutive-tensor formulation. The results for the nonequilibrium and incompatibility formu-

lations are almost identical and thus the results from the latter formulation are not reported

here.
Method 0 KK, K /Ko Ki /Ko K; /Ko
Konda and 0° 1.424 0.000 0.674 0.000
Erdogan[47] 18° 1.285 0.344 0.617 0.213
36° 0.925 0.548 0.460 0.365
54° 0.490 0.532 0.247 0.397
72° 0.146 0.314 0.059 0.269
90° 0.000 0.000 0.000 0.000
Nonequilibrium 0° 1.4234 0.0000 0.6657 0.0000
18° 1.2835 0.3454 0.6104 0.2112
36° 0.9224 0.5502 0.4559 0.3625
54° 0.4880 0.5338 0.2451 0.3943
72° 0.1451 0.3147 0.0587 0.2670
90° 0.0000 0.0000 0.0000 0.0000
Constant- 0° 1.4262 0.0000 0.6629 0.0000
constitutive tensor 18° 1.2807 0.3452 0.6081 0.2101
36° 0.9224 0.5512 0.4546 0.3607
54° 0.4862 0.5348 0.2460 0.3931
72° 0.1439 0.3144 0.0596 0.2670
90° 0.0000 0.0000 0.0000 0.0000
Dolbow 0° 1.445 0.000 0.681 0.000
and GosZ8] 18° 1.303 0.353 0.623 0.213
(X-FEM) 36° 0.930 0.560 0.467 0.364
54° 0.488 0.540 0.251 0.396
72° 0.142 0.316 0.062 0.268
90° 0.000 0.000 0.000 0.000
subjected to fixed-grip loadingre compared with available semi- Epi(Xy) = E‘fleﬁxl, Eyi(Xy) = Egzeﬁxl,
analytical and numerical solutions. The second example involves 0 ax o
hyperbolic-tangent functions for material properties and investi-  G12(X) = G187, via(Xy) = 03,
gates the effect of translation of these properties with respect to
the crack-tip location. B, =108, ED,=1C°, GY,=1216, 19,=0.3

9.1 Inclined Center Crack in a Plate.Figure §a) shows an  Table 2 compares the present FEM results for normalized SIFs
inclined center crack of lengtha2ocated with a geometric angle obtained by the nonequilibrium and constant-constitutive-tensor
;(counter-clockwis)ain a plate subjected to fixed-grip |0ading;fqrmulations of theM integral with semi-analytical solutions pro-
Fig. 6(b) shows the complete mesh configuration; Fifg) hows Vided by Konda and Erdogd@7] and the extended FEM results
five contours used for EDI computation of theintegral; and Fig. PY Dolbow and Gos%8] for various geometric angles of a crack

6(c) shows the mesh detail using 12 sect(842 and four rings in isotropic FGMs. The difference in the result for SIFs between
(R4 of elements around the crack tips. The displacement bouﬁqneqwhbnum and incompatibility formulations is found to be in

ary condition is prescribed such that=0 along the lower edge e orderO(10™) in this example, and thus the results are not
and u,=0 for the node at the lower left-hand side. The mes rovided. The converged results obtained by the nonequilibrium

5 T - ormulation are in good agreement with those by Konda and Er-
e s o o000, 24 Cap e, 09anar] (maimum diference 1 3% average diference 5%

. . ; ) o IMBose by Dolbow and Gos8], and those obtained by the
loading results in a uniform straih,(Xy, ;)= in a correspond- ., gtant_constitutive-tensor formulation. For the nonequilibrium
ing uncracked structure, which corresponds #95(X;,10)  and incompatibility formulations, a domain including almost half
=eE%% for isotropic FGMs andopy(X;,10=eE3e%1 for  of the square plate is used, and converged solutions are obtained.
orthotropic FGMs(see Fig. €a)). Young's moduli and shear However, for the constant-constitutive-tensor formulation, contour
modulus are exponential functions Xf, while Poisson’s ratio is 5 as shown in Fig. @) is used. We observe that the accuracy for
constant. The following data were used in the FEM analyses: the constant-constitutive-tensor formulation are reasonable for
small size of contours such as contours 1-5, but as the contour
becomes large than contour 5, the solution does not converge, and
accuracy deteriorates. As explained in the theoretical discussion,
the constant-constitutive-tensor formulation may have numerical

- - problems in the accuracy of derivatives of actual strain or stress
aw=0.1, L/W=1.0, #=0°1090°, s=1 fields. To reduce domain dependence, mesh discretization over the
plate shown in Fig. @) needs to be improved.
Figure 7 shows)= (K +K{)/Ey, value calculated by the inter-

plane stress, X 2 Gauss quadrature

dimensionless nonhomogeneity paramgar 0.5

Isotropic case

E(X,) = E%efX, (X)) =v action integral for the right crack tip of an inclined crack with
=18 deg using five contours for EDI computations as shown in
E°=1.0, »=0.3 Fig. 6(c). The nonequilibrium formulation is used both consider-
ing and neglecting the nonequilibrium tefsee Eq(22)), and the
Orthotropic case incompatibility formulation is used both considering and neglect-
358 / Vol. 72, MAY 2005 Transactions of the ASME
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4.5 T T T Table 4 Example 1: comparison of normalized T stress in iso-
: : - tropic FGMs for Ba=0.5 (0,=¢E°) (see Fig. 6)
:Non—equilibrium formulation e
A e eglecting non-equibrium tem -+ g Nonequilibrium Paulino and Donfg8]
35k . ——————’, .......... ] .................. 4 ; T(+a)/0'0 T(—a)/()'o T(+a)/0'0 T(—a)/o-o
- 3_.“.'.\...  Non-equilbrium formutation including non-equiibrium ter & 0° -0.896 -0.858 -0.867 -0.876
‘-\lnoompatibla formulation ingluding incompatible term 15° -0.773 -0.747 -0.748 -0.763
A 30° -0.434 -0.436 -0.420 -0.444
25k N T TP TP W 45° 0.036 0.011 0.039 0.010
el - : 60° 0.513 0.484 0.513 0.490
el : 75° 0.868 0.850 0.870 0.858
2} Incompatible formulation -1 s ] 90° 0.994 0.994 1.000 1.000
neglecting incompatible term I
1'51 2 3 4 5 . ) o ) )
Number of Contours tained by the incompatibility formulation for orthotropic FGMs.

' _ . _ Notice that the two formulations provide similar FEM results for
Fig. 7 Example 1: comparison of  J=(Kj+Kj)/E;, for the right T stress for each geometric angle. For the isotropic CEstress
crack tip of an inclined crack with ~ #=18° using the M integral.  at both right and left crack tips changes sign in the range of angle

The nonequilibrium formulation is used both considering and = _ ; ; ;
neglecting the nonequilibrium term  (see Eq. (22)). The incom- 6=30 deg—45 degsee Table A Whie’ for the orthotropic case, it

patibility formulation is used both considering and neglecting changes sign in the range of angle 15 deg—30 deg@see Table

the incompatible term  (see Eq. (23)) 5). Comparison of Tables 4 and 5 indicates that the material
orthotropy shows significant effect oh stress in terms of both
sign and magnitude.

ing the incompatible ternisee Eq.23)). The solutions obtained

by considering the nonequilibrium term for the nonequilibriun&rack of length &” in a plate, and Fig. &) shows the complete

formulation, and the incompatibility term for the incompatibility . A . )
formulation are not distinguishable in a graphical form. Notic{eneSh discretization using 12 sect¢13 and four rings(R4) of

that the converged solution is obtained when including either t éements e.‘m““d the crack tip. Fig_ure(s:)gs(e) “'“Stfate the .
nonequilibrium or the incompatibility term, however, such behaJree considered types qf hyperbollc-tang_ent ”f‘ate”a' gra(_jatlon
ior is generally not observed when negleé:ting eithér term with respect to the crack tip: reference configuration, translation to
Table 3 compares the present FEM results for normalized SI&EE left, and trans!atlon to th? nght,.respectlv.ely. The flx_gd-grlp
in orthotropic FGMs obtained by the nonequilibrium formulatiorfliSPlacement loading results in a uniform straip(X;, X;) =& in
of the M integral with those obtained by the incompatibility for-& corresponding uncracked structure. The displacement boundary
mulation for various geometric angles of a crack in orthotropigondition is prescribed such thaj=0 along the lower edge and
FGMs. Notice that the two formulations provide similar FEMU1=0 for the node at the left-hand side. The mesh discretization
results for SIFs for each geometric angle. Comparison of Table§@nsists of 2088, 37 T6, and 12T6qgpelements, with a total of
and 3 indicates that the material orthotropy shows significant et>7 eélements and 1001 nodes. _
fect on SIFs, and the SIRS/ (right crack tip andK;, (left crack Young's moduli and shear modulus are hyperbolic-tangent
tip) for the orthotropic case are greater than or equal to those fgictions with respect to the glob@;, X,) Cartesian coordinates,
the isotropic case, however, the SIk§ andK;] for the orthotro- while Poisson’s ratio is constafig. 9). The following data were
pic case are smaller than or equal to those that for the isotropieed for the FEM analysis:
case. plane strain, 2 2 Gauss quadrature
Table 4 compares the present FEM results for normalized
stress in isotropic FGMs obtained by the nonequilibrium formu-  a/w=0.5, L/W=2.0, £=0.25, d=(-0.5t0 0.5
lation of theM-integral with those reported by Paulino and Dong

9.2 Strip With an Edge Crack. Figure 8a) shows an edge

[48] who used the singular integral equation method. Table 5 com- Isotropic case

pares the present FEM results for normaliZestress obtained by

the nonequilibrium formulation of th& integral with those ob- E(Xy = (E"+E"/2 +tanf B(X; + d)J(E" - E")/2
Table 3 Example 1: Comparison of normalized mixed-mode SIFs in orthotropic FGMs for Ba

=0.5 (Ko=£E%,\'ma) (see Fig. 6)

Formulation 0 K{' /Ko Kii/Ko K /K K /Ko
Nonequilibrium 0° 1.4279 0.0000 0.6663 0.0000
18° 1.3224 0.2176 0.5997 0.2436
36° 1.0177 0.4097 0.4150 0.4160
54° 0.6008 0.4477 0.1814 0.4379
72° 0.2154 0.2906 0.0056 0.2822
90° 0.0000 0.0000 0.0000 0.0000
Incompatiblity 0° 1.4285 0.0000 0.6663 0.0000
18° 1.3224 0.2194 0.5997 0.2427
36° 1.0177 0.4111 0.4149 0.4156
54° 0.6008 0.4480 0.1809 0.4373
72° 0.2158 0.2906 0.0052 0.2823
90° 0.0000 0.0000 0.0000 0.0000
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Table 5 Example 1: comparison of normalized T stress in
orthotropic FGMs for Ba=0.5 (aonggz) (see Fig. 6)

Nonequilibrium Incompatibility

0 T(+a)/ o T(-a)/ o T(+a)/ o T(-a)/ o

0° -2.822 -2.725 -2.832 -2.712
15° -1.407 -1.402 -1.384 -1.407
30° 0.156 0.079 0.168 0.074
45° 0.785 0.700 0.785 0.702
60° 0.971 0.909 0.970 0.910
75° 1.003 0.973 1.002 0.973
90° 0.996 0.996 0.997 0.997

Ba=15.0, r=0.3

(E",E") =(1.00,3.00
Orthotropic case
Eq1(Xy) = (Eqy + E; /2 + tanfi (X, + d)](E7;, — E1))/2
Eoa(X1) = (Epp+ E5)/2 + tanfi B(X, + d)](Ez, — E5,)/2
G1A(Xy) = (G, + G1,)/2 + tant (X, + d)](G1, — G1,)/2

aca=pBa=vya=15.0, »,=0.3

3.5

Material Properties

(Orthotropic)

(IsotropiQ
O'—51 -0.5 0 0.5 1
X

1

Fig. 9 Example 2: variation of material properties: Eqy, Ej, and
G;, for the orthotropic case, and  E for the isotropic case

(E1y,E1) =(1.00,3.00, (E3,E},) =(1.25,2.75,
(G12Gi,) =(1.50,2.50

Table 6 compares the present FEM results for mode 1(B|F
obtained by the nonequilibrium formulation with those obtained
by the incompatibility formulation for various translation factors “
d” of hyperbolic-tangent material variation considering both iso-

k! .
I
(a) (b)
X, =X= ng
crack % crack d; X, crack
(c) (d) (e)

Fig. 8 Example 2: strip with an edge crack in hyperbolic-tangent materials:
BCs; (b) complete finite element mesh with 12 sectors
(d=0.0); (d) translation of material gradation to the left

crack tip; (c) reference configuration

(d=+0.5); (e) translation of material gradation to the right

360 / Vol. 72, MAY 2005

(a) geometry and
(S12) and four rings (R4) around the

(d=-0.5)
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Table 6 Example 2: comparison of mode | SIF  (K)) for an edge 10 Conclusions
crack considering translation  (d) of hyperbolic-tangent mate-

fial variation (see Fig. 8) This paper provides a critical assessment and comparison of
three consistent formulations: nonequilibrium, incompatibility,
Nonequilibrium Incompatibility and constant-constitutive-tensor formulations. Each formulation
leads to a consistent form of the interaction integral in the sense
d Iso Ortho Iso Orthd12] that extra terms are added to compensate for the difference .in
response between homogeneous and nonhomogeneous materials.
-05 1.212 1.164 1.186 1.158 These extra terms play a key role in ensuring path independence
-04 1.211 1.167 1.201 1.163 of the interaction integral for FGMs. In terms of numerical com-
-0.3 1211 1.175 1.190 1.173 putations, the nonequilibrium formulation leads to the simplest
-0.2 1.218 1.189 1.209 1.189 final form of the M integral among the three formulations. In
-0.1 1.231 1.212 1.212 1.217 terms of numerical accuracy, the nonequilibrium formulation is
001 %‘%3% (1)-%1 %)-%%g %J-%g% equivalent to the incompatibility formulation, which is observed
0.2 0.486 0.615 0.487 0.614 in numerical examples involving various types of material grada-
0.3 0.451 0.585 0.451 0.585 tion. The constant-constitutive-tensor formulation requires the de-
0.4 0.430 0.567 0.430 0.567 rivatives of the actual stress and strain field, and may have nu-
0.5 0.419 0.554 0.419 0.554

merical accuracy problems with standa@fl elements commonly

used in the displacement-based FEM, as observed in example 1.
From numerical investigations, we observe that both material

gradation and orthotropy have a significant influence on SIFs and

) ) ) T stresdi.e., both sign and magnitujeand the crack tip location
tropic and orthotropic FGMs. For the orthotropic case, the FEMiso shows a significant influence on the fracture parameters in

results obtained by the nonequilibrium formulation are comparggperholic-tangent materials. We also observe that the extra terms
with _those obtamed by the _mcompatlblllty forml,_llatlon reporteqle_g.’ nonequilibrium or incompatible terinensure convergence
by Kim and Paulind12]. Notice that the two equivalent formu- ; target solutiongSIFs orT stress.

lations provide similar FEM results for mode | SIF for each trans-
lation factord. For the isotropic FGMs, the mode | SIF decreasegcknowledgments
with the translation factod for the range between -0.1 and 0.5.
For the orthotropic FGMs, the mode | SIF increases with th

translation factod for the range between -0.5 and -0.1, howevef, SA-Ames Chief EngineetDr. Tina Panontin through Grant

it decreases asincreases further. Table 6 also indicates that mo i
| SIFs for the orthotropic case are smaller than those for the is 0. NAG 2-1424. They also acknowledge additional support from

tropic case for each translation facifrom -0.5 to 0.1, how- the National Science FoundatidhlSF) under Grant No. CMS-

ever, the SIFs for the orthotropic case are greater than those 9&45954(Mechan|cs and Materials Program
the isotropic case fod=0 to 0.5.
Table 7 compares the present FEM resultsTatress obtained Nomenclature

The authors gratefully acknowledge the support from NASA-
mes, Engineering for Complex Systems Program, and the

by the nonequilibrium formulation with those obtained by the in- a = half crack length

compatibility formulation for various translation factos of aora; = contracted notation of the compliance tensor
hyperbolic-tangent material variation considering both isotropic (S or §jq) for plane stressi=1,2,6; ]
and orthotropic FGMs. Notice that the two formulations provide =1,2,6

similar FEM results, and th& stresses are negative for all the atP or a};p = a or a; evaluated at the crack tip location;
translation factorsl considered. For both isotropic and orthotropic i,j=1,2,6

FGMs, theT stress decreases with the translation fadtfor the A = a 2X2 complex matrix

range between —0.5 and 0.0, however, it increasesiasreases b; = contracted notation of the compliance tensor
further. Table 7 also indicates thatstress for the orthotropic case for plane strainj=1,2,6;j=1,2,6

is greater than or equal to that for the isotropic case for each b}}p = by evaluated at the crack tip location;j
translation factor. =1,2,6

B = a 2X2 complex matrix
C11, Cop, C1p = coefficients in the relationship betweédmnd
stress intensity factor&, andK,)
= a 2X 2 diagonal matrix
Ciju or C = constitutive tensori, j,k,1=1,2,3
d = translation factor in hyperbolic-tangent

Table 7 Example 2: comparison of T stress for an edge crack c(0)
considering translation (d) of hyperbolic-tangent material
variation (see Fig. 8)

Nonequilibrium Incompatibility function
do = x4 coordinate of a fixed point
d IS0 ortho 1So Ortho e = natural logarithm bases=2.71828182...
E = Young's modulus for isotropic materials
-0.5 -0.463 -0.393 -0.452 -0.394 E® = Young’s modulusE evaluated at the origin
-0.4 -0.478 -0.407 -0.470 -0.406 Eip = Young's modulusE evaluated at the crack tip
-0.3 -0.507 -0.434 -0.493 -0.439 E;1, Ex» = Young’'s moduli with respect to the principal
-0.2 -0.580 -0.499 -0.571 -0.501 axes of Orthotropy
_%-l —_f17293? _‘3-96535 :3-17:17 __g'ggzz E(l’l, 532 = Yqu_ng’s moduli E;1,Ey» evaluated at the
0.1 ~0.444 -0.364 -0.431 -0.362 _ongm
0.2 ~0.218 -0.205 -0.217 -0.205 f = apoint force
03 ~0.175 ~0.171 -0.175 -0.171 f = a2x1 force vector
0.4 ~0.157 ~0.157 ~0.157 ~0.157 fl, f!' = representative functions for auxiliary dis-
0.5 -0.152 -0.151 -0.152 -0.152 placements for SIFs
G1, = shear modulus for orthotropic materials
Journal of Applied Mechanics MAY 2005, Vol. 72 | 361
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N3(0)
m;, n

P(0)
Pk

Ok

Re

Sjkl orS
S(6)

tu

tS

aux

udor u;

WaUX

QN X x

shear modulu$,, evaluated at the origin
energe release rates

representative functions for auxiliary stresses
for SIFs

mode | energe release rate

mode Il energe release rate

contour integral

a 2Xx 1 real matrix

imaginary part of the complex function
path-independent integral for the actual
field

J integral for the auxiliary field

J integral for the superimposed fiel@actual
plus auxiliary

mode | stress intensity factor

mode Il stress intensity factor

normalizing factor for stress intensity fac-
tors, KO:?Ev'wa for the isotropic case and
Ko=¢Eg,\7a for the orthotropic case

length of a plate

a 2Xx 2 real matrix

interaction integralM integra)

shape functions for nodeof an element

a 2X 2 real matrix

unit normal vectors on the contour of the do-
main integral

a generic propertyCij, Sjk, Or &j))

a 2x 2 diagonal matrix

Ex =

3% or g2

Ktip

K =
tip _

My
Mk

V12 V21
Ok
0]

(Tij

o or oﬁux

contracted notation of;j; k=1,...,6

a vector for auxiliary straing;,j=1,2,3
angular direction in polar coordinates with
respect to the local Cartesian coordinates

the angle of the local Cartesian coordinates
with respect to the global Cartesian
coordinates

indication of direction of material gradation
with respect to the crack

material parameter for isotropic materials;
(3-v)/(1+v) for plane stress and 3-v4or
plane strain

material parametek evaluated at the crack
tip

roots of the characteristic equatidir1,2

i evaluated at the crack tip locatiork
=1,2

complex conjugate ofi,; k=1,2

Poisson’s ratio for isotropic materials
Poisson’s ratios for orthotropic materials
contracted notation of;j; k=1,...,6
normalizing factoro=¢E° for the isotropic
caseay=¢Ey, for the orthotropic case
stresses for the actual field$=1,2,3; |
=1,2,3

= a vector for auxiliary stresses;j=1,2,3

coefficients of the asymptotic displacementg\ppendix A: Anisotropic Elasticity

for orthotropic materialsk=1,2

coefficients of the asymptotic displacement
for orthotropic materialsk=1,2

weight function in the domain integral
radial direction in polar coordinates

real part of the complex function
compliance tensoti;, j,k,1=1,2,3

g = aijO'j,
where the compliance coefficients;, are contracted notations of
the compliance tensdgj, and

The generalized Hooke'’s law for stress-strain relationship is
sgiven by[40]:

aij:aji(i,j=l,2,...,6 (Al)

a 2Xx 2 real matrix €17 811, €27 €z, €37 €33 &4 2833, €5 2813
elasticT stress £n= 28
. . . . 6 12
representative functions for auxiliary dis-
placements fofl stress . 01= 011, 02~ 022 03=033 04=023 05=013 0Og=012
representative functions for auxiliary stresses (A2)
for T stress
displacements for the actual fields 1,2 For plane stress, tha; components of interest are
a vector for auxiliary displacementisy 1,2 a;(i,j=1,2,6 (A3)

width of a plate
strain energy density

strain energy density for the auxiliary field follows:

local Cartesian coordinatess1,2
global Cartesian coordinateis; 1,2
complex variablez,=x,+iy,; k=1,2

293
bij:an‘%f(hFl,Z,G

and for plane strain, tha; components are exchanged with as

(A4)

material nonhomogeneity parameter for gra- Two-dimensional anisotropic elasticity problems can be formu-

dation of Eqq

the real part ofy; k=1,2
material nonhomogeneity parameter for gra-
dation of E,, or E

the imaginary part ofy; k=1,2

X=X+ oy,

lated in terms of the analytic functionsg(z), of the complex
variable,z =X +iyy (k=1,2), i=y-1, where

Y= By(k=1,2 (A5)

The parametersy and B, are the real and imaginary parts @f

material nonhomogeneity parameter for gra= ax+iBx, Which can be determined from the following character-

dation of Gq»

contour forJ andM integrals

outer contour

inner contour

contour along the upper crack face
contour along the lower crack face
Kronecker deltaj,j=1,2

strains for the actual fieldji=1,2,3; j
=1,2,3

For

istic equation40]:

ayyu’ - 28y6u° + (281, + Bge) ” — 2861 + 82, = 0
where the rootsu, are always complex or purely imaginary in
conjugate pairs agy, f1; M2, Ko

(A6)

Appendix B: Representative Functions for SIFs
orthotropic

FGMs, the representative functions

f(rl2,9,a') in Eq. (1) are given by[37]:
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—_— 1 —_—
fi=\2r/m Re[ ,—t,p{,u“ppz\ cos6+ ulP sin 6
ua = pg
[
- uiPpycosd+ ulP sin 0}}

fl'=\2r/7 R ;{p Vcosd+ ulP sin g
P — =

- pyVcosf+ ulP sin 0}]

I 1 fin .
fh=v2rim Re[ I—“p{,u“pqz\ cosf+ ulP sin 6
Ml
- u¥Pq,\cosh+ ulP sin 0}]
fll — ;’2 / R ; / tip
S>=N2rlm ip_ _ipld2VCOSO+ 5" sin 6
My T Mo

————
- gpVcosh+ ulP sin 0}]

where Re denotes the real part of the complex funcMﬁ and

ti
g" — 1 Re 1 ,U«llp
12 [ tip _  tip tip
\2mr M1 T M \cosa+,u siné

tip
Y . S (B2)
Vcosh+ uiP sin @

Notice that, in the earlier expressions, the graded material param-
eters are sampled at the crack tip.

For isotropic FGMs, the representative functidiis’?, 6,a™)
for displacements in Ed1), andg(r~*/2, 9,al) for stresses in Eq.
(3) are given in many referencdg.g., Ref.[38]). The graded
material parameters are sampled at the crack tip.

Appendix C: Representative Functions forT Stress
The presentation follows the Stroh formali$&9]. For othotro-

pic FGMs, the representative functiot¥¢inr, 6, f,a'®) in Eq. (4)
are given by[39]:
h 1
t)=- == Inr = >(Syhy + Sphy)
2T 2
(Cy
h 1
th= - 22 It = >(Syihy + Sphy)

“p denote crack-tip material parameters, which are obtained frohhe parametersl andh; in Eq. (C1) are the components in the
Eq (A6) and taken fo3, >0 (k=1,2), andp, andg, are given by 2X2 matrix S(6), and the 2< 1 vectorh as follows:

P = tlp( tlp)2 |p _ aIIlelp

atlp
tip  tip
Ok =M + 4 P - ah

respectively. The functiong(r~2/2, 9,a'®) in Eq. (3) are given by

[37]:

p_ 1 pPug pg
0= A Re tip tip tip
N2t M1 M \'C050+,u sing

B Mtlp
—
Veosf+ ulP sin @
tlp 2
(| B 1 )

gnu=r— t t
\2 r |p_

Jcosg+ ulP sin 0
tlp)z

1
Vcosé+ ,u"p sing
tlp
I

Ooo= — P =
\;"27TI’ - Vcosh+ ,u,t'p sinég

llp
_ *
Vcos+ uiP sin g

p
p
p

'( t
- \2ar r P = w3 | Veosa+ tlpsm&

*
Veosf+ ulPsin g
tlp tlp

I
O12=
\ 27Tr |p -

\Vcosd+ ,u"p sing

5|
|
20
|
3,
|
A
rsram|

~ Jcoso+ ,u“" sing
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2 S S
H=—R ACBBT:[ ]
S(6) 7TG[ (6)B'] S Sp

— -1f — hy
h=L f—{hz (C2

[xg ] [-xup -aul
)\tlpqtlp )\tupqup )‘Illp )\tzlp

where

B In s,(60) 0
Cw)‘[ 0 Ins(0)
L*=RdiAB™], f=[f,0]" (C3

in which piP and g (k=1,2) are given by Eq(B1), and\lP (k
=1,2) is the normalization factor given by the expression

2()\np)2(qtlp tIP_ “P tlp) 1. (CH

The representative functlon§(r‘1,0,f,a"") in Eq. (6) are
given by[39]:

t5,=03%cog 0, t5,=02*sir? 6, t5,= 053 *sindcose

], sd{(6) = cosf+ uiP sin g

(CH)
where the auxiliary stresses are given[Bg]:
1
oAM= 27TrnT(e)Ns(o)h, A =ot*=0 (Ce)
in which
n=[cosh,sind]", Nj(#) =2 RdBP(6BT]
1 (o)
u1(6) ] uiP cosf-sin 6
P(o) = , ——, (k=1,2
(6) [ 0 wio | MO sy K12

For isotropic FGMs, the representative functions
tU(Inr,,f,alP) in Eq. (4) for displacements, antf(r1, ¢, f,alP)
for stresses in Eq(6) are given in many referencdg.g., Ref.
[41]). The graded material parameters are sampled at the crack tip.
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