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Since the introduction of the hybrid boundary element method in 1987, it has been
applied to various problems of elasticity and potential theory, including time-dependent
problems. This paper focuses on establishing the conceptual framework for applying
both the variational formulation and a simplified version of the hybrid boundary ele-
ment method to nonhomogeneous materials. Several classes of fundamental solutions
for problems of potential are derived. Thus, the boundary-only feature of the method is
preserved even with a spatially varying material property. Several numerical examples
are given in terms of an efficient patch test including irregularly bounded, unbounded,
and multiply connected regions submitted to high gradients.

1. Introduction

The hybrid boundary element method, introduced in 1987 as a generalization of the
concepts developed by Pian in the finite element method,! ~2 only requires evalua-
tion of integrals along the boundary and uses fundamental solutions of the conven-
tional boundary element method as domain interpolation functions. The method
considers an arbitrarily shaped domain as a single finite macro-element with as
many boundary degrees of freedom as desired. It also requires a flexibility matrix,
for which evaluation of integrals along the entire boundary is required. The hybrid
boundary element method has been applied to a wide variety of problems of poten-
tial and elasticity, including time-dependent problems and fracture mechanics.* =7

The present paper introduces a novel formulation — the simplified hybrid bound-
ary element method® ~1! — which may be equally applied to nonhomogeneous media.
In this simplified version, the time-consuming evaluation of the flexibility matrix F
of the complete variational formulation is no longer required. However, as a price
for the simplification, one gives up the complete variational consistency of the orig-
inal method. As it shall be outlined, the equations of this method may be settled
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on bases that are independent from all previously developed boundary element
approaches.

A relevant area of application of this work consists of modeling functionally
graded materials (FGMs) as nonhomogeneous materials. FGMs are special com-
posites with a gradual transition in microstructure and composition, such as ce-
ramic/ceramic (e.g. MoSia /SiC),'? and metal/ceramic (e.g. Stainless steel/Zirconia)
systems.'® Such manufactured materials are suitable for a demanding array of new
applications in severe loading environments — see, for example the book by Suresh
and Mortensen 4, the book by Miyamoto et al. ', and the review Chapter by
Paulino et al. ' Fundamental solutions play a paramount role in any boundary
element formulation.!” Deriving Green’s functions for the elastic analysis of FGMs
is hitherto an unbeaten challenge, except in some particular cases.'®:19 For prob-
lems of potential, on the other hand, solutions have been found for an exponentially
varying physical parameter?® and for more general variations, as previously done in
the analysis of flow in nonhomogeneous medium. 22 =24 A recent approach is the so
called “simple BEM” by Sutradhar and Paulino ?°, which has also been extended
to transient problems. 26

The remainder of this paper is organized as follows. For the sake of consistency
with the present development, Sections 2-5 deal with the general outline of the
hybrid boundary element method, as applied to problems of potential. Nevertheless,
all theoretical considerations of this numerical method are equally valid, with some
generalization and terminology adaptation, for elasticity problems.?~% By the way
of terminology, it is worth remarking that some expressions, borrowed from the
theory of elasticity, are used in the following Sections on problems of potential, as
density energy, virtual work, stiffness matrix and flexibility matrix. This is done in
an attempt to generalize concepts being used.

2. Basic Considerations on Fundamental Solutions

Consider the fundamental solution of a generic three-dimensional problem of poten-
tial, expressed in terms of the potential u* measured at a given point of a domain
for some arbitrary, concentrated source p}, (the subscript m characterizes some
location in the domain):

u* = U Py + e = (g, +uCry )0, (1)

This fundamental solution, as characterized by the superscript “*”

given in the literature by the function v, alone, implicitly related to unitary sources
pi,. The complete representation of Eq. (1) is adequate since it is stated for an
arbitrary (not unitary) concentrated source p},, and a term u° is added to take

, is usually

into account some arbitrary constant potential, as denoted by the superscript c.
As indicated in the equation above, it may be convenient to correlate the arbitrary
constant ¢ to concentrated sources p;, by means of some arbitrary vector Cp, of
constants.
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In this paper, subscripts m and n refer to degrees of freedom of discretized
quantities, and subscripts ¢ and j refer to coordinate directions. A subscript after a
comma denotes derivative with respect to the corresponding coordinate direction.
Repeated indices indicate summation.

The fluxes at a given point of the domain are obtained from the potential as

q; = —kiju”,j, (2)

for some material physical parameters k;; that may vary spatially, as discussed in
Section 7 for nonhomogeneous materials. One may formally write, in accordance
with Eq. (1),

q; = 4;,,pr, such that ¢}, = ¢, pr, = 0 in (3)

as a property of a fundamental solution, for a domain Q that does not include
the points of application of p, . If some domain 3y should comprise the point of
application of a concentrated source pj,, then

[ imcd =1 (@)
Qo
From the fluxes in Eq. (3) one obtains the normal fluxes along the boundary I" as

G MiPrm, = QP> (5)

in which 7; are the director cosines of the outward normal to the boundary.

The aim of the short outline above is to introduce some of the terminology
needed in the remainder of the paper. As presented above, one is dealing with
Green’s functions, whose singularity is required to formulate an integral statement
(as the Somigliana’s identity in elasticity, basis of the conventional, collocation
boundary element method). For the development of variational methods, on the
other hand, a fundamental solution may be based on non-singular (polynomial)
functions, as in Pian’s! hybrid finite element method. However, the use of singular
functions simplifies the whole formulation and ensures that the resultant matrix
equations are well conditioned - although at the price of dealing with singular and
improper integrals. The combination of singular, non-singular, and some special
functions (as the Westergaard stress function in the fracture mechanics) may be of
advantage when dealing with some particular stress gradients.?

3. Problem Formulation

Consider a body submitted to sources b in the domain Q and normal fluxes § on
part Iy of the boundary. The potential @ is known on the complementary part I,
of T'. One is looking for an adequate approximation of the flux field that satisfies
“equilibrium” both in the domain,

Gisvi = bin Q, (6)
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and along part I'y of the boundary,
gin; = —q along T'y. (M)

where 7; denotes the j-th component of the normal vector. The corresponding
potential must satisfy the boundary condition along I":

u =T along I'y. (8)

A solution satisfying exactly all the three equations above is possible only in
certain particular cases. In the present hybrid formulation, one assumes that a
potential field

U = Umdy, such that & = 7 along Ty, (9)

is known along the boundary in terms of polynomial interpolation functions u,, and
some nodal potential parameters d,,, as usually done in other numerical methods.

One also assumes a domain flux field qlf , with corresponding potential u/,
d=qg+d
uf =u* +ub (10)
for the entire domain, in such a way that “equilibrium,” Eq. (6), is identically
satisfied. It means that one can define an arbitrary particular solution, u®, such
that the corresponding flux field q? satisfies the equation
¢y —binQ (11)

and, most important, it means that one can find a homogeneous solution u* with
corresponding flux field ¢} that satisfies identically

gi,;=01n Q. (12)

This characterizes a fundamental solution, as introduced in Eq. (3), to be obtained
in terms of some nodal source parameters, p:,, in which the subscript m refers to
each of the degrees of freedom of the discretized model.

4. Qutline of the Hybrid Boundary Element Method

Given the considerations of Section 3, one shall look for a means of relating the
fields u, defined by Eq. (9) along ", and u/, defined in Q by Egs. (10) - (12), in such
a way that Eq. (7) is best satisfied. This may be achieved by means of a variational
principle, as outlined in terms of the Hellinger-Reissner potential,

(el 0 = [ [US(a) - (o] o+

/Qifnjﬂdf+/ ug,dl’ + Const., (13)
r r

q
as first applied by Pian to finite elements and here generalized for considering the
flux field in the domain as a series of fundamental, singular solutions qu , according
to Eq. (10).173
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The complementary density energy U§’ (qu ) of the equation above, as a function
of the flux field, yields after integration by parts and application of Green’s theorem
the expression

/ U (¢] a2 = p*™ [LFp* + b?] + Const., (14)
Q

with the flexibility matrix F and the vector b? of nodal potentials equivalent to the
applied body sources,

[F b’] =—/Fq:mm<u: ub)dl' + Uz, db, ), (15)

expressed in a compact notation, in terms of only boundary integrals. In the equa-
tion above, Uy, represents the potential evaluated at node n for concentrated
sources applied at node m. Similarly, d’,’n is the body source potential evaluated at
node m. Numerical implementation considerations of the matrix F shall be made
opportunely. Observe that no constant potential appears in the expressions above,
as a consequence of the fact that the flux of a fundamental solution is always in
balance with the applied source:

/ G dL +1=0. (16)
r

Substituting in the Hellinger-Reissner potential of Eq. (13) the function qlf for
its expression according to Egs. (10) and (5), the function % according to Eq. (9)
and considering Eq. (14), one arrives at the matrix expression of the functional,
already assumed as stationary,

—0llg = 6p*" [Fp* ~Hd +b?] +46d” [p - p® —H'p*] =0 (17)

in which the two vectors of nodal fluxes p and p®, equivalent to applied normal
fluxes g and body sources ¢¥7;, respectively, are defined as

Ip p*] = / up (7 —gb; ) dT. (18)

With respect to the term that takes into account the work of the external boundary
fluxes § in the equation above, one considers that integration is carried out along
T instead of I'y because, after variation, éu = 0 along I, according to Eq. (9). In
Eqg. (17) one also defines the potential transformation matrix

H=H,,=— / G50 Al + Sy (19)
r

This is the same double-layer potential matrix of the conventional, collocation
boundary element method. Its evaluation according to the equation above, in spite
of the singularity that arises when m and n refer to the same nodal point, is con-
sidered a standard procedure.
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Noticing that the particular solution may be approximated on the boundary in
terms of the assumed interpolation functions introduced in Eq. (9), for potential
parameters d® = d®, given as potentials u® measured at nodal points n,

ub ~ u,d’ along T, (20)

one may express b® of Eq. (15) as
b® = Hd® (21)
and rewrite Eq. (17) in a way more convenient for the further developments:

Mg = op*T [Fp* —H(d —d%)] +4d" [p—p* — H'p*] =0 (22)

4.1. Results for a simply connected domain — Matrix approach

For the sake of better understanding the evaluation of the flexibility matrix F,
as defined in Eq. (15), it is convenient to express both matrices F = F,, and
H = H,,, in compact notation as

[F H] = —/Fq;‘mmu: Y AT+ (Ul S (23)

Observe that the interpolation function u,, introduced in Eq. (9), is by definition
equal to unity when m and n refer to the same node, and equal to zero in the
remaining nodal points.

Owing to the singularity of the fundamental solution, the boundary integrals
represented by the equations above are singular and have to be split into Cauchy
principal values and discontinuous terms. Elements about the main diagonal of the
flexibility matrix F, for m and n referring to the same node, cannot be evaluated
by means of a standard integral, since singularities of the type In(r)/r, for two-
dimensional problems, or 1/r3, for three-dimensional problems, arise as r — 0. This
mathematical feature is consistent with the assumption - common to all boundary
element formulations - that the nodal point is situated outside the domain (2, al-
though infinitely close to it, which means that the corresponding equivalent nodal
potentials F,,, are undetermined in terms of virtual work. The determination of
these elements has to be carried out indirectly by investigating the physical mean-
ing of the linear transformation carried out by F in the equations resulting from
Eqg. (22). In order to evaluate the off-diagonal terms of the flexibility matrix F, Eq.
(23) is split as follows

[F H] = [Ffp pr] + [FdiSC Hdisc}

= —fp/rqé‘mmwz u,, ) dl +

<_/r il (15, ) AT = (Ui 5mn>>’ (24)

0
in which fp, in general, denotes the finite part (a Cauchy principal value, in the
case) and subscript disc refers to the discontinuous terms of the general, singular
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integrals of Eq. (23). In this equation, I'g is an arbitrarily small boundary that
envelops the singularity point. For m and n referring to different nodal points,
there are no singularities involved, which means that Hg;s. is a diagonal matrix
for problems of potential (as well established in the literature). The main-diagonal
elements of H, corresponding to Hg;,. added to the main-diagonal elements of H ¢,
might be obtained indirectly by making use of the orthogonality criterion

HW - 0, (25)

in which W is, for convenience, a normalized basis of constant nodal potential, such
that WW7T = 1, thus circumventing the explicit evaluation of Hg;s.. However, for
the complete evaluation of F, one takes account of Hg;sc, as defined in Eq. (24),
and rewrites this equation as

[F H] = [Ffp pr} + [FdiSC Hdisc]
- [Ffp pr} + Hyise [U* I], (26)

since, by construction,
—/ G it dl + U = Hyisc U™ (27)
o

The evaluation of the elements comprised by F¢, involves the same mathematical
considerations as in the evaluation of Hy, in Eq. (24), added to improper-integral
considerations related to u,, as occurs in the evaluation of the single-layer potential
matrix G of the conventional, collocation boundary element method. One sees, once
more, in Eq. (26), that the main-diagonal elements of F cannot be evaluated in the
frame of the integral equations of Eq. (23) — taken as unrelated matrices, both F ¢,
and U = U}, are undefined for m and n referring to the same nodal point.?” This
indeterminacy shall be adequately dealt with as follows.

Returning to the functional statement (22), one obtains for arbitrary variations,
ép* and 4d, two sets of equations:

Fp* =H(d - d"
H'p* =p-p’. (28)

For a finite domain, the matrix H is singular by construction, as formalized in Eq.
(25). As a consequence, there is a normal basis V (then, VVT = 1) such that

HTV =0. (29)

Moreover, it may be verified that, by construction of Egs. (18), in the second of
Eqgs. (28), one obtains

Wi (p-p’) =0 (30)
As a consequence, one must have for physical consistency that also

VTp* =0, (31)
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from which follows, in the first of Egs. (28), that, if F is singular, necessarily
FV = 0. (32)

This equation is the key for the evaluation of the main-diagonal elements of the
matrix F, which cannot be directly obtained by integration, as already discussed.
One is tacitly assuming that, for a simply connected domain, F is singular. Me-
chanical considerations related to this assumption belong to the fundamentals of
the hybrid boundary element method.

Considering the orthogonal properties given by Egs. (31) and (32), one may
solve the first of Egs. (28) for p*, in terms of generalized inverses,?® and introduce
its expression into the second of Egs. (28), thus arriving at the relation

HT (F+VVT)_1H (d—d") =p—p, (33)
in which
Ky =H" (F + va) “H (34)

is a symmetric, positive semi-definite stiffness matrix. As a consequence of Eq. (25),
this stiffness matrix is by construction orthogonal to constant nodal pontentials.

5. Outline of the Simplified Hybrid Boundary Element Method

In a simplified version, the time-consuming evaluation of the flexibility matrix F
of last Section is no longer required. However, as a price for the simplification, one
gives up the complete variational consistency of the original method. As it shall be
outlined, the equations of this method may be settled on bases that are completely
independent from all previously developed boundary element approaches,®=11:27
although keeping conceptual affinity with the variational formulation just presented.
In fact, as it will be outlined in Section 6, the extension of the (variational) hybrid
boundary element method to unbounded regions and to multiply connected domains

has become possible only after the full development of this simplified version.

5.1. Nodal flux equilibrium in terms of virtual work

A set of equations relating equivalent nodal fluxes acting on the boundary to the
concentrated sources p* was obtained as the second of Egs. (28) in the frame of
the hybrid boundary element method, based on the Hellinger-Reissner potential.
However, a conceptually less involved approach suffices one’s purpose in this Section
to arrive at the same result. Given a virtual field of potential du, such that

5% =0in Ty, (35)

Egs. (6) and (7) are equivalent to the virtual work statement

/ (¢ +af) 6, d2 = — / boTdSY — / goudr, (36)
Q Q r
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already assuming that the indicated boundary integration takes into account the
work of the external boundary fluxes 7 carried out along I instead of I'y, considering
Eq. (35). Integration by parts of the term at the left-hand side of this equation and
application of Green’s theorem yield

/ g n;6udl — / q; 0udQ = — / goudl — / q2n,6tdT, (37)
T Q T T

or, substituting for 6% and ¢; according to Egs. (9) and (3), respectively,

(Sdn (/ q;'kmniund]'—‘ *‘/ q;(mﬂi undQ> p;kn -
T Q
od,, (— / qu,dl — / qfn,.undr). (38)
r I

Then, for arbitrary nodal potentials éd = dd,, one obtains the matrix equilib-
rium equation of equivalent nodal fluxes

H'p* =p - p’, (39)

exactly the second of Egs. (28), in which the transpose of the potential transfor-
mation matrix H (defined in Eq. (19)) is an equilibrium matrix that transforms
concentrated sources p* into equivalent nodal fluxes p — p® (defined in Eqgs. (18)).
Observe that Egs. (25) and (29)-(31) remain unchanged in the context of this Sec-
tion.

5.2. Nodal potential compatibility
5.2.1. FEvaluation of potential results in the domain

In the hybrid boundary element method, the constant potential contribution has
to be evaluated explicitly during post-analysis, as no reference has been made to
the constants Cyp, of Eq. (1). The consequences of the following developments are
paramount for the extension of both versions of the hybrid boundary element meth-
ods to infinite domains. In a first step, one replaces «* in Eqg. (10) with its expression
in Eq. (1) and adds a constant potential u°c, where ¢ is a potential parameter to
be evaluated, thus resulting for the domain potential u/:

uwf = u* b = (ul, +u°C,,) pr, +u +ule. (40)

The idea is to evaluate Cp,, as carried out in Subsection 5.2.2, in such a way that
Uy, + uChp, is orthogonal to constant potential and correlate u°c with the amount
of constant potential given by the nodal values d.#1%27 This way of expressing u'
is consistent with the fact that, in the steady state case, the interaction between
the primary unknowns of the problem - the concentrated nodal sources p* and the
nodal potentials d - does only occur in terms of balanced fluxes, as established by
Egs. (28). For the sake of simplicity, one expresses the constant potential ¢ in such
a way that, when evaluated at the nodal points, it reproduces the normalized vector
W of Eq. (25).27
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Equation (40) is valid for the domain 2, as a consequence of the flux assump-
tion therein, whereas Eq. (9) is assumed for the potential along the boundary T
However, one may enforce that both assumptions coincide at the nodal points,

d=(U*+WC)p*+d°+Wc or
Ao = Upin + WinC) P, + i + Wine, (41)

in matrix and index notation, respectively. In this equation, U* is a symmetric
matrix obtained by expressing the fundamental solution u} at the nodal points,
as already introduced in Eq. (24). When m and n refer to the same nodal point,
the corresponding elements can be evaluated by means of a spectral property (to
be explained opportunely). However, supposing that U* is completely known, one
obtains the constant potential parameter ¢ by pre-multiplying both sides of Eq.
(41) by W7 (recalling that W is normalized):

c=WT(d-d") — (WTU*+C)p* or
¢ = Wi (dyy — %) ~ (Wi, Uy + o) 1 (42

Now, substituting this expression into Eq. (40), one obtains the final expression
of displacements at an interior point:

ul = (uy, —u W, Ux Vpr, + ub + u’W,, (dm — dl,’n) . (43)

Observe that the vector C), of constants cancels out in this equation, which is a
substitute for Eq. (40). However, Eq. (43) is still incomplete, as the elements of the
matrix U* = U}, cannot be directly obtained for m and n referring to the same
node. Nonetheless, one applies Eq. (43) to the nodal points, again, to obtain

I—-WwWTd —d®) = 1-wwhHup*, (44)

which is equivalent to Eq. (41). However, the latter equation is conceptually superior
to the former one, as it is explicitly stated that, because of the orthogonal projector
(I— WWT), only a potential field orthogonal to constant potential is transformed,
in accordance with Eq. (39), which only transforms balanced fluxes.

5.2.2. Main-diagonal elements of the matriz of potentials U*

Although the vector C does not take part in the final expression of u/ in Eq. (43), it
can be evaluated, as a means of indirectly obtaining the unknown terms about the
main diagonal of U, . Because p* in Egs. (28) stands for balanced fluxes (according
to Eq. (31)), the term in brackets in Eq. (40) may be enforced to be orthogonal to
a constant field. A reasonable orthogonality criterion is

/ u® (uy, +u°C,,)dl'p;, =0, (45)
r

for any pr,, which leads to, in matrix notation,

C*+CC=0 — C=—(C% 'C~, (46)
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in which
Cc:/ucuch and C*=Cy, :/ucu;‘ndf. (47)
r r

Now, if the term in brackets in Eq. (41) is orthogonal to constant potentials,
the orthogonality criterion (to unbalanced fluxes)

(U* + WC)V =0 (48)

must hold, according to Eq. (31). Moreover, Eq. (48) is the criterion needed for
evaluating the elements of U*, when m and n refer to the same node.®2” For
problems of potential, this equation results in a set of uncoupled equations for each
diagonal element of U*. Consequently, absolute potential results at internal points
can be evaluated according to Eq. (43), which is equivalent to Eq. (40) for C = C,,
given by Eq. (46).

5.3. A stiffness-type matrix

Equations (44) and (39), here gathered as a governing set of equations,
I-WWhHU*p* = I-WWT)(d-d?
H'p* =p-p’, (49)

are the required relations between nodal fluxes and potentials for the formulation
of a general problem of potential. Observe that only potentials orthogonal to a
constant field and balanced fluxes, according to Egs. (30) and (31), are transformed.
Moreover, it is straightforward to obtain from Eq. (48) that, consistently with Eq.
(29),

I-wwhHu*v =o. (50)

Solving for p* in the first of Eqgs. (49), one obtains, in terms of a Bott-Duffin

inverse,?8

p* = (- VVT) [(I ~WwWT)U* + VVT} Ta-wwhd-db), (51

which, when substituted into the second of Egs. (49), leads to the flux-potential
relation

-1
HT [(I ~wwThUu* + VVT] I-WW7T)(d-d* =p-p’, (52)
with the stiffness-type matrix
-1
Kgy = HT [(I ~wWwWhHUr + vvT| a-ww7). (53)

Since the first of Egs. (49) is formulated on the basis of a non-variational approach,
K sy is not necessarily symmetric. However, Kgg tends to become symmetric with
increasing mesh refinement.?” With slight modifications, the formulation of this
paper is also valid for infinite domains (see next Section).
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6. Unbounded Regions

The feasibility of both variational (Section 4) and simplified (Section 5) hybrid
boundary element methods relies on the possibility of evaluating the main-diagonal
elements of matrices F and U*, according to the orthogonality Egs. (32) and (48),
respectively. However, this is only possible if all elements of V are different from
zero. It may be demonstrated that this is always the case for a simply connected,
finite domain.2” For the consideration of infinite domains, on the other hand, the
orthogonality equations are not directly applicable because one can exclude neither
a constant potential nor unbalanced fluxes from the energy considerations when
dealing with this topologically different problem.

Fortunately, there are some simple relations between the matrices obtained for a
cavity in an infinite domain and the corresponding matrices for the complementary
bounded domain. First of all, observe that, in case of an unbounded domain, one
simply writes for the potential

uf =u* b =l pr, + b, (54)

with some amount of constant potential that is implicit in the formulation and
cannot be evaluated. Then, characterizing the matrices for an infinite domain with
an upper bar (), it is possible to demonstrate following relations, given that one
simply reverses the sense of integration in Egs. (23), as well known in the literature
on boundary element methods:®

H=I-H, F=U*-F, (55)

in which I is the identity matrix. From the first of the equations above, together
with Eq. (25), one readily obtains

HW =W, (56)

which is a well known result in the boundary element literature. It is the counterpart
of Eq. (25) for unbounded regions. For the flexibility matrix, on the other hand,
one first adds the product WC, for C given according to Eqgs. (45) - (47), to both
sides of the second of Egs. (55):

(F+WC) = (U* + WC) — F. (57)

Then, multiplying all terms of this equation by V, it follows from Egs. (32) and
(48) that

(F+WC)V =0, (58)

which is the orthogonality condition required to evaluate the main-diagonal ele-
ments of the non-singular matrix F.
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As a consequence, one obtains the sets of equations for unbounded domains, in
both variational and simplified versions of the hybrid boundary element method:
Fp =H(d-d

H p"=p-7, (59)
and

I-WWhHU*p* = I-WWT)(d-d?
=T , _ _
H p*=p-p" (60)

Equation (58) shows that the variational and the simplified versions of the hybrid
boundary element method, as presented in this paper, are interrelated. Some more
conceptual considerations on these methods and other boundary element methods
are reviewed in Dumont.?°

In the case of a multiply connected domain, Eqgs. (32) and (48) are no longer
applicable, as it may be demonstrated that singularities or strong ill condition-
ing related to V unavoidably occur, for nodal points along interior subboundaries,
physically explainable as a topological lack of correspondence between the bases
W and V. The theoretical discussion of this subject belongs to the fundamentals
of the hybrid boundary element method. Nevertheless, the present method can be
applied to a multiply connected domain, if one deals with the problem by super-
posing solutions for finite and infinite domains. Two numerical examples in Section
8 illustrate this possibility.

7. Fundamental Solutions for Nonhomogeneous Materials:
Problems of Potential

In the following brief outline, one shall derive fundamental solutions for problems
of potential that enable considering material properties varying according to three
different patterns. A seemingly exhaustive development with the same goal, as
applied to heterogeneous flows, has already been done by Cheng,?324
of previous theoretical achievements by Georghitza.?!-2? However, the developments
of this Section have been carried out independently and according to an approach
that enables a better understanding of material grading possibilities.?%3! The next
step should be the identification of problems and FGMs that could be dealt with
on the basis of these fundamental solutions.

on the basis

7.1. Governing equations

The present development, as applicable in the frame of the hybrid boundary element
method, relies exclusively on real-variable functions. Time-independent problems
are considered, with material properties varying in the direction z. This is illustrated
in Fig. 1, for the case of two-dimensional problems. As given in the figure, the
problem is described in terms of global coordinates (X,Y, Z) and one is looking for
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Fig. 1. Coordinate systems for the description of an FGM with material property % defined at
Z = Z (global reference), which is equivalent to z = Z (local reference).

a fundamental solution referred to local coordinates (z, y, ), which shall eventually
be changed to either cylindrical or polar coordinates, for the sake of solving the
resulting governing differential equations.

For a steady state isotropic problem, the flux equation, for potential u* =

uw*(z,y, 2), is

I

9 = _k<z)U*vi ) (61)

in which k(z) is the material physical parameter (thermal conductivity, for exam-
ple). As illustrated in Fig. 1, Z is the global coordinate Z of some reference value
k for k(z) corresponding to Z in local coordinates (z,y, z).

The flux balance equation of the problem, in absence of body sources, reads

Then, it follows from Eq. (61)
ku*,; +k,, u*,, =0, (63)
or
* k,z *
U 4 +Tu 'z 0. (64)

7.1.1. Governing equation for 3D problems
Let’s consider a solution u* = u*(zx,y,z) of Eq. (64) in cylindrical coordinates

(p, 8, z) that is independent from the angular coordinate 4, thus satisfying

e 0. (65)

1
U app+pu ,p+u 2z T —— /6

Expressing the potential u* as the product

u” = h(r)p(z) (66)
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and writing r = +/p? + 22 for the radius, one obtains for Eq. (64), after some
manipulation,

2 z 1z b4 k?Z 'z
Bore 4 2hyy vhyy (B2 P2V 2y gy (B2 BaPiz) (67)
r k p/)r P kL p

7.1.2. Governing equation for 2D problems

Let’s consider a solution u* = u*(x, z) of Eq. (64) in polar coordinates (r, §)

1 1 k, . . . cosf
U'*,T'T +—U'*77' +—2’LL*700 +—Z <u " Slne +u »8 ) = Oa (68)
T T k r
as
. . . . cosf
U, =u",rsind +u¥,y (69)
Expressing the potential 6 as the product
u* = h(r)p(rsind), (70)
one obtains for Eq. (68), after some manipulation,
1 k k
h,rr +—h77' +h77‘ —7Z + 2& E + h p7ZZ + —’Z& = O (71)
T k p/)r D E p

7.2. Solution of the governing equations (67) and (71)

For consistency of both Egs. (67) and (71), the following terms, expressed as func-
tions of z, must be constant:

(p,zz + &]ﬁ> = A = Const. and (& + 2&) z = B = Const. (72)
p kop k p

Then, six particular cases may be envisaged, in principle, for the sake of arriving at
feasible variation patterns for the material property k(z), as the constant A may be
negative, positive or equal to zero and the constant B may be equal to or different,
from zero, as outlined in the two first columns of Table 1.

7.2.1. First case: solution of the governing equations for A= —32 < 0,B =0

This assumption leads to the most frequently grading pattern suggested in the
literature on FGMs6:

Dszz 4 k2D, —,82

k

kp k p
22y 21% = 0. (73)
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The general solution of these equations is

= — —2
k = koe 282 (aezﬁz + 1)2 with ko = ke?#% (aeQﬂZ + 1)
1

p = poe’? (ae??? + 1)_1 with py = kg 'eP% (ae?P%0 +1) 77, (74)

in terms of material constants «, 3 and k. The constant kg is expressed in such a
way that k(Z) = k, the physical parameter of the reference layer. Moreover, k(z) is
intentionally expressed as a function of Z = z 4+ Zj, in order to always represent
the same material description regardless of local coordinate reference, according to
Fig. 1. The parameter pg is best assessed after the considerations concerning h{r).

According to the assumptions made in Eq. (73) for the terms in brackets in Egs.
(67) and (71), the function h(r) is solved as

_ C4 cosh (Br) + Ca sinh (8r)
r

2
horr +;h,r —Fh=0=h for 3D problems, (75)

- —i—%h,r —3%h = 0= h = C1Ko(Br) + CaIy(Br) for 2D problems, (76)

where Iy and Ky are modified Bessel functions of order zero. The, in principle,
arbitrary integration constants in the solution of either function A(r) are evaluated
in such a way that

— cosh (r)

h= A7y

for 3D problems, (77)

1

h= o {Kg(ﬁr) + [mé) + 7] Io(ﬁr)} for 2D problems, (78)

in order to correspond to a unitary concentrated source applied at r = 0, regardless
of the value of 8, and to arrive at the homogeneous solution as § — 0.

The potential function uw* = h{r)p(z), as given by Egs. (66) or (70), for 3D
or 2D problems, respectively, also must correspond to a unitary singular source at
r = 0, regardless of the fact that one is dealing with a non-homogeneous material.
This is the way to evaluate pg, as given in the second row of Egs. (74), for both 3D
and 2D cases.

Instead of Eqs. (74), one may write the more restrictive solution of Egs. (73),
corresponding to & = 0:

k=EePCD and p=F efZ+70-22) (79)

This is the case of exponentially graded materials, as given in the literature, for
which real fundamental solutions, as expressed in Egs. (77) and (78) for h{r) and
above, for p(z) and k(z), have already been successfully tested. Equations (74) allow
more flexibility in the variation pattern of &(z).
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Fig. 2. Illustrative variation patterns of the exponential function k(z), as given in the first of
Egs. (74), for some values of o and 3.

Figure 2 displays some variation patterns of k(z), as given in the first of Egs.
(74), in this first case, for some values of & and .

7.2.2. Second case: solution of the governing equations for A= B =0
The simpler assumption

Przz | Koz Poz

p kop

[’Z p’Z

=0

has as general solution

k= ko(aZ +1)* with ko = k(aZ + 1)
p=po(aZ+1)"" with py = ky *(aZo + 1), (81)

2

in terms of material constants o and k. The constant k is expressed in such a way
that k(Z) = k. As in the first case, k(z) is explicitly expressed as a function of
Z = z+ Zy, in order to always represent the same material description regardless
of local coordinate reference. The parameter pg is evaluated according to the same
type of considerations of the first case. The material property k(z) varies as a
second degree polynomial, which approximately represents and is an alternative to
the exponential function of the first case. Notice that aZ + 1 # 0 is a requirement.
The corresponding equations of A{r) in Egs. (67) and (71) are solved as:

2 —1
hyrr +=h,r = 0 => h = —— for 3D problems, (82)
r 4d7r
-1
Pospr +%h,r =0= h= ;(T) for 2D problems. (83)
7r

The integration constants of the solutions above were evaluated in order to enable
the homogeneous solution to be obtained as & — 0, and to correspond to a unitary
concentrated source applied at r = 0 regardless of the value of «.
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Fig. 3. Illustrative variation patterns of the polynomial function k(z), as given in the first of Egs.

(81), for some values of a.

Figure 3 displays some variation patterns of k(z), as given in the first of Egs.
(81), in this second case, for some values of a.

7.2.3. Third case: solution of the governing equations for A= (3> > 0,B =0

An assumption that is an alternative to the first case is given by a signal change:

Drzz &i:52

kp k p

2z 2&:_ 4
AR (84)

The general solution of these equations is

k = kolasin (8Z) + cos (82)]* with ko = k[asin (6Z) + cos (6Z)] -
p = polasin (8Z) + cos (8Z)] " with po = kg Hasin (8Zy) + cos (8Z)] ', (85)

in terms of material constants &, 5 and k. Observe that a coordinate translation is
also possible in this material model, since constants « and § have been adjusted in

order to express k(z) as a function of Z = z + Z;. The corresponding equations of
h(r) in Egs. (67) and (71) are:

2 —
Pyrr ‘l’;h,r +8h=0=h = %ﬁﬂqﬁ) for 3D problems, (86)

o(Bry ()| Jo(6r)
- il : + { 27r}

where Jg and Yy are Bessel functions of order zero. Similarly to the previous cases,
the integration constants of the solutions above have been evaluated in order that
the potential field corresponds to a unitary concentrated source applied at r = 0.

- +%h’r +82h=0=h= for 2D problems, (87)
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Fig. 4. Illustrative variation patterns of the trigonometric function k(z), as given in the first of
Egs. (85), for some values of & and 3.

Figure 4 displays some variation patterns of k(z), as given in the first of Egs.
(85), in this third case, for some values of « and 3.

7.2.4. Solution of the governing equations for other cases: B # 0

The most general set of assumptions for Egs. (72),

Dizz +&I£ Ziﬂ2
h
'z Dz
—— 4+ 2= =A .
( A + » >Z #0 (88)

admit the solutions listed in Table 1 as cases # 4 - 6. Although real mathematical
solutions are found, as summarized in Table 1, they correspond to material variation
parameters k(z) that cannot be expressed as a function of Z = z + Z and are
disregarded as valid FGM fundamental solutions.

7.3. Numerical implementation for 2D potential problems

For all three cases outlined in the previous Section, a numerical implementation

for two-dimensional problems requires the evaluation of the potential «* in polar

coordinates, according to Eq. (70). The flux in the coordinate directions is given as

ou* ou*

= —k(2)—=—,q0 = —k(2)—+

qT ( ) a(r 7q0 ( ) 89

from which it is straightforward to build up the flux normal to the boundary of a
numerically discretized material:

(89)

or 08
4=—trg 5 (90)

for n the unitary vector normal to the boundary.
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For two-dimensional problems (cases 1 and 3), the expression of v* involves
Bessel functions. An adequate numerical implementation requires expanding u*,
gr and ¢g in series of the material parameter 8 in order to explicitly consider the
logarithm term in the numerical evaluation of the matrices F, H, according to
Eq. (23), and C*, Eq. (47), whenever the integration interval comprises the origin.
For the sake of illustration, the expanded expression of v* reads, in case 1:

y BZ,,,Q 3,847“4 11667"6 (1 N 527“2 ﬁ47"4 ﬁ6'r‘6

= 8
A R R U F T 1 e *‘2304>ln(f)+-0(ﬁ ﬂ-

(91)

The terms not affected by In (r) are polynomials that multiply the regular function
p of Eq. (74), accurately evaluated via a Gauss-Legendre quadrature. QObserve that
necessarily k(z) > 0 in the domain. For the flux ¢ in Eq. (90), there is a 1/r
singularity, as related to a homogeneous material. Its numerical evaluation has
been dealt with sufficiently well in the technical literature.

8. Numerical Examples Using Patch Tests

8.1. Irregular-shaped bounded domain with exponentially varying
material property

In the first patch test, a potential source is applied at the indicated point of global
coordinates (0.8, 0.2), in the upper left of Fig. 5, thus generating a potential field
u* given by Eq. (70), for a material with k(z) varying exponentially, according to
case 1 of Subsection 7.2.1, as summarized in Table 1. The material parameters
are o = 0.215, 3 = 1.5 and k = 5.0, for the reference coordinate Z = 0.2, as
given by the diagram in the upper left of Fig. 5. Next, one cuts out the contour
indicated in the same figure and applies the effects of the potential field along the
boundary, considering mesh discretizations with a total of either 15 or 38 almost
equally spaced linear elements along the boundary. Since the numerical results
with the variational hybrid boundary element method outlined in Section 4 are
almost indistinguishable from the results with the simplified version of Section 5,
the latter method has been applied in all examples. In the present example, one
imposes Dirichlet boundary conditions, with nodal potentials d given directly from
the applied source v*, which enables evaluating the force parameters p*, according
to Eq. (44), and directly expressing results at internal points, according to Eqgs. (43)
and (3), in absence of body sources.?”®! In the next three plots of Fig. 5, potential
and fluxes in the directions z and z,

X z yA X
o = —qr — —396,9: = _dr — 396, (92)

as evaluated along the interior dash line segment indicated in the figure for each one
of the discretizations implemented, are displayed for comparison with the analytical
values.
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Fig. 5. Upper left: scheme of function k(z) varying exponentially for o = 0.215, g = 1.5, k=

5.0, Z = 0.2 and irregular contour with indicated singular source; remaining graphics: values of
potential and fluxes along a line segment and equivalent nodal fluxes for two meshes, as compared

with the analytical results.

The remaining two plots at the bottom of Fig. 5 display, for each discretized
mesh, equivalent nodal fluxes evaluated along the boundary nodes as the vector p
in Eq. (39). The analytical values are obtained as the vector p in Eq. (18), for g
the normal flux corresponding to the applied source u*. In the plots, vertical lines
separate each one of the five straight boundary segments of the cut-out, displayed

counterclockwise starting from the origin.
This kind of patch test is very useful because an irregularly-shaped model is

submitted to high gradients and nonetheless an analytical solution is available
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to compare with. Although in this and in the following examples only Dirichlet
boundary conditions have been considered, Neumann boundary conditions, as well
as general mixed boundary conditions can be easily simulated in the patch tests
and lead to similar convergence patterns.?” It is worth noticing that, although for
Dirichlet boundary conditions the second of Egs. (49) is not required, as long as
one is only interested in results at internal points, the evaluation of matrix H is
implicit in the first of Egs. (49), since the matrix V has to be obtained according
to Eq. (29) in order to enable determining the main-diagonal elements of U* in Eq.
(48). Moreover, the displayed numerical comparison of equivalent nodal fluxes ex-
plicitly makes use of all equations involved in the problem, thus almost exhausting
the possibilities of testing the formulation, in this example.

8.1.1. Ezxample with mired boundary conditions

Owing to its variational basis, the hybrid boundary element method considers
Neumann-type boundary conditions in terms of equivalent nodal fluxes obtained
by virtual work. As a consequence, discrepancies in terms of numerical and analyt-
ical nodal fluxes about corner nodes may be observed. The same kind of problem
occurs in the (displacement) finite element method, although it may be avoided,
or at least alleviated, in the conventional boundary element method. Then, it is
expected that imposition of Neumann-type boundary conditions leads to less ac-
curate results in a numerical simulation, as compared with imposition of Dirichlet
boundary conditions. For the sake of illustration, Fig. 6 presents the same exam-
ple of Fig. 5, except that, given the applied source, potential values are prescribed
only along the two first straight boundary segments (starting counterclockwise from
the origin), whereas fluxes are applied along the remaining three segments (dotted
border). To compare the accuracy of the results, the plots of Fig. 6 display the
same kind of results of the corresponding ones of Fig. 5. Although visually almost
imperceptible, the results of Fig. 6 are less accurate.

8.2. Irregularly shaped cavity in an infinite domain —
Exponentially graded medium

In the second example, the same irregular contour (cf previous Section) is con-
sidered as a cavity in an unbounded domain. A potential source is placed at the
indicated point of global coordinates (0.5, 0.7), in the upper left corner of Fig. 7,
generating a potential field u* given by Eq. (70), for a material with &(z) varying
exponentially, according to case 1 of Subsection 7.2.1, as summarized in Table 1.
Material properties are &« = 0, 8 = 1.8 and k = 5, for the reference coordinate
Z = —0.05. Mesh discretizations are the same of the first example.2"3! This time,
potential as well as = and z gradients are evaluated along the external dash line
segment of the figure and displayed in the remaining three plots and compared
with the analytical values. Equations (60), (54) and (3) are used in the numerical
evaluations, in the absence of body sources.
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Fig. 6. Same example of Fig. 5, as described in Subsection 8.1, but considering prescribed fluxes
along the boundary segments marked by dotted lines; remaining graphics: values of potential and
fluxes along a line segment, as compared with the analytical results.

The remaining two plots at the bottom of Fig. 7 display, for each discretized
mesh, equivalent nodal fluxes evaluated along the boundary nodes as the vector p of
Eq. (60) (clockwise) integrated as p in Eq. (39). The analytical values are obtained
as the vector p in Eq. (18), for g the normal flux corresponding to the applied
source u*, exactly as in the previous example, but using clockwise integration. In
the plots, vertical lines separate each one of the five straight boundary segments
of the cut-out, displayed counterclockwise starting from the origin. Once again,
convergence of results and good accuracy is achieved.

8.3. Multiply connected, irregularly shaped domain — Polynomaially
graded medium

A multiply connected, irregularly shaped domain is considered, as illustrated in
the upper left of Fig. 8. A potential source is placed at global coordinates (0.48,
0.34), thus internal to the cut-out, generating a potential field u* given by Eq. (70),
for a material with k(z) varying according to the polynomial pattern of case 2 of
Subsection 7.2.2, as summarized in Table 1. Material properties are & = 4.5 and
k = 50, for the reference coordinate Z = 1.85. Mesh discretizations use 47 and 78
linear elements, of which 10 and 20 elements, respectively, approximate the internal
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Fig. 7. Upper left: scheme of function k(z) varying exponentially for o = 0, 8 = 1.8, k = 5,
Z = —0.05 and irregular contour for a cavity, with indicated singular source; remaining graphics:
values of potential and fluxes along a line segment and equivalent nodal fluxes for two meshes, as

compared with the analytical results.

circle.2” Superposition of effects for bounded and unbounded domains is used in the
numerical evaluations, combining the equations of Sections 5 and 6.

Following the previous schemes, potential as well as z and z gradients are eval-
uated along the dashed line segment of the figure and displayed in the remaining
three plots, for comparison with the analytical values. Moreover, the remaining two
plots at the bottom of Fig. 8 compare numerical and analytical values of equivalent
nodal fluxes, as done for previous examples. The results for the internal circle are
given as disconnected sets on the right-hand-side of the plots. Once again, conver-
gence of results and good accuracy is achieved, particularly considering the high
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Fig. 8. Upper left: scheme of function k(z) varying polynomially for o = 4.5, k=50,Z=1.85
and irregular contour for a multiply connected domain (radius of circular hole is r = .14), with
indicated singular source; remaining graphics: values of potential and fluxes along a line segment
and equivalent nodal fluxes for two meshes, as compared with the analytical results.

gradients introduced and that some results have been evaluated in the vicinity of
the internal boundary.

8.4. Multiply connected, irregularly shaped domain —
Trigonometrically graded medium

A multiply connected, irregularly shaped domain is considered, as illustrated in the
upper left corner of Fig. 9. A potential source is placed external to the cut-out, at the
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Fig. 9. Upper left: scheme of function k(z) varying trigonometrically with o = 1.25, 8 = 1.5,
%k =5, Z = 1.2 and irregular contour for a multiply connected domain (radius of circular hole is
r =.1), with indicated singular source; remaining graphics: values of potential and fluxes along a
line segment and equivalent nodal fluxes for two meshes, as compared with the analytical results.

indicated point of global coordinates (0.7, 0.6), generating a potential field u* given
by Eq. (70), for a material with k(z) varying trigonometrically, according to case
3 of Subsection 7.2.3, as summarized in Table 1. Material properties are o« = 1.25,
B =1.5 and k = 5 for the reference coordinate Z = 1.2. Mesh discretizations use
48 and 76 linear elements, of which 10 and 16 elements, respectively, approximate
the internal circle.?” Superposition of effects for bounded and unbounded domains
is used in the numerical evaluation, combining the equations of Sections 5 and 6.
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Potential, as well as  and z gradients, are evaluated along the dash line segment
of the figure and displayed in the remaining three plots of Fig. 9 for comparison
with the analytical values. The remaining two plots at the bottom of Fig. 9 compare
numerical and analytical values of equivalent nodal fluxes, as done for the previous
examples. The results for the internal circle are given as a disconnected set on the
right-hand-side of the plots. Once again, convergence of results and good accuracy
is achieved.

9. Concluding Remarks

The hybrid boundary element method, both in its variational and its simplified
versions, is extended to potential problems involving nonhomogeneous materials.
As schematically displayed as cases # 1-3 in Table 1 and illustrated in Figs. 3-5,
the present formulation considers a wide range of material properties k(z), which
may vary either exponentially, polynomially or trigonometrically. Several general-
ized patch tests validate the theoretical formulations for bounded, unbounded and
multiply connected domains, including mixed boundary conditions. Future work
includes extension of the hybrid boundary element method to elasticity problems
in FGMs.
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