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Poisson’s ratio is an important factor for fracture of functionally graded materials (FGMs). It may
have significant influence on fracture parameters (e.g. stress intensity factors and T-stress) for a
crack in FGMs under mixed-mode loading conditions, while its effect on such parameters is negligible
in homogeneous materials. For instance, when tension load is applied in the direction parallel to
material gradation, the fracture parameters may show significant influence on the Poisson’s ratio.
This paper uses a new formulation, so-called non-equilibrium formulation, of the interaction integral
method. It also presents a few numerical examples where Poisson’s ratio is assumed either constant
or linearly varying function, and Young’s modulus is assumed to be exponential or hyperbolic-
tangent function.

Keywords: Functionally graded material (FGM}); fracture mechanics; stress intensity factor (SIF);
T-stress; interaction integral; finite element method (FEM); Poisson’s ratio.

1. Introduction

Fracture behavior of isotropic functionally graded materials has been investigated by evalu-
ating mixed-mode stress intensity factors (SIFs)!~7 and T-stress”~!C of a stationary crack.
The above investigations show that variation of material properties, e.g. Young’s modulus,
has a significant influence on both SIFs and T-stress in FGMs. However, when tension load
is applied in the direction parallel to material gradation (see Fig. 1(a}), the more compliant
part of the material may show more contraction than the stiffer part. This behavior affects
the near crack-tip fields characterized by SIFs and T-stress. Such behavior is not observed
for the case where tension load is applied in the direction perpendicular to material grada-
tion (see Fig. 1(b}). Therefore this paper investigates the effect of Poisson’s ratio on both
SIFs and T-stress for the former case (illustrated by Fig. 1(a)}. These fracture parameters
are determined by means of a new formulation of the interaction integral method, which is
called non-equilibrium formulation.

This paper is organized as follows. Section 2 comments on related work. Section 3

presents auxiliary fields for SIFs and T-stress using the non-equilibrium formulation of

tCurrent address: Department of Civil and Environmental Engineering, University of Connecticut, 261
Glenbrook Rd., Storrs, CT 06269-2037, USA.
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Fig. 1. Geometry and loading conditions: (a) load parallel to material gradation; (b) load perpendicular to
material gradation.

the interaction integral (M-integral®) method. Section 4 explains the non-equilibrium for-
mulation. Sections 5 and 6 establish the relationships between M and SIFs or T-stress,
respectively. Sections 7 provides numerical aspects of the M-integral. Sections 8 presents

numerical examples. Finally, Section 9 presents some conclusions of this work.

2. Related work

The interaction integral method is an accurate and robust scheme for evaluating mixed-
mode stress intensity factors (SIFs) and T-stress. The method is formulated on the basis
of conservation laws, which establish a conservation integral for two admissible states of an
elastic solid: actual and auailiary. Yau et al.'® proposed the interaction integral method
for evaluating SIFs in homogeneous isotropic materials. Recently, the interaction integral
method has been investigated for fracture of FGMs and has been extended for evaluating
SIFs%56:9 in isotropic FGMs. Dolbow and Gosz* employed the extended finite element
method (X-FEM); Rao and Rahman® used the element-free Galerkin (EFG) method; and
Kim and Paulino®® used the finite element method (FEM). In addition, the method has
also been used to evaluate T-stress (non-singular stress of the Williams’s eigenfunction
expansion®) in isotropic FGMs®.

The finite element method (FEM) has been widely used for fracture analyses of FGMs.
Eischen! has evaluated mixed-mode SIFs by means of the path-independent J}-integral.
Gu et al.17 have evaluated SIFs using the standard J-integral. Anlas et al.18 have calculated
SIFs by means of the path-independent Jy-integral. Marur and Tippur® have investigated
a crack normal to the material gradient by means of both the FEM and experiments. Bao
and Cail® have studied delamination cracking in a graded ceramic/metal substrate under
mechanical and thermal loads. Bao and Wang?® have investigated periodic cracking in
*Here, the so-called M-integral should not be confused with the M-integral (conservation integral) of Knowles

and Sternberg®!, Budiansky and Rice'?, and Chang and Chien®®. Also, see the book by Kanninen and
Popelar** for a review of conservation integrals in fracture mechanics.
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graded ceramic/metal coatings under mechanical and thermal loads. Kim and Paulino? have
evaluated mixed-mode SIFs by means of the path-independent Jj-integral, the modified
crack closure (MCC), and the displacement correlation technique (DCT). The T-stress has
also been computed by means of the FEM. Becker et al.® studied T-stress and finite crack
kinking in FGMs. Recently, Kim and Paulino® used a unified approach of the interaction
integral method for evaluating SIF's and T-stress in FGMs, and also investigated the effect
of T-stress on crack initiation angles. Due to its generality, the FEM is the method of choice

in this work.

3. Auxiliary fields

The interaction integral makes use of auxiliary fields, such as displacements (u%“*), strains
(e%¥®), and stresses (0%**). These auxiliary fields need to be suitably defined in order
to evaluate mixed-mode SIFs and T-stress. There are various choices for the auxiliary
fields. Here we adopt fields originally developed for homogeneous materials and use a “non-
equilibrium formulation” which accounts for non-equilibrium due to the material mismatch
between the homogeneous and graded materials. The auxiliary fields chosen in this paper

are described below.

3.1, Displacement and strain fields for SIFs

For evaluating mixed-mode SIF's, we select the auxiliary displacement and strain fields as the

Williamns’s'® crack-tip asymptotic fields with the material properties sampled at the crack-

tip location!?!, Fig. 2(a) shows a crack in an FGM under two-dimensional fields in local

Cartesian and polar coordinates originating at the crack tip. The auxiliary displacement

and strain fields are chosen as'®:

KO/U/ZI r KU/M% r
P = 3 ) + S e 6), 1)

1
E%@“ = 3 (u?,?x —l—u?;.“) (Z,] = 1,2), (2>

U,

where utip is the shear modulus at the crack tip, and K¢ and K{” are the auxiliary

mode I and mode II SIFs, respectively, and the angular functions g;(#) are given in many

references, e.g. the paper by Eftis et al.?2,

3.2, Displacement and strain fields for T-stress

For evaluating T-stress, we choose the auxiliary displacement fields as those due to a point
force in the x, direction, applied to the tip of a semi-infinite crack in an infinite homogeneous

body as shown in Fig. 2(b). The auxiliary displacements and strains are obtained according
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Fig. 2. Auxiliary fields for homogeneous materials: (a) Williams’s solution*® is used for SIF evaluation;
(b) Michell’s solution (see the book by Timoshenko and Goodier?®) is used for T-stress evaluation.

to Michell’s solution?3:
F 1 tip .
uge (87:,,:9 ) In 5 - 475“‘, sin? 6
(3)
F tip 1 .
U (SI:r,u,“P Lo+ 475"1, sin @ cos 6
1
EZ’MCL‘ — 5 aua: + uaum) (Z’J — 1’ 2)’ (4)

where F' is the point force applied at the crack tip, d is the coordinate of a fixed point on

the zy axis (see Fig. 2(b)), u#® is the shear modulus at the crack tip, and

(5)

wo ) (3= 1)/(1+vy,) for plane stress
P (3 — 4v,,,) for plane strain.

3.3. Stress fields for the non-equilibrium formulation

In the non-equilibrium formulation, the auxiliary stress fields are chosen as (see Fig. 3):

o = Ciju(x) €1, (6)
which differs from
o = (Cizrt)tip €4°> (7)

where Cji(2) is the constitutive tensor of the actual FGM and (Cjju)1ip is the constitutive
tensor at the crack tip, as shown in Fig. 3. The derivatives of the auxiliary stress field are
given by
0% = Cijiag(®) el + Cijnl) 5
= (Cijrisip 645 + Cighig(2) b + (Cizra(®) — (Cigmltip) €55 (8)
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Fig. 3. Tllustration of the interaction integral formulation considering material nonhomogeneity. Notice that
C(x) # Cyp for & # 0. The area A denotes a representative region around the crack tip.

where the underlined term in Eq.(8) vanishes. Thus the auxiliary stress fields selected in
this formulation (see Eq.(6)) do not satisfy equilibrium, i.e. 0@ # 0 (no body forces or
inertia). This choice of the auxiliary fields has been discussed by Dolbow and Gosz?, but
the interaction-integral formulation was not provided in their paper. This non-equilibrium
in the stress field is considered in the M-integral formulation, which is discussed in detail

below.

4. M-integral: Non-equilibrium formulation

The interaction integral is derived from the path-independent J-integral?* for two admissible
states of a cracked elastic FGM body. For the sake of numerical efficiency, the contour inte-
gral is transformed into an equivalent domain integral (EDI)25. The standard J-integral®*
is given by

J = lim (Wé1; — 55 u;1) ny dll, (9)

—
s s

where W is the strain energy density expressed by

1
W = % = 5 Ciski€riEis, (10)

and n; is the outward normal vector to the contour I';, as shown in Fig. 4.

Applying the divergence theorem and considering that the weight function ¢ varies from
unity at the crack tip to zero on I'g, as shown in Fig. 5, the equivalent domain integral
(EDI) is obtained as:

J= /A (O'ij Uil — W(Slj) q. dA + /A (O’ij Uil — W(Slj),j q dA. (11)
The J-integral of the superimposed fields (actual and suxiliary fields) is given by

JE = J 4 M (12)
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Fig. 4. Conversion of the contour integral into an equivalent domain integral (EDI) where ' = I";, + rt—
T's+ I, m; =n; onI', and mj = —nj on ['s.

Fig. 5. Plateau weight function (g-function).
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where J is given by Eq.(11), J** is given by
1
g = [ o usge ~wesay) g5 da+ [ {og usy - Gogmeya,; | qaa,
A 1 ' ¥

and the resulting interaction integral (M) is given by

1
M= / {a,Ju‘“f’” + 05y — 5(0%5%‘:‘ + a%‘xsik)élj} q,;dA
1
+/ {az]uf“f’” + 05 uiy — Q(Ulksfi“ —|—a“;§“‘s,k)51j} q dA. (13)
g

This derivation is now specialized in the context of the non-equilibrium formulation. Using

the equality

L SQUT . QUT -
013513 =0i €5, (14>

one rewrites Eq.(13) as
M=M + M= / {a,gu‘"fx + 0 u g — aiksﬁmélj} q;dA
+/ oy + o5 Uy — aiksﬁ‘xélj}’j q dA. (15)
Moreover, the last term of the second integral (A3) in Eq.(15) is expressed as

(oikef®015) 5 = (Ouef™) 1 = (04€) 1 = (Cigmeney™ ) 1
= Cyrenely™ + Cynenielf™ + Cijuenell

= Ciniaenesy . + 05 €ij1 + 0zl (16)

Substitution of Eq.(16) into Eq.(15), and consideration of compatibility (actual and aux-
iliary) and equilibrium (actual) (ie. o0;; = 0 with no body force) lead to the following

resulting interaction integral (M)

M= / oijuiy + 05 i — aiksﬁ‘xélj} g;d4

+/ iy wi1 — Cijkl, 1€kl€fjw} q dA, (17)

where the underlined term, which is the non-equilibrium term, appears due to non-equilibrium

of the auxiliary stress fields (see Section 3.3).

5. Extraction of stress intensity factors

The relationship among J-integral and the mode I and mode I stress intensity factors is
established as:

K} + K}

J] local = T

tip

(18)
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where
« ) Biip plane stress
By = {Emp /(1 —=v3,) plane strain (19)
By superimposing the actual and auxiliary fields, and using Eq.(18), one obtains
s (K1 + K§)? + (K11 + K§)?
local — L o (20)
tip
= Jieal T Jlocal T Migeal (21)
where
auz Kauw Kauw
Jlocal - ( L >E* ( ) (22)
tip
and
Mlocal E* (KIKMM + KHKMM)- (23)
tip

The mode I stress intensity factor (Kj) can be computed by setting K$* = 1.0 and
K{* =0.0, ie.

B
_ Thip g (1)
Ky = 5 Mo (24)

Similarly, the mode I stress intensity factor (K7) can be obtained by setting K §** = 0.0
and K#® = 1.0, i.e.

EY
KII tlP M(2>

local”

(25)

115

The relationships (24) and (25) are essentially the same as those by Yau et al.'®, except

that, for the FGM case, the material properties are evaluated at the crack-tip location.

6. Extraction of T-stress

The T-stress can be extracted from the interaction integral by nullifying the contributions
of both singular (i.e. O(r~'/2)) and higher-order (i.e. O(r'/2) and higher) terms. The
M-integral in the form of line integral is obtained as (cf. Eq.(17))%1V

Migeal = Fhmo/ {Uikgglgx(slj —ouly" — Uzy g 1} n; dl. (26)
s—0Jry ’
Here we can consider only the stress parallel to the crack direction, i.e.
oi; = Td1;615. (27)

Using the stress-strain and strain-displacement relationships for the actual fields, one ob-

tains

1+ k() Klx)—3
U = €11 = 771, Ugg = €29 = ———1, ura+ugy =0. 28
8() 8u(x) 28)
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Substituting Eqgs.(27) and (28) into Eq.(26), one obtains

. T .
Migeal = _rhmo . o5 nuy dl = B Fhmo . o ®n; dl. (29)
s s tip s

Because the force F' is in equilibrium (see Fig. 2(b))
F= _FISITO . n; dl, (30)

and thus the following relationship is readily obtained

%

B
T = %Mlocal' (31>

where E:ip is given by Eq.(19).

7. Numerical aspects

For numerical computation by means of the FEM, the M-integral is evaluated first in the
global coordinates (Mglohat) and then transformed to the local coordinates (Moca). Thus
the global interaction integral (M, )global is obtained as (m = 1,2):

0
(M )global = / {Uwua“’“ro“”’”u, — e mj} % dA
j

+/ {U:z]u]z — Uki’m&j&%}iw} q dA, (32)

where (X1, X2) are the global coordinates shown in Fig. 4, and the derivatives of the aux-

&

iliary strain fields of;*¥ must be carefully evaluated as discussed below. The following

transformation (i,7 = 1,2)

cosf  sinf
(Mi)local - aij(a)(Mi)globala aij(e) = |:_ sinf  cos 0:| (33>
allows one to calculate My, as
Migear = (Ml)local - (Ml)global cost + (M2>global sin 0. (34>

For the sake of generality, in this paper we determine derivatives of material properties by
using shape function derivatives of finite elements®26. The derivatives of the auxiliary stress

field are obtained as:
oiys = Cijrrg €5 + Cijrt €515 (35)

A simple and accurate approach consists of evaluating the derivatives of the C tensor (see
Eqgs.(32) and (35)) by using shape function derivatives. The derivatives of a generic material
quantity P (e.g. Cijk1) are obtained as

orP " ON;

X, g X,

P, (m=1,2), (36)
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where n is the number of element nodes and N; = N;(£,n) are the shape functions which

can be found in many references, e.g.?”. The derivatives AN; /90X, are obtained as

ON; /08X, ON;/0¢
=J! (37)
ON;/8Xs ON;/0n

where J~1 is the inverse of the standard Jacobian matrix relating (X7, Xo) with (£,7), ie.

0X,/0¢ 0X3/0¢
J= . (38)
0X1/0n 8Xa/0n

8. Numerical examples

The Poisson’s ratio effect on SIF's and T-stress is investigated by means of the non-equilibrium
formulation of the interaction integral method in the following examples:

(1) Verification example: Inclined center crack

(2) Center crack in an exponentially graded plate

(8) Center crack in a composite plate

The examples are analyzed using the FEM code I-FRANC2DP (Ilinois - FRacture ANal-
ysis Code 2D), which is based on the code FRANC2D?% developed at Cornell University.
The I-FRANC2D special-purpose code has specific techniques to evaluate mixed-mode SIFs
and T-stress in FGMs including the interaction integral method. The I-FRANC2D element

22630 which incorporate the material gradient

library for FGMs consists of graded elements
at the size-scale of the element. The specific graded elements used here are based on the
generalized isoparametric formulation presented by Kim and Paulino?, who have also com-
pared the performance of these elements with that of conventional homogeneous elements
(produces a step-wise constant approximation to a continuous material property field)?2,

All the geometry is discretized with isoparametric graded elements?. The specific el-
ements used consist of singular quarter-point six-node triangles (T6qp) for crack-tip dis-
cretization, eight-node serendipity elements (Q8) for a circular region surrounding the crack-
tip elements, and regular six-node triangles (T6) in a transition zone between regions of Q8
elements (see, for example, Fig. 7).

For verification of the present numerical scheme, the first example is investigated, which
has available semi-analytical solutions provided by Konda and Ergogan®®. Afterwards, in
order to show the effect of Poisson’s ratio on SIFs and T-stress, two more examples are
considered where there is a center crack in a plate subjected to tension load applied par-
allel to the direction of material gradation. The first example investigates exponential

bThe FEM code I-FRANC2D was formerly called FGM-FRANC2D?.
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variation for Young’s modulus, and the second one considers hyperbolic-tangent variation.
Exponentially graded materials have been extensively studied for fracture of FGMs in the

Titeraturel2:4:5,18,26,30—40

A hyperbolic-tangent function is convenient to model material
properties over a wide range from smooth transition to abrupt transition®? (e.g. “bimate-

rial interfaces”).

8.1. Verification example: Inclined center crack

This example serves as a verification example in the present numerical scheme. Konda and
Erdogan 39 have investigated the mixed-mode crack problem in an unbounded nonhomoge-
neous elastic medium considering plane state conditions. The crack is arbitrarily oriented
with respect to the material property gradient. This problem is solved here by means of
the FEM by considering a plate that is large relative to the crack size (a/W = 0.1), as
illustrated by Figure 6(a), which shows an interior inclined crack of length 2¢ with angle
6 in a finite two-dimensional plate, Figure 6(b) shows a complete mesh configuration, and
Figure 6(c) shows a mesh detail using 12 sectors (512) and 4 rings (R4) around the crack
tip. The applied load corresponds to o9a(X1,10) = e0Foe?X1. The displacement boundary
condition is prescribed such that ug = 0 along the lower edge and u; = 0 for the node at the
left hand side. This loading results in a uniform strain £99(X1, X2) = €¢ in a corresponding
uncracked structure.

Young’s modulus is an exponential function of X given by
E(X) = By PX1,

where the nonhomogeneity parameter (3 is given by

1

B g los |

- E(W) } , (39)

E(-W)

which has units [length]~!. The Poisson’s ratio is constant. The typical mesh discretization
consists of 1565 Q8, 173 T'6, and 24 T6qp elements, with a total of 1762 elements and 5344
nodes. The following data were used for the FEM analysis:

a/W =01, L/W =1
Ba =05, =10, Ex =1
6 = 0° to 90°

plane stress and 2 x 2 Gauss quadrature. (40)

Table 1 compares the present FEM results for normalized SIFs obtained by the non-
equilibrium formulation of the M-integral with semi-analytical solutions provided by Konda
and Erdogan®® for various geometric angles of a crack in FGMs. Notice that the present

results for normalized SIFs are in excellent agreement with those by Konda and Erdogan®®.
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2L=20

(c)

Fig. 6. Example 1: FGM plate with an inclined crack with geometric angle 8: (a) geometry and BCs under
fixed-grip loading; (b) typical finite element mesh; (¢} mesh detail using 12 sectors (S12) and 4 rings (R4)
around the crack tips (f = 18° counter-clockwise).
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Fig. 7. Example 2: FGM plate with an inclined center crack. {a) geometry and BCs; (b) complete finite
element mesh (6 = 0°); (c) mesh detail using 12 sectors {S12) and 4 rings (R4) of elements around the crack
tip; (d) contours used for EDI computation.
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Table 1. Example 1: comparison of normalized mixed-mode
SIFs in FGMs for 8a=0.5 (Ko = €9 Eoy/7a) (see Figure 6).

Method 6 | K} /Ko | Kf;/Ko | K; /Ko | Kf;/Ko
0° 1.424 0.000 0.674 0.000
18° | 1.285 0.344 0.617 0.213
Konda & | 36° | 0.925 0.548 0.460 0.365
Erdogan® | 54° | 0.490 0.532 0.247 0.397
72° | 0.146 0.314 0.059 0.269
90° | 0.000 0.000 0.000 0.000
0° | 1.4234 | 0.0000 | 0.6657 | 0.0000
18° | 1.2835 | 0.3454 | 0.6104 | 0.2112
Present | 36° | 0.9224 | 0.5502 | 0.4559 | 0.3625
54° | 0.4880 | 0.5338 | 0.2451 | 0.3943
72° | 0.1451 | 0.3147 | 0.0587 | 0.2670
90° | 0.0000 | 0.0000 | 0.0000 | 0.0000

8.2, Center crack in an exponentially graded plate

This example investigates a center crack in an exponentially graded plate under tension
loading applied parallel to the direction of material gradation (see Fig. 1(a)). Fig. 7(a) shows
a center crack of length 2a located in a finite two-dimensional FGM plate under constant
remote tension, Fig. 7(b) shows the complete mesh configuration, Fig. 7(c) shows the mesh
detail using 12 sectors (S12) and 4 rings (R4) around the crack tips, and Fig. 7(d) shows four
contours used for EDI computation. The applied load corresponds to c93(Xy,L) = o = 1.0.
The displacement boundary conditions (BCs) are prescribed such that uy = 0 and ug = 0
at the left-corner node of the bottom edge and uy = 0 for the nodes of the bottom edge.
The mesh discretization consists of 1639 Q8, 124 T6, and 24 T6qp elements, with a total
of 1787 elements and 5392 nodes.

Young’s modulus is an exponential function of X5 given by
E(Xy) = Ey e°%2,

where the nonhomogeneity parameter 3 is given by

1 B(L)
o= 5 “

which has units [length]~'. The Poisson’s ratio is taken as follows:

o Constant Poisson’s ratio, v(X3)= 0.1, 0.2, 0.3,0.4,0.45

o Linearly varying Poisson’s ratio, v(X3)= (0.2, 0.3,0.4,0.45) — 0.1
The following data were used for the FEM analysis:

a/W =0.08 t0 0.5, L/W =1
Ba = (0.0t00.5), By =1

plane stress and 2 x 2 Gauss quadrature. (42)
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Fig. 8. Example 2: SIFs obtained by the non-equilibrium formulation considering 8a = 0.0 and fa = 0.5,
and various constant Poisson’s ratios (¢ = 0°). Ratio of plate size to crack length is 10.

Poisson’s ratio effect is investigated for a fixed ratio a/W = 0.1, which approximates a
crack in an infinite homogeneous domain. Fig. 8 shows the FEM results for SIFs obtained by
the non-equilibrium formulation of the interaction integral method considering Ba = 0 and
Ba = 0.5, and various constant Poisson’s ratios for § = 0°. For homogeneous materials (8a =
0.0), SIFs are not affected by Poisson’s ratio, however, for FGMs (Ba = 0.5), Poisson’s ratio
has much influence on mode I SIF, i.e. K;. Fig. 9 shows phase angle 4 = tan~' (K 7/ KJ)
obtained by the non-equilibrium formulation considering Sa = (0.0 to 0.5) and various
constant Poisson’s ratios for § = 0°. Notice that Poisson’s ratio influences the phase angle for
FGMs. For the homogeneous case, the phase angle ¢ = tan ! (K;;/K)=0.0 because K7 =
0. However, in the FGM case considering constant Poisson’s ratio, as the dimensionless
nonhomogeneity parameter Ba increases, the phase angle increases with increasing ratio
Kir/Kr. Fig. 10 shows the FEM results for T-stress obtained by the non-equilibrium
formulation considering Ba = 0 and Ba = 0.5, and various constant Poisson’s ratios for § =
0°. Notice that, for homogeneous materials (Ba = 0.0), T-stress is not affected by Poisson’s
ratio, however, for FGMs (Ba = 0.5), it increases as Poisson’s ratio increases. Figs. 11 and 12
show SIFs and T-stress, respectively, calculated by the non-equilibrium formulation for the
right crack tip of a center crack with § = 0° using four contours for EDI computations as
shown in Fig. 7(d). The non-equilibrium formulation is used both considering and neglecting
the non-equilibrium term (see Eq.(17)). Notice that the converged solution for SIFs and
T-stress is obtained when including the non-equilibrium, however, such behavior is not
observed when neglecting the non-equilibrium term. Thus Figs. 11 and 12 show that the
non-equilibrium term must be considered in the M-integral formulation, especially when

finite domains are considered around the crack tip.
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0.2

Phase angle (y)

pa=00

_0'050 005 0.1 015 02 025 03 035 04 045
v {Poisson’s ratio)

Fig. 9. Example 2: phase angle ¢ = tan™"(K;;/K;) for various constant Poisson’s ratios (§ = 0°).

T-stress

—1'10 0.056 01 015 02 025 03 035 04 045
v (Poisson’s ratio)

Fig. 10. Example 2: T-stress obtained by the non-equilibrium formulation considering fa = 0.0 and fa = 0.5,
and various constant Poisson’s ratios. Ratio of plate size to crack length is 10.
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Neglecting non—equilibrium tem ---- —

SIFs

Number of Contours

Fig. 11. Example 2: comparison of SIFs (K1 and Kjr) obtained by the non-equilibrium formulation using
four contours for the right crack tip of a center crack (§ = 0°) (see Figure 7(d)). The non-equilibrium
formulation is used both considering and neglecting the non-equilibrium term (see Eq.(17)).
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Fig. 12. Example 2: comparison of T-stress obtained by the non-equilibrium formulation using four contours
for the right crack tip of a center crack (# = 0°) (see Figure 7(d)). The non-equilibrium formulation is used
both considering and neglecting the non-equilibrium term (see Eq.(17)).
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Table 2. Example 2: SIFs and T-stresses obtained by the non-
equilibrium formulation considering Ba = 0.5 and various sets
of linearly varying Poisson’s ratio for (§ = 0°). The range of
v(X2) is from the bottom to the top.

Case v(X») range K; Krr T
1 0.200.1 1.682 0.219 -0.910
2 0.30-0.1 1.596 0.217 -0.899
3 0.40-0.1 1.518 0.215 -0.893
4 0.45-0.1 1.482 0.215 -0.892
2

_0.5 Il Il Il Il L L L L
0 005 01 0.15 02 025 03 0.35 04 045

v (Poisson’s ratio)

Fig. 13. Example 2: SIFs obtained by the non-equilibrium formulation considering Sa = 0.0 and Ba = 0.5,
and various constant Poisson’s ratios (8 = 40°).

Table 2 shows FEM results for SIFs and T-stresses obtained by the non-equilibrium
formulation considering four sets of linearly varying Poisson’s ratio for § = 0°. Notice
that linearly varying Poisson’s ratio has influence on mode I SIF, however, its influence on
T-stress is somewhat negligible.

The Poisson’s ratio effect is also investigated for a fixed a/W = 0.1 and § = 40°.
Figs. 13 and 14 show the FEM results for SIFs and T-stress, respectively, obtained by
the non-equilibrium formulation considering Ba = 0.0 and Ba = 0.5, and various constant
Poisson’s ratios. Notice that, for homogeneous materials (8a = 0.0), SIFs and T-stress are
not affected by Poisson’s ratio, however, for FGMs (8a = 0.5), Poisson’s ratio has much
influence on mixed-mode SIFs (K; and Kjr), and its effect on the variation of T-stress is
less significant. To allow comparison of results, Figs. 8 and 13 are plotted on the same scale.

The plate-size effect is investigated for different ratios W/a = (2 to 12.5) considering
6 = 0° and various Poisson’s ratio variation (i.e. constant and linear). Figs. 15, 16, and 17

show the FEM results for SIFs obtained by the non-equilibrium formulation for different
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Fig. 14. Example 2: T-stress obtained by the non-equilibrium formulation considering fa = 0.0 and fa = 0.5,

and various constant Poisson’s ratios (¢ = 40°).

Fig. 15. Example 2: SIFs obtained by the non-equilibrium formulation considering 8a = 0.0 (homogeneous
material) and Ba = 0.5 (FGM), and v = 0.30 for various plate sizes.
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2.5

KI and KII

Fig. 16. Example 2: SIFs obtained by the non-equilibrium formulation considering fa = 0.0 (homogeneous
material) and Ba = 0.5 (FGM), and v = 0.15 for various plate sizes.

2.5

KI and KII

Fig. 17. Example 2: SIFs obtained by the non-equilibrium formulation considering fa = 0.0 (homogeneous
material) and Ba = 0.5 (FGM) for various plate sizes. The Poisson’s ratio is assumed constant for the
homogeneous material case (v = 0.225) and it varies linearly for the FGM case (v(X2) = 0.3 to 0.15).



Poisson’s Ratio Effect on Mized-Mode SIFs and T-Stress in FGMs 853

-0.8

T-stress

2 3 4 5 7.5 10 12.5
Wia

Fig. 18. Example 2: T-stress obtained by the non-equilibrium formulation considering Ba = 0.0 (homoge-
neous material) and Ba = 0.5 (FGM), and v = 0.3 for various plate sizes.

ratios a/W considering v = 0.3, v = 0.15, and linearly varying Poisson’s ratios (an averaged
Poisson’s ratio v = 0.225 is used for the homogeneous case), respectively. Notice that, for
each plate size, the Poisson’s ratio has no influence on SIFs for homogeneous case, while
it has significant influence on SIFs for FGM case. For instance, for plate size 2W =
2L = 15 and W/a = 7.5, we have K;=1.801 for all sets of Poisson’s ratio considered for the
homogeneous case, but, for the FGM case, K;=1.673, 1.780, and 1.682 for v = 0.3, v = 0.15,
and linearly varying Poisson’s ratios (v(X3) = 0.3 — 0.15), respectively. Moreover, mixed-
mode SIF's are not sensitive to plate size of 20 x 20 or larger for the homogeneous case,
while the Mode I SIF is dependent on the plate size for the FGM case. The change of
mode I SIF K7 is more significant than the mode II SIF Kjj, especially as the plate size
decreases.

Figs. 18, 19, and 20 show the FEM results for T-stress obtained by the non-equilibrium
formulation for different ratios a/W considering v = 0.3, v = 0.15, and linearly varying
Poisson’s ratios (an averaged Poisson’s ratio for the homogeneous case), respectively. The
effect of the Poisson’s ratio on T-stress become significant as the plate size increases. For
each plate size, Poisson’s ratio has no influence on T-stress for homogeneous case, while
it has an influence on T-stress for FGM case. For instance, for plate size 2W = 2L =
15 and W/a = 7.5, we have T=-1.017 for all sets of Poisson’s ratio considered for the
homogeneous case, but, for the FGM case, 7=-0.9486, -0.9572, and -0.9586 for v = 0.3, v =
0.15, and linearly varying Poisson’s ratios (v{X3) = 0.3 — 0.15), respectively. Moreover,
for homogeneous materials, the T-stress shows little variation as the plate size increases,

however, for the FGM case, the T-stress increases as the plate size increases.
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T-stress

75 10 12.5
W/a

Fig. 19. Example 2: T-stress obtained by the non-equilibrium formulation considering Sa = 0.0 (homoge-
neous material) and Ba = 0.5 (FGM), and v = 0.15 for various plate sizes.

T-stress

7.5 10 12.5
W/a
Fig. 20. Example 2: T-stress obtained by the non-equilibrium formulation considering Sa = 0.0 (homoge-

neous material) and Ba = 0.5 (FGM) for various plate sizes. The Poisson’s ratio is assumed constant for the
homogeneous material case (v = 0.225) and it varies linearly for the FGM case (v(X2) = 0.3 to 0.15).
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8.3, Center crack in a composite plate

Fig. 21(a) shows a center crack of length “2a” in a plate with hyperbolic-tangent variation
of Young’s modulus, and Fig. 21(b) shows the complete mesh discretization, and Fig. 21(c)
shows mesh detail using 12 sectors (S12) and 4 rings (R4) around the crack tips. The
applied load corresponds to 092(Xy,2.5) = ¢ = 1.0. The displacement boundary conditions
(BCs) are prescribed such that #; = 0 and us = 0 at the left-corner node of the bottom
edge and u2 = 0 for the nodes of the bottom edge. The mesh discretization consists of 441
Q8, 122 T6, and 24 T6qp elements, with a total of 587 elements and 1712 nodes.

Young’s modulus is a hyperbolic-tangent function with respect to the global X5 Cartesian
coordinate (see Fig. 22), while Poisson’s ratio is constant. The following data were used for
the FEM analysis:

plane stress, 2 x 2 Gauss quadrature,
a/W =02, L/W = 1.0,
E(Xy) = (Bt + E7)/2 + tanh(BX,)(Et — E7)/2,
Ba = (0.0,2.5), (E~,E*) = (1.00,5.00),
v = (0.0 t0 0.45) (43)

Fig. 23 shows the FEM results for SIFs obtained by the non-equilibrium formulation
of the interaction integral method considering Ba = 0 and Ba = 2.5, and various constant
Poisson’s ratios. Notice that, for homogeneous materials (3a = 0.0), SIFs are not affected
by Poisson’s ratio, however, for FGMs (Ba = 2.5), Poisson’s ratio has much influence on
mixed-mode SIFs, ie. K and Kj;. Comparison between Fig. 8 (exponential variation)
and Fig. 23 (hyperbolic-tangent variation) indicates that as the Poisson’s ratio increases Ky
decreases for the former case, but K increases and decreases for the latter case.

Fig. 24 shows the FEM results for T-stress obtained by the non-equilibrium formulation
considering Ba = 0 and Ba = 2.5, and various constant Poisson’s ratios. Notice that, for
homogeneous materials (8a = 0.0), T-stress is not affected by Poisson’s ratio, however, for
FGMs (Ba = 0.5), it decreases in the form of a half-wave as Poisson’s ratio increases (0.0 to
0.45). Comparison between Fig. 10 (exponential variation) and Fig. 24 (hyperbolic-tangent
variation) indicates that as the Poisson’s ratio increases T-stress increases for the former

case, but it decreases for the latter case.

9. Conclusions

This paper investigates the effect of Poisson’s ratio on both SIFs and T-stress in two-
dimensional (2D) elastic FGMs using the non-equilibrium formulation of the interaction
integral method in conjunction with the FEM. When tension load is applied in the di-

rection parallel to material gradation, the more compliant part of the material may show
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5

2L

()

Fig. 21. Example 3: composite plate with a center crack. (a) geometry and BCs; (b) complete finite element
mesh; (c) mesh detail using 12 sectors (S12) and 4 rings (R4) of elements around the crack tips.
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Fig. 22. Example 3: variation of Young’s modulus (E) with position (X3z).
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Fig. 23. Example 3: SIFs obtained by the non-equilibrium formulation considering 8o = 0.0 and Ba = 2.5,
and various constant Poisson’s ratios.
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-0.756

T—-stress

-1.256

0 005 01 0.15 02 025 03 035 04 045
v (Poisson’s ratio)

Fig. 24. Example 3: T-stress obtained by the non-equilibrium formulation considering Sa = 0.0 and Ba = 2.5,
and various constant Poisson’s ratios.

more contraction than the stiffer part. This behavior affects the near crack-tip fields char-
acterized by SIFs and T-stress. The numerical examples show that Poisson’s ratio has a
significant influence on both SIFs and T-stress for FGMs. Its effect on these parameters
become significant as material nonhomogeneity increases. The type of material gradation
(e.g. exponential or hyperbolic-tangent function) also has a significant influence on such
parameters. Moreover, for the FGM case, the nonhomogeneity parameter introduces a ge-
ometrical length scale, e.g. 1/8 in Eq.(41), and the plate size interplays with such length
scale. For FGMs, the Poisson’s ratio influences the fracture parameters as the plate size
changes, however, as expected, it has no influence for homogeneous materials (see Figs. 15
to 20).

This paper provides useful information on the effect of Poisson’s ratio on fracture pa-
rameters in FGMs. It also emphasizes that more attention needs to be paid to Poisson’s
ratio effect, especially when load direction becomes parallel to the direction of material

gradation.
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