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Abstract

This paper presents a “simple” boundary element method for transient heat conduction in functionally graded
materials, which leads to a boundary-only formulation without any domain discretization. For a broad range of
functional material variation (quadratic, exponential and trigonometric) of thermal conductivity and specific heat, the
non-homogeneous problem can be transformed into the standard homogeneous diffusion problem. A three-dimensional
boundary element implementation, using the Laplace transform approach and the Galerkin approximation, is pre-
sented. The time dependence is restored by numerically inverting the Laplace transform by means of the Stehfest
algorithm. A number of numerical examples demonstrate the efficiency of the method. The results of the test examples
are in excellent agreement with analytical solutions and finite element simulation results.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Recent advancements in material processing technology have enabled the design and manufacture of
new material systems that can withstand very high temperatures and large temperature gradients. Func-
tionally graded materials or FGMs are a new generation of composites where the volume fraction of the
FGM constituents vary gradually, giving a non-uniform microstructure with continuously graded mac-
roproperties such as heat conductivity, specific heat, density, etc. Typically, in an FGM, one face of a
structural component is an engineering ceramic that can resist severe thermal loading and the other face is a
metal which has excellent structural strength. FGMs consisting of heat-resisting ceramic and fracture-
resisting metal can improve the properties of thermal barrier systems because cracking and delamination,
which are often observed in conventional layered systems, are reduced by proper smooth transition of
material properties. Ceramic based FGMs have also been used for thermal protection—see [1]. FGMs are
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being developed as thermal barrier materials for combustion chambers, gas vanes, air vanes, nose cones,
fuel valve sheets and piston crowns which undergo high-temperature gradient and high-thermal cycles in
addition to wear. A comprehensive treatment of the science and technology of FGMs can be found, for
example, in the books by Miyamoto et al. [2], Suresh and Mortensen [3], and the review article by Paulino
et al. [4].

Among the numerical techniques for solution of engineering problems, the boundary element method
(BEM) is a well-established and powerful method with good efficiency and accuracy. The efficiency arises
because only the boundary is discretized and the accuracy comes from the fact that the Green’s function is
used as the weighting function in the formulation.

Steady state heat conduction in non-homogeneous media has been addressed by a few BEM researchers.
Bialecki and Kuhn [7] presented a multi-zone approach where the material property was modeled as
constant in certain zones in the layered media. Divo and Kassab [8] introduced a technique for heat
conduction problems in heterogenecous media based on a fundamental solution that is a locally radially
symmetric response to non-symmetric forcing functions. Shaw and Manolis [9] employed a conformal
mapping technique to solve heat conduction problems in graded materials. Tanaka et al. [10] derived a dual
reciprocity BEM formulation for FGMs. Gray et al. [11] developed a Galerkin BEM formulation by
deriving the Green’s function for steady state heat conduction problem in exponentially graded materials.

Transient heat conduction problems are usually solved using either the time domain approach or the
Laplace transform domain approach. In the time domain approach, a time marching scheme associated with
the BEM solution at each time step is used, and solutions are found directly in the time domain. An
alternative is to employ a transform space approach wherein the time dependent derivative is eliminated in
favour of an algebraic transform variable. However, once the differential system is solved in transform
space, inverse transform is required to reconstitute the solution in the time domain. A review of these
techniques can be found in [5,6] and the references therein.

Sutradhar et al. [6] extended the work of Ref. [11] to transient heat conduction for exponentially graded
materials in three dimensions using the Laplace transform (LT) BEM. The implementation in Ref. [6] is a
pure boundary-only formulation without any domain integral, however it relies on the actual Green’s
function (GF) associated with the function describing the material gradation. Recently, Sladek et al. [12-14]
presented a meshless local boundary integral equation (LBIE) formulation for transient heat conduction
considering exponential material variation. In the LBIE approach, the domain is divided into small circular
sub-domains and on the surface of the sub-domains the LBIEs are written, resulting in a boundary-domain
integral formulation. In each domain, the fundamental solution is related to the corresponding material
constants. A different approach to treat transient heat conduction in non-homogeneous materials can be
found in the book by Divo and Kassab [§].

Recently, Sutradhar and Paulino [15] proposed a simple three-dimensional (3D) BEM where non-
homogeneous problems can be transformed to known homogeneous problems for a class of variations
(quadratic, exponential and trigonometric) of thermal conductivity. The material property can have a
functional variation in one, two or three dimensions. The present work extends the simple BEM concept of
Ref. [15] to transient problems. In the present work, the material density (p) is considered constant, and the
thermal conductivity and the specific heat have been chosen to have the same functional variation so that
the thermal diffusivity x !'is constant, i.e.,

= constant. (1)

! The symbols k and «x should not be confused. Note that k denotes thermal conductivity and x denotes thermal diffusivity.
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This approach has been followed by Sladek et al. [12-14] in developing BEM formulation for transient
thermal problems in FGMs. Carslaw and Jaeger [17] have also assumed the same material variation for
both k(x) and c¢(x) by considering functions of the power law type

k =kox", ¢ = cox", (2)
and linear type
k=ko(l +ax), c=co(l+ ox), (3)

in which kg, ¢y and o are constants. An example of thermal properties for an actual FGM can be found in
the experimental work by Khor and Gu [16], who investigated functionally graded yttria-stabilized ZrO,/
NiCoCrAlY coatings. For this specific material system, the thermal diffusivity is not a constant. However,
the assumption of constant thermal diffusivity in FGMs leads to a class of solvable problems, which allow
development of a boundary-only integral equation formulation without any domain discretization.
Moreover, this method can provide benchmark solutions to other numerical methods (e.g. FEM, meshless,
partition of unity) and can provide valuable insight into the thermal behavior of FGMs.

By using variable transformations, the transient heat equation for FGMs can be converted to the known
standard diffusion equation for three different classes of material variations (quadratic, exponential and
trigonometric). The variable transformation approach has been previously studied for potential problems
by Cheng [18,19], Shaw [20], Shaw and Gipson [21], El Harrouni et al. [22,23], and Li and Evans [24]. Based
on these references, an alternative approach for the BEM formulation is the Green’s function approach [6],
where each different material variation requires a different fundamental solution. Thus, the kernels neces-
sary for the BEM implementation for each case are different. As a result, separate computer codes are
required to deal with individual functional variations. Moreover, if the treatment of singularity involves
analytical integration, then the solution becomes more involved [25]. By means of the variable transfor-
mation approach, which consists of simple changes in the boundary conditions of existing homogeneous
transient heat conduction computer codes, the solutions for non-homogeneous media with quadratic,
exponential and trigonometric material variations can be obtained.

Notice that our previous work [6] was based on the GF approach which could only handle exponentially
graded materials with unidimensional material variation; while the present work is based on the variable
transform approach, which can handle three classes of material gradation (quadratic, exponential and
trigonometric) with multi-dimensional material variation. Moreover, since the diffusion equation for non-
homogeneous materials can be transformed to the diffusion equation for homogeneous materials by means
of the simple BEM concept, standard available BEM codes can be used with elementary modifications. This
nice feature was not possible with the former approach of Ref. [6]. The present manuscript describes how to
do the modifications, which lead to a straightforward numerical implementation.

The remainder of this paper is organized as follows. The basic equations of the diffusion problem are
described in Section 2. The Green’s function for the FGM diffusion equation is derived in Section 3. In
Section 4, the Laplace transform BEM formulation is presented. Section 5 discusses several aspects of the
numerical implementation of the boundary integral analysis including the numerical inversion of the La-
place transform. Afterwards, some numerical examples are presented and verified in Section 6. Finally
concluding remarks are provided in Section 7.

2. Basic equations and the simple BEM concept

The governing differential equation for the transient heat conduction is given by

V- (k5,2 2)V9) = pelry,2) o, @
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where ¢ = ¢(x,y,z;t) is the temperature function, k is the thermal conductivity, ¢ is the specific heat, and p
is the density which is assumed to be constant. Two types of boundary conditions are prescribed. The
Dirichlet condition for the unknown temperature ¢ is

(x,»,2;t) = P(x, ¥, 2 1), (5)
on boundary | and the Neumann condition for its flux is
0p(x,y,z;t)  _
e, = —kx,0,2) PEPED gy 2, ©)

on boundary X,, where n is the unit outward normal to X,. Here a bar over the quantity of interest means
that it assumes a prescribed value. For a well-posed problem X, U 2, = X with X being the entire boundary.
As the problem is time dependent, in addition to these boundary conditions, an initial condition at a
specific time #y must also be prescribed. For simplicity, a zero initial temperature distribution has been
considered, i.e.

(b(x,y,z; tO) = ¢O(x7yaz) = 0. (7)

A non-zero initial condition will introduce a domain integral in the formulation, which can be handled
by domain integral techniques such as dual reciprocity method [26] or particular solution method [27].
By defining a variable

U(x7y’Z) = \% k(x’y7z)¢(x7y’z)’ (8)

Eq. (4) can be rewritten as

. 2 )
Vzli 4 Vk(x,y,z) Vk(xayvz) _ \ k(x,y,z) v = /)C(xa%z) _U (9)
4k2(x3 y? Z) 2k('x’ y’ Z) k(x’y’z) at
or
2 / pc(x,y,z) ov
— b 1
Vv +k(x,y,z)v K(r.y.2) O (10)
where
vy _ V() V() Vk()
k()= - . 11
If the heat conductivity and the specific heat have the same functional variation, say e.g.,
k(%)’az) :kof(x,y,z), (12)
and
c(x,y,z) :COf(xay»Z)v (13)
respectively then by substituting these material expressions into Eq. (10), one obtains
1 ov
v+ K =—— 14
Vi Ky 2o = o, (14)
where the constant thermal diffusivity is given by
o=t (15)

cop’
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If £’ is either zero or a constant, then by introducing another variable substitution
b= ek/’“u, (16)
one gets from Eq. (14)
1 Qu
Viu=-—. 17
TR (17)

This is the standard diffusion equation for homogeneous materials. If a material variation makes
k' (x,y,z) in Eq. (10) zero or constant, then the FGM transient heat conduction, Eq. (4), can be transformed
into the standard homogeneous case given by, Eq. (17).

2.1. Material variations

o If k/'(x,y,z) =0, then k(x,y,z) can be determined according to Eq. (11), i.e.

Vk-Vk Vk

B TR T (18)

In this case, if k(-) varies along the z-direction only, then one gets

k(z) = ko(c1 + ¢22)” (Quadratic), (19)

where ¢ and ¢, are arbitrary constants and ky is a reference value for the function £.
o If k'(x,y,z) = —B, then k(x, y,z) can be determined according to Eq. (11), i.e.

Vk-Vk V’k 5

_Vk_ g 20

4k? 2k b (20)
If k() varies only with z, then

k(z) = ko(are” + a,e )* (Exponential), (21)

where a; and a, are arbitrary constants.
o If k'(x,y,z) = B, then k(x,y,z) can be determined from Eq. (11), i.e.

Vk-Vk Yk
e P (22)

Again, for k() varying only with z,
k(z) = ko(a, cos fz + a, sin fz)* (Trigonometric), (23)

where a; and a, are arbitrary constants.

Notice that for quadratic, exponential and trigonometric variations of both heat conductivity and
specific heat, the FGM transient problem can be transformed into a standard diffusion equation.

2.2. Multi-dimensional material variation

Although in the above discussion, the material properties vary only in one coordinate, the technique can
be applied to materials varying in two or three coordinates as well. For instance, the general expression for
material property variation in three dimensions are given below.
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e Quadratic

k(x,v,2) = ko(a1 4+ axx)* (b, + bay)*(c1 + c22)” and (24)
ko(dy + dox + dsy + dyz + dsxy + deyz + dozx + dgxyz)’. (25)
Here ay, as, by, by, ¢1, ¢3, and d; (i = 1,...,8) are arbitrary constants.
e Exponential
k(x,v,2) = ko(a1e”)* (b1e”)* (c1e7)’. (26)

Here ay, by, ¢, o,  and y are arbitrary constants.
e Trigonometric

k(x,y,2) = ko(a) cos ox + a; sin ax)*(by cos fy + by sin fy)* (¢, cos yz + ¢, sinyz)°. (27)

Here ay, ay, by, by, ¢y, ¢z, o, f and y are arbitrary constants. A numerical example with a 3D quadratic
material variation is included in Section 6.

3. Green’s function (GF)

The GF can be derived in closed form directly for the material property variations presented above
because, by variable transformation the non-homogeneous problem can be transformed into a homoge-
neous problem for which the Green’s function is known. The GF for the non-homogeneous problem is of
great importance for a true boundary-only formulation.

The GF equation corresponding to Eq. (4) is

3G;

V - (k(x,»,2)VGggy) — pe(x,,2) aFtGM =—6(Q—P)o(t— 1), (28)
where Gigy, 1s the GF, 6(Q — P) is the Dirac delta function located at the source point P(xp, yp,zp), and
O(x,y,z) is the field point. By defining the variable v = \/k(x,y,z)Gygy, and substituting in Eq. (28) one
obtains

pe(x,y,z) Qv

kl/z(x,y,z) [V2U + k/U] - m 6_t == —6(Q — P)é(l — t/). (29)

After simplifying, one gets
1 ov o(Q—P)o(t—17)
2 fog 22 2\ “J7\F )
Vv +k'v e K Gem,ypizn) (30)

where, due to the property of the Dirac delta function 5(Q — P), the independent variable of k'/? was

changed from Q to P. If k' is either zero or a constant, then by defining another variable u = e **'v and
using it in Eq. (30) we get
10 o(Q—P)o(t—r
Vzu___“_ (Q )o( ) (31)

K Ot o _kl/z(Xp,yp,Zp)ek/M '

Again, by the property of the Dirac delta function 6(¢ — ¢), a change in the independent variable ¢ to ¢ is
permissible, so that
10 o(Q—P)o(t—t

K Ot _kl/z(Xp,yp,Zp)ek/m/
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The solution of the GF of Eq. (32) can be readily obtained as

M(P, Q) = G;om(Pﬂ Q)kil/z(xP7yP7ZP)eik,Kt,7 (33)
where Gj (P, Q) is the GF of the standard diffusion equation for the homogeneous problem. The GF

corresponding to Eq. (30) is therefore,

v(P, Q) = ""u(P, Q) = Gi,,,(P, Q)™ (xp, yp, zp)e "), (34)
Similarly, the GF corresponding to Eq. (28) is
G;“GM = kil/z(xvyaz)U(Pv Q) = G;om(P7 Q)k71/2(x7y7Z)kil/z(vayPaZP)ek/K<t7t/>' (35)

The time dependent fundamental solution or the GF for the homogeneous problem is [17]

1 2
G; (P, = ¢ (), 36
hom( Q) [47‘[K(l N t,)]3/2 ( )

The GF represents the temperature field at time ¢ produced by an instantaneous source of heat at point
P(xp,yp,zp) at the time #, r is the distance between the source point P and the field point Q. The GF for the
non-homogeneous material problem from Eq. (35) is therefore

Gron(P.0) = — o (37
rom(P; Q) = it — t’)]3/2 K2 (x,y,2)k" 2 (xp, yp,zp)

For the Laplace transform (LT) approach, the GF for the homogenous problem in the Laplace space is

1
G* P — ,Y/KI‘. 38
hom( aQ7S) 47rre ( )

Following the above procedure by incorporating the variable transformations, the GF for the non-
homogeneous material problem in the LT space is derived as

Gy (P, 0s5) = —— e VI (39)
FOMEET T k(x7y7z)]/2k(xP,YP7ZP)I/Z'

Note that by setting &’(x,y,z) =0, p* and —p%, a quadratic, trigonometric and exponential material
variation, respectively, can be obtained (See Table 1).

Although the GF for the FGM problem is given in this section, it is not used in the numerical imple-
mentation. Rather that using the GF for non-homogeneous materials, we employ the simple boundary
element method concept of Ref. [15] and extend the concept to the transient case which allows us to use the
standard GF, (Egs. (36) and (38)), for homogeneous materials.

Table 1
Variable transformation approach
4 Material variation 1D example
0 Quadratic k(z) = ko(cr + ca2)?
B Trigonometric k(z) = ko(a cos Bz + ay sin fz)’

—p Exponential k(z) = ko(are¥ + aye )
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4. Laplace transform BEM (LTBEM) formulation

In the present work, the transformed approach is chosen. As explained in the previous sections, two
variable transformations are used to reduce the non-homogeneous problem to the known standard diffu-
sion problem. The first variable transformation involves only spatial variables (x, y,z) (from ¢ to v—see Eq.
(8)) and the second variable transformation involves only the temporal variable ¢ (from v to u—see Eq.
(16)). Note that ¥’ and k are constants. The LTBEM formulation can be based on either variable u or
variable v. In the following, the LTBEM formulations based on u and v are presented and their relative
advantages and disadvantages are pointed out.

4.1. LTBEM formulation based on the variable u

Let the Laplace transform (LT) of u be denoted by
u(Q,s) = / u(Q,t)e™"dz. (40)
R

Here a tilde ~ over a quantity of interest means LT of the quantity of interest. Thus, in LT space, the

differential equation (17) becomes
V2ii— 2 =0, (41)
K

where zero initial temperature (o = 0 at ¢ = 0) is considered for simplicity.

Following usual practice, the corresponding boundary integral statement can be obtained by ‘ortho-
gonalizing’ this equation against an arbitrary (for now) function f(x,y,z) = f(Q), and integrating over a
bounded volume V

/V 1(0) (vza - %a)dVQ —0. (42)

According to Green’s second identity, if the two functions ¥ and A have continuous first and second
derivatives in V7, then

S R Y
/V(lpv L= INY)dV = [; (lﬁ n A n )dS. (43)
Using this relation and denoting the boundary of V' by X, we obtain the first term of Eq. (42) as,
19— | o2 ou(Q) . . 9f(Q)
[ r@viiar, = [ woviroar,+ [ (f(Q) 19) () ! )dsg, (44)

and using Eq. (43), we get,

0/ <f(Q) MO o) @g;@)dw 0w -2 r0)an. 5)

where n(Q) = (ny,n,,n.) is the unit outward normal on X.
If we select /(Q) = G(P, Q,s) as a GF, then the GF equation is
V2G(P,0.5) ~ -G(P.Q.5) = ~5(Q ~ P), (46)

where ¢ is the Dirac delta function. Thus the source point volume integral in Eq. (45) becomes —u(P). By
means of Eq. (46), Eq. (45) can be rewritten as
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a(P) + /Z (W}a(g)dsgz /Z (P, 0) aaa(’?) ds,. 47)

Accordingly, the GF for the homogenous diffusion equation is given by Eq. (38) as

1 =
aﬂggzﬁffww (48)

4.2. Boundary conditions for formulation based on the variable u

In order to solve the boundary value problem based on the modified variable u, the boundary conditions
of the original problem should be incorporated in the modified boundary value problem. Thus, for the
modified problem, the Dirichlet and the Neumann boundary conditions change to the following form,
respectively:

i=e "5 =e*VEkH(Q,1) on Xy, (49)

ou 1 ok q )
u _ _ q(Q? t) e—k Kt on 22_ (50)

o wwm TR

The boundary conditions must also be transformed into the Laplace space, i.e.

= Vi / P(Q.1)e e dr, 51
eﬁ

ou 1 0k. 1 _ Wt s

a:ﬁ&u—ﬁ/%q(Q,t)e Kite=st dt. (52)

4.3. LTBEM formulation based on the variable v

Let the Laplace transform (LT) of v be denoted by
0(Q,s) = / v(Q, t)e™dt. (53)

If the formulation is based on the modified variable v instead of u, then the differential equation for the
formulation instead of (41) becomes

V%+k%—%ﬁz0 (54)

Following the same steps as before, the final form of the boundary integral formulation becomes

B(P) + /Z (W)ﬁ(g)dsgz /Z G(P, Q)%dSQ. (55)

Here, the GF in the 3D LT space is given by

1 Ty
G<Pa Qa S) =_—¢ HHs/w)r . (56)
47r
Notice that the only difference between the formulations based on the variables u and v is in the Green’s
functions, Eq. (48) and Eq. (56), respectively. They differ in the exponential terms, i.e. —/—k’ + s/« for the
formulation based on v, and —4/s/k for the formulation based on u. This change is very simple to
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implement numerically in order to extend the homogeneous code for FGM problems. The change in the
treatment of the boundary conditions for the formulation based on v is discussed below, and is employed in
the present work.

4.4. Boundary conditions for formulation based on the variable v

The modified Dirichlet and Neumann boundary conditions for the modified variable v are
v="k$(0,t) on X, (57)
and
ov 10k g0

e vk

n 22, (58)

respectively. In the LT space they are transformed as

5= Vkp(0.s) on I, (59)
and

ov 10k g ,
where

&szﬁagmﬂm,angﬁmgmﬂm (61)

Compared to Egs. (49)—(52), the changes herein do not involve an extra exponential function of ¢ to deal
with the Laplace transformation.
For constant values of ¢(Q,¢) and g(Q, t), the expressions (59) and (60) becomes

azx/kw on %, (62)

N

and
% _ 10k g(0.5)
on 2k on svk
Notice that the Dirichlet boundary condition of the original problem is affected by the factor v/k.
Moreover, the Neumann boundary condition of the original problem changes to a mixed boundary
condition or Robin boundary condition. This later modification is the only major change in the formu-
lation.

Another common boundary condition of the original problem is a prescribed relationship between the
potential and the flux (e.g. convective heat transfer problems). The boundary condition of this type is

q = A1¢ + 2, (Robin type). (64)

The corresponding boundary condition for the modified problem is also a Robin boundary condition
similar to Eq. (60), i.e.

B 10k N\, Aa(0s)
%_(%%_M)_ 21, (65)

n Zz. (63)
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4.5. Remarks

The formulation based on u uses the homogeneous GF, Eq. (48), but due to the exponential term e **,
the modified boundary conditions in the LT space, Egs. (51) and (52), include an exponential function of ¢
in the Laplace transformation. On the other hand, the formulation based on v uses a slightly different
Green’s function (the exponential term changes from —+/s/k to —\/—k’ + s/x), but the treatment of the
modified boundary condition does not involve the extra exponential term. For these reasons, we adopt the
LTBEM formulation based on v for the numerical implementation. However, both formulations are
equivalent.

5. Numerical implementation of the Galerkin LTBEM

The numerical methods employed in the current work use standard Galerkin techniques. A brief dis-
cussion of these techniques in the context of the BEM is presented below. It includes the development of the
Galerkin boundary conditions (which is the main consideration in the simple BEM concept), selection of
the boundary element type, treatment of singular integrals and corners, and numerical inversion of the
Laplace transform in the LTBEM framework.

5.1. Galerkin boundary integral equation

Define the collocation BIE as
_ 0G(P, 0, s) \ - o0(Q)
ey =i+ [ (U520 Yoo [ or.0.9% L ag (66)

and thus for an exact solution #(P) = 0.

In a Galerkin approximation, the error in the approximate solution is orthogonalized against the shape
functions, i.e. the shape functions are the weighting functions and the condition Z(P) = 0 is enforced in the
‘weak sense’, i.e.

/ N,(P)#(P)dP = 0. (67)

As a result the Galerkin technique possesses the important property of “local support™ as illustrated by
Fig. 1. The Galerkin technique is especially suitable to treat corners [28]. After replacing the boundary and
the boundary functions by their interpolated approximations, a set of linear algebraic equations emerges,

Shape function N, (P)
\
DDl

A
I

NN
ARk

Fig. 1. The local support of the Galerkin formulation at the source point P.
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H){5) = [G]{ o } (68)

The matrix G is symmetric because its coefficients depend only on the distance (7) between the source point
(P) and the field point (Q), but matrix H is not symmetric because it depends on the normal vector of the field
point (Q). For Dirichlet problems, the Galerkin method gives rise to a symmetric system of equations.

After the boundary conditions of the problems are incorporated to the system, Eq. (68), the matrices can
be reordered in the form

[AJ{X} = [B], (69)

where all the unknown quantities have been collected into the vector X. This system of equations can be
solved by standard solution schemes for linear systems.

In the context of non-homogeneous media a symmetric Galerkin boundary element method (SGBEM)
has been presented recently by Sutradhar et al. [25]. Details of the symmetry property and numerical
implementation can be found in Refs. [29-31]. However, a non-symmetric Galerkin formulation,
employing the singular Galerkin BIE, is adopted in the present work.

5.2. Treatment of boundary conditions

With respect to standard BEM codes the main modification in the implementation of the simple BEM is
to incorporate the boundary conditions for the modified problem. In this section, the necessary modifi-
cations are described.

For the sake of illustration, let us assume three nodes, of which node 1 and node 3 have prescribed
Neumann boundary condition, and node 2 has prescribed Dirichlet boundary condition, i.e.,

g, ¢, gs known quantities,
¢, ¢2, ¢, unknown quantities.

These quantities are transformed into the Laplace space using Eq. (61). In the modified boundary value
problem the variables are ? and 09/0n. The system of algebraic equations in the form of Eq. (68) emerges as,

Hy Hp Hip (o G G Gy 00y /On
Hz] H22 H23 l~)2 = Gz] Gzz G23 af)z/al’l . (70)
Hy Hyp Hy U3 Gy Gn G 03 /0n

By rearranging the equations so that the unknowns are passed to the left-hand side, we can rewrite the
linear system as follows

Hy -G Hy 0y G —Hpy G 00y /On
Hyy -Gy Hxy 00,/0n p = | Gy —H»n G 0y . (71)
Hy -Gy Hy U3 Gy —Hyn G 003 /0n

Using Egs. (59) and (60), we obtain the final form of the set of equations,

Gy Ok G Ok
(Hll_ﬁa) -G (le—ﬁa i N

Gy Ok G,y Ok b Gn —-Hp Gni *:I(S)/\/lz
Hy —Ea) —Gx» H23—§a> ava/an = |Gy —Hp Gxn JVE ¢
(H _ﬁ%) -G (H _@a—") A G e Gal{—gy(s) VA
T 2k on 32 37 9k on
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which is in the form of Eq. (69). We solve these equations for ¥, 03, /0n, and 3; and finally, by using Eqs.
(59) and (60), we obtain

(;51(3) = Z~)1/\/%’

- _ ov, 1 0k.
qa(s) = _\/l;{an_zkan”z}’ (73)

s(s) = B3/ V.

These quantities are the solutions in the transform space. The final step is to invert this quantities back to
the time domain by using numerical inverse Laplace transform technique.

5.3. Boundary elements

The surface of the solution domain is divided into a number of connected elements. Over each element,
the variation of the geometry and the variables (potential and flux) is approximated by simple functions.
Six-noded iso-parametric quadratic triangular elements are used (see Fig. 2).

The geometry of an element can be defined by the coordinates of its six nodes using appropriate qua-
dratic shape functions as follows

= ZN,-m, &)(x1);. (74)

By means of an iso-parametric approximation, the same shape functions are used for the solution
variables (both potential and flux), as follows

=D N, 9)($)

6
=1

~.

=ZN,<n &)(q:)

/ - = X
Z

Fig. 2. A triangle in the 3D space is mapped to an equilateral triangular quadratic element in {#, ¢} space, where —1 <y <1,
0<E<V3(L = [nl).



4524 A. Sutradhar, G.H. Paulino | Comput. Methods Appl. Mech. Engrg. 193 (2004) 45114539

The shape functions can be explicitly written in terms of intrinsic coordinates & and n as (see Fig. 2):
Ni(n,€) = (E+ V31 = V3)(E+V3n)/6, Na(n. &) = (E+ V31— V3)(E = V3n-V3)/3,
Na(n, &) = (€= V31 = V3)(E=V3n) /6, Ns(n,&) = =2£(¢ = V3n—V3)/3, (76)
Na(n, &) = &(2¢ = V3)/3, No(n, &) = =2(& + V30 = V3)/3.

The intrinsic coordinate space is the equilateral triangle with —1 <y <1, 0<E<V3(1— |7 ]).

~ ~—

5.4. Singular integrals

For three-dimensional problems, there are four typical configurations for the two elements containing

the source point P and the field point Q (see Fig. 3), and thus four distinct situations regarding the sin-
gularity must be considered:

Non-singular case, when the source point P and the field point Q lie on distinct elements, that do not
share a common vertex or edge;

Coincident case, when the source point P and the field point Q lie in the same element;

Edge adjacent case, when two elements share a common edge; and

Vertex adjacent case, when a vertex is the only common node between the two elements.

A hybrid analytical/numerical approach using the “limit to the boundary” approach has been adopted

to treat the singular integrals. Details of this technique can be found in the papers by Gray et al. [32,33] and
Sutradhar et al. [25].

5.5. Corners

The treatment of corners in the Galerkin BEM is simple and elegant due to the flexibility in choosing the

weight function for the Galerkin approximation. Corners are represented by multiple nodes, and on each
side different weight functions are used (see Fig. 4). For a mixed corner (flux is unknown in one side of the
corner, potential is known), a non-zero weight function is assigned only on the side where flux is unknown.

()
Edge Adjacent

@
Vertex Adjacent

Non-singular
(@) (b)

Coincident

Fig. 3. Four different cases considered for integration: (a) non-singular; (b) coincident; (c) edge adjacent; and (d) vertex adjacent.
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Weight function N

I

Dirichlet Corner

Double node for edges

(Unknowns are fluxes on each side,

Potential is known)
"’ Dirichlet
V4

} " Weight function Ny
“ Mixed Corner
(Unknown is flux on right side,

N Potential is known)

Multiple nodes when
multiple planes meet

Weight function Ny

mann
Neumann Corner Neuma

(Unknown is potential at corner,
flux is known on both sides)

Fig. 4. Corner treatment in the Galerkin BEM.

For a Neumann corner (flux specified on both sides of the corner, potential is the unknown), the weight
functions are combined together. On a Dirichlet corner (unknowns are flux on each sides, potential is
known) the usual weight functions are assigned on both sides of the corners.

5.6. Numerical inversion of the Laplace transform

In the LTBEM approach, the numerical inversion of the LT is an important issue. For the present
implementation the Stehfest’s algorithm [34,35] has been employed for this purpose. Most of the methods
for the numerical inversion of the LT require the use of complex values of the LT parameter, and as a result
the use of complex arithmetic leads to additional storage and an increase in computation time. The dis-
advantage of using complex arithmetic has been overcome in Stehfest’s method. It uses only real arithmetic
and thus produces significant reduction in storage together with an increased efficiency in computation
time. An useful discussion of the Stehfest’s algorithm, in the BEM context, can be found in Sutradhar et al.
[6] and Kassab and Divo [8].

If P(s) is the Laplace transform of F(¢), then an approximate value F, of the inverse F(¢) for a specific
time ¢ = T is given by

n2 SN - <1n2 )
R== 2 WP\ 1) (77)
r = T
where
o (71)N/2+[ miIIO'ZN/Z) kN/Z(Zk)' (78)
, Sz (N2 =0k = 1) = Bk =)

Egs. (77) and (78) correspond to the final form used in our numerical implementation.
When inverting a function from its Laplace transform, the results for different N should be compared to
verify whether the function is smooth enough, to observe the accuracy, and to determine an optimum value
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of N. Nordlund and Kassab [36] indicate that for sharp discontinuities in the temperature field the Steh-
fest’s algorithm fails. In the present calculations, N = 6 was adopted after varying N from 6 to 10. Moridis
and Reddell [37] and Zhu et al. [38] also found no significant change in their results for 6 <N < 10.
During the inversion process, the sign of the expression under the square root in Eq. (56) i.e.,
—+/—k' + s/1 should not become negative. A few comments on this issue are in order. For the parabolic
material variation &’ = 0, and for the exponential material variation &' = —f*. As a result for these two
cases, the sign of the expression is always positive. However, for the trigonometric material variation, if
K = B*is greater than s /K, then the sign can be negative, but it will depend on a few parameters. Since in the
inversion process the Laplace parameter
In2
s =1, (79)
where T is the specific time for which the solution is sought, there exists a criterion when the sign can be
negative. The critical criterion can be written as
T> ln_z’ (80)
Kp

which occurs for i = 1. The criterion depends on the relative magnitudes of the non-homogeneity parameter
B, the specific time for solution 7" and the diffusivity x.

6. Examples

In this section, a number of test examples are reported, demonstrating the implementation of the above
techniques. To verify the numerical implementation, the following examples are presented:

(1) Cube problem
e material gradation along the z-axis,
¢ 3D material gradation.

(2) Rotor problem

The first example is a cube with constant temperatures in two sides and insulated in all the other sides.
Two different cases are studied for this example by changing the material variation and changing the
boundary conditions. For this problem, all the three kinds of material variation, i.e. quadratic, exponential
and trigonometric, are prescribed. This is a verification problem, in which the numerical solutions are
compared against analytical solutions. The other example is a rotor problem, which is of engineering
significance in the field of functionally graded materials.

6.1. Cube problem

6.1.1. Material gradation along the z-axis

A unit cube (L = 1) with prescribed constant temperature on two sides is considered. The problem of
interest and corresponding BEM mesh is shown in Fig. 5. The top surface of the cube at [z = 1] is main-
tained at the temperature 7 = 100, while the bottom at [z=0] has 7 = 0. The remaining four faces
are insulated (zero normal flux). The initial temperature is zero. Three different classes of variations are
considered. Analytical solutions for the three cases are derived by using the method of separation of
variables.
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Flux=0 (back at Y=1)
Temp=100 (top at Z=1)

(1,1,1)

Flux=0 (left at X=0) Flux=0 (right at X=1)
z

%Y
(0,0,0)

X

Flux=0 (front at Y=0)
Temp=0 (bottom at Z=0)

Fig. 5. Geometry and boundary conditions of the FGM unit cube problem with constant temperature on two planes. The BEM mesh
consists of 294 nodes and 108 quadratic triangular elements.

Analytical solutions
o Quadratic material gradation
Let the quadratic variation of thermal conductivity k(x,y,z) and specific heat ¢(x,y,z) be defined as

k(x,y,2) = k(z) = ko(1 + Bz)* = 5(1 + 22)%, (81)
and
c(x,,2) = ¢z) = co(1 + p2)* = 1(1 +22)%, (82)

respectively, in which f is the non-homogeneity parameter. The analytical solution for temperature is

d)()(j’y’z; Z‘) TlZ 2T1 Z cosnm . %67 ("iﬂ yct) (83)

)

where L is the dimension of the cube (in the z-direction) and

Ty = Vko(1 + BL)T. (84)
The analytical solution for flux is
0¢

q<x7yaz; t) = —k(x,y,z)g

((llJrﬁL )T 2T1 ZCOSHTC . %e,<zﬁz

—s1n<nzz>(1+7ﬁﬂz)>]. (85)

o FExponential material gradation
Let the exponential variation of thermal conductivity k(x, y,z) and specific heat ¢(x, y,z) be defined as

k(x,y,z) = k(z) = koe?”* = 5¢%, (86)

and

c(x,y,2) = c(z) = coe = 1e* (87)

= _k(xyyaz)
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respectively, where f§ is the non-homogeneity parameter. The analytical solution for temperature is

l—e ¥ X 2Teflnncosnn . nnz ( 2 +le)
L) : —pz
O(x,y,z;t) = T1 77 + ;:1 R sin——e"e , (88)

where L is the dimension of the cube (in the z-direction). The analytical solution for flux is

0
‘](X,J/,Z t) = _k(xvyaz)i

0z
2pTe 2 & 2TePlnncosnn - (ﬁwz) Kt (NTC nnz nnz
—k(x,,2) | ———= T Tefe \ 2 (— coOs— — sin—) .
(x y Z) 1 _ eizﬁl‘ - ﬁQLz + n27'c2 L L B L

o Trigonometric material gradation
Let the trigonometric variation of the thermal conductivity k(x, y, z) and specific heat ¢(x, y,z) be defined
as

k(z) = ko(a; cos Pz + ay sin fz)* = 5(cos(0.2z) + 25in(0.2z))*, (90)
and
¢(z) = co(ay cos fz + a; sin fz)* = 1(cos(0.2z) + 2sin(0.22))?, (91)

respectively, where f is the non-homogeneity parameter and a; and a, are constants. The analytical
solution for temperature is

T, sin ﬁz 2T1 NMCOSNTT . NNz —(” z ﬂ2>
X, ¥,z;t) = sin—-¢e , 92
By zl) = fznznz ) (92)
where L is the dimension of the cube (in the z-direction) and
Ty = vV/ko(cos BL + 2sin BL)T. (93)
The analytical solution for flux is
0¢
q(xvyvzv t) - —k(x,y,z)a
B (cot BL+2)TS 2T1 nmCOS N7
= —k(x.,2) [ 3 cos? Bz — 4 cos fzsin fz — 4 \/_ Z nm? — L2
- (ﬁ—/ﬂ) Kt nnz\ nn . (nnz\ f(—sin fz + 2 cos fz)
12 el T it
e (COS( L ) L s1n< L ) (cos fiz + 2sin fiz) > ' 4)

Results. The cube is discretized with 294 nodes and 108 quadratic triangular elements as illustrated by Fig.
5. The profiles of the thermal conductivity k(z) of the three cases are illustrated in Fig. 6. The temperature
profile along the z-axis is plotted at different times for the quadratic, exponential and trigonometric material
variations, and compared with the analytical solutions in Figs. 7-9 respectively. The variation of flux at the
z = 0 surface with respect to time is plotted in Fig. 10 for the three material variations. The variation of flux
at the z = 1 surface is plotted in Fig. 11. The numerical and analytical results are in excellent agreement.
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a0l Quadratic ]

351 1

30 1

25+ 1

20 1

Exponential

Thermal conductivity k(z)

Trigonometric

10+ \ 1
/

5 ‘ ‘ ‘

0 0.2 0.4 0.6 0.8 1
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Fig. 6. Thermal conductivity variation along the z-direction. The quadratic variation is k(z) = 5(1 + 2z)*, the exponential variation is
k(z) = 5¢% and the trigonometric variation is k(z) = 5[cos(0.2z) 4 2sin(0.2z)]’.

100 -~ gem (t=0.002)
9ol ¢ BEM (t=0.005) |
& BEM (t=0.01)
v BEM (t=0.02)
80T « BEM (t=0.05) 1
+ BEM (t=0.1)
70 —— Analytical b
()
5 60 B
®
g 50 E
£
S a0t 1
30 B
20 b
10F ]
0 ‘ ‘
0 0.2 0.4 0.6 0.8 1

z coordinate

Fig. 7. Temperature profile in the z-direction for different time levels for the FGM cube problem with quadratic material variation.

6.1.2. Cube with three-dimensional material gradation
The three-dimensional variation of the thermal conductivity and the specific heat are

k(x,y,2) = (5+0.2x + 0.4y + 0.6z 4 0.1xy + 0.2z + 0.3zx 4 0.7xyz)°, (95)
and
c(x,y,2) = 0.2(5+ 0.2x + 0.4y 4 0.6z + 0.1xy + 0.2yz + 0.3zx + 0.7x)z)°, (96)

respectively. Fig. 12 illustrates the iso-surfaces of the three-dimensional variation of the thermal conduc-
tivity. The BEM mesh and the boundary conditions are shown in Fig. 13.

The initial temperature of the cube is kept as zero. The mixed boundary conditions at the six faces of the
cube are prescribed as follows
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Fig. 8. Temperature profile in the z-direction for different time levels for the FGM cube problem with exponential material variation.
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Fig. 9. Temperature profile in the z-direction for different time levels for the FGM cube problem with trigonometric material variation.

$(0,,2) =0
g(1,y,2) = —k(l,y,z)%’xy’z) = —0.229(25 4 2y + 3z + z),
$(x,0,2) = 0,
g(x,1,2) = —k(x, 1,2) %yﬂ) = —0.1x2(50 + 2x + 6z + 3xz), 67
P(x,»,0) =0,
0¢(x,y,2)

g, y, 1) = —k(x,», 1) = —0.1xy(50 + 2x + 4y + xy).

Oz
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Fig. 10. Variation of flux at z = 0 surface with time for the three variations.
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Fig. 11. Variation of flux at z = 1 surface with time for three types of material gradation.

The cube is discretized with 294 nodes and 108 quadratic triangular elements. For verification purposes,
the BEM result is compared with the finite element simulation performed by the commercially available
software ABAQUS. In the FEM simulation 4961 nodes and 1000 20-noded brick elements were used. The
temperatures at (1,1, 1) and (0.5,1,0.5) (center of the ¥ = 1 plane) are plotted against time and compared
in Fig. 14. The results show good agreement. Note that the point of interest at (1, 1, 1) is a corner node with
Neumann boundary condition in all three associated planes and only three elements are used in each
direction in the cube. Flux values at (0.5,0,0.5) (center of the ¥ = 0 plane) are plotted against time and
compared with the corresponding FEM solution in Fig. 15. These results are also in very good agreement.
In general, conventional FEM software (including ABAQUS [39]) use homogeneous elements with
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Fig. 12. Representation of iso-surfaces for the three-dimensional variation of thermal conductivity k = k(x,y,z).

Flux=-0.1xy(50+2x+4y+xy) (top at Z=1
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Temp=0 (left at X=0) Flux=-0.2zy(25+2y+3z+zy) (right at X=1)

i (0,0,0)
Y
Temp=0 (front at Y=0)

X Temp=0 (bottom at Z=0)

Fig. 13. The geometry, boundary conditions and the BEM mesh of the FGM unit cube problem with 3D material variation.

constant material properties at the element level. In order to incorporate the functional variation of the
material at the finite element level, a user subroutine UMATHT [15] was developed for ABAQUS [39]. By
means of this sub-routine, functional variations of thermal conductivity and specific heat can be included
within an element by sampling the material property at each Gauss point. Graded elements approximate
the material gradient better than conventional homogeneous elements and provide a smoother transition at
element boundaries. Further investigations on graded elements can be found in the papers by Santare and
Lambros [40] and Kim and Paulino [41] for 2D problems, and in the paper by Walters et al. [42] for 3D
problems.

6.2. Rotor problem

The last numerical example is an FGM rotor with eight mounting holes having an eightfold symmetry.
Due to the symmetry, only one-eighth of the rotor is analysed. The top view of the rotor, the analysis



A. Sutradhar, G.H. Paulino | Comput. Methods Appl. Mech. Engrg. 193 (2004) 4511-4539

0.14

0.12

©
o

Temperature

Fig. 14. Variation of temperature with time at (1,1, 1) and (0.5,1,0.5).
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Fig. 15. Variation of flux with time at (0.5,0,0.5).
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region, and the geometry of the region are illustrated in Fig. 16. The grading direction for the rotor is

parallel to its line of symmetry, which is taken as the z-axis.
The thermal conductivity and the specific heat for the rotor vary quadratically according to,

k(z) = 20(1 + 420.7z)’,
and
c(z) = 5(1 + 420.7z)°,

respectively.
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Fig. 16. Geometry of the functionally graded rotor with eightfold symmetry.
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Fig. 17. Profile of thermal conductivity and specific heat along z-direction. The quadratic variation of the thermal conductivity and
specific heat are k(z) = 20(1 4 420.7z)” and ¢(z) = 5(1 4 420.7z)’, respectively.

The profile of the thermal conductivity k(z) and the specific heat ¢(z) of the variations are illustrated in
Fig. 17. The temperature is specified along the inner radius as Tier = 20 + 1.25 x 10°(z — 0.01)2 and outer
radius as Touer = 150 + 1.25 x 10%(z — 0.01)*. A uniform heat flux of 5 x 10 is added on the bottom surface
where z = 0, and all the other surfaces are insulated. The BEM mesh employs 1584 elements and 3492
nodes. A schematic for the thermal boundary conditions and the BEM mesh employed is shown in Fig. 18.
Here the solution of the problem is verified with the commercially available software ABAQUS using the
user-defined subroutine UMATHT of Ref. [15]. The FEM mesh consists of 7600 20-noded brick elements
(quadratic) and 35,514 nodes. The mesh discretization is summarized in Table 2. The FEM mesh is shown
in Fig. 19, which is intended simply to provide a reference solution against which the BEM results can be
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Fig. 18. Thermal boundary conditions and the BEM mesh on the rotor.
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Table 2

Mesh discretization by means of BEM and FEM for the rotor problem
Method Nodes Elements Element type
BEM 3492 1584 T6
FEM 35,514 7600 B20

Y

¢

Fig. 19. The FEM mesh with 7600 20-noded brick elements and 35,514 nodes.

compared to. The temperature along the radial direction at the straight edge located at z = 0.01 is plotted
and compared with the FEM results at different times in Fig. 20. Fig. 21 shows the comparison of the BEM
and FEM results for the temperature around the hole at different times. Contour plots of the temperature
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Fig. 20. Temperature distribution along the right top edge (indicated by the arrow).
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Fig. 21. Temperature distribution along the circular contour around the hole on the top face.

distribution at different time levels are shown in Fig. 22. The radial heat flux at the right interior corner is
plotted at various times in Fig. 23. All the results obtained with BEM and the FEM are in good agreement.

7. Conclusions

By means of a simple variable transformation, transient heat conduction problems in functionally
graded materials for three different classes of material variation (quadratic, exponential, trigonometric) can
be transformed into the homogeneous diffusion problem. Moreover, the material variation can be in one,
two or three dimensions. With easy changes in an existing BEM code for homogeneous materials, the FGM
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Fig. 22. BEM contour plot of the temperature of the rotor at different time levels.

transient heat conduction problem with constant diffusivity can be solved. A Laplace transform Galerkin
BEM formulation has been presented in order to implement the methodology, however, the idea is also
applicable to collocation BEM, symmetric Galerkin BEM or meshless BEM. The results of the present
BEM numerical simulations show excellent agreement with analytical solutions and FEM simulations. The
numerical inversion of the Laplace transform using Stehfest algorithm yield accurate results. Future work
involves extension to crack problems.
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