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1 Introduction are admissible, but otherwise arbitrary functions of time. For con-
g?nience of presentation, let this class of viscoelastic materials be

Th_e present study is motivated by a recent investigation called the “separable class.” Thus the rest of the materials consti-
Paulino and Jir1] on the correspondence principle in function-

d ) -_tute the so called “inseparable class.” Paulino and Jin have ap-
ally graded_ mate_rlal(sFGMs), as d_l_scussed below. Such _materlal lied the correspondence principle to this “separable class” of
are those in which the composition and volume fraction of t

. = . - EGMs to study crack problems under antiplane shiga6], and
constituents vary gradually, giving a nonunlform mlcrOStrUCtur|‘?1-plane loading[7]. Other authors studying crack problems in
\(/:Vrllt:nizgmjr:ggﬂasrgs %ﬁg&% Ealigﬂ:pﬁészsbe\g?c;?j ditggrrpoorrlﬁbnhomogeneous viscoelastic materials have directly solved the

o . X overning viscoelastic equations without using the correspon-
ample, constitutive modeling?2], thermal stresse$3], fracture j(o g q g P

! ; - . dence principle. For example, Schovanec et al. have considered
behavior,[4], viscoelastic fracture,5—7], time-dependent stress _,_.: ot :
analysis, [8]. strain gradient effects[9], plate bending,[10], stationary cracks|15], quasi-static crack propagatiofi6], and

dynamic crack propagatiofil 7], in nonhomogeneous viscoelastic

higher order theon{11], and so on. Comprehen§|ve FEVIEWS Oftyedia under antiplane shear conditions. Schovanec and Walton
several aspects of FGMs may be found in the article by Hil2), 1,50 4150 considered quasi-static propagation of a plane-strain
the chapter by Paulino et dl13], and the book by Suresh andy,,ge | crack in a power-law inhomogeneous linearly viscoelastic
Mortenser{14]. . L ) .. body,[18], and calculated the corresponding energy release rate,
One of the primary application areas of FGMs is highryg)" ajthough a “separable class” of viscoelastic materials were
temperature technology. For example, in a ceramic/metal FGIY, gied in Refs[15] to [19], no use of the correspondence prin-
the ceramic offers thermal barrier effects and protects the mefal o \was made in their wé)rk. As a result, the mathematical cal-
from corrosion and oxidation while the FGM is toughened andjations in these papers become quite complicated and involved.
strengthened by the metallic composition. Materials will exhibit }; ;o important to mention some older work related to the sub-
creep qn_d stress relaxation behav_ior at high temperatures. Yé?:t of this paper. Hilton and Clementg20] and Hashiri21] have
coelasticity offers a reasonable basis for the study of phenomeigysigered viscoelastic problems with piecewise constant proper-
logical behavior of creep and stress relaxation. The correspqpss. Their problems are not directly relevant to the case of con-
dence principle is probably the most useful tool in wscoelastlcnt)ynuous|y varying elastic moduli under consideration in the
because the Laplace transform of the viscoelastic solution canﬁ@sem work. Schapef22] has, in fact, considered the continu-
directly obtained from the existing elastic solution. The viscoela§U5|y varying case in which thspatially variablg elastic moduli
tic correspondence principle, unfortunately, does not hold, in gegrso depend on the Laplace transform paramstdihe present
eral, for FGMs. Paulino and J[i1], however, have proved that the\york is concerned only with thesual class of nonhomogeneous
correspondence principle of viscoelasticity and thermoviscoelagastic materialsin which the moduli are functions only of the
ticity is valid for a class of FGMs where the relaxation functiongpatia| coordinateg, not of time or of the Laplace parameter.
@n shear and dilatationy(x,t) andK(x,t), have separat_)Ie forr_ns, The present paper supplements that by Paulino andLJlift is
e, u(x)=wu(x)g(t) and K(x,t)=K(x)f(t), respectively, in first shown that the success or failure of the correspondence prin-
whichx denotes Cartesian coordinatess time, andf(t) andg(t)  ciple for linear nonhomogeneous viscoelastic materials rests upon
—_ the forms of the spatial derivatives of the relaxation functions,
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2 The Viscoelastic Correspondence Principle for Func- ANX)=SN(X,S), w(X)=Su(X,s) @)
tionally Graded Materials

Some of the governing equations for nonhomogeneous isotro-
pic linearly elastic and viscoelastic materials, under quasi-staticA sufficient condition for the validity of the correspondence
deformation, in the physical and Laplace transformed domairgjnciple is fulfilled by the “separable class” of linear viscoelastic
are outlined below. The standard equations for homogeneous viaterials where
coelastic materials are available in many references, e.g., Chris-

Ni()=8N(6S),  mi(X)=Smi(X,S). ®)

tenser[23]. A H)=N)h(t), u(xt)=u(x)g(t). (9)
N
2.1 Elasticity. The well-known constitutive equation for ow _ _ . .
linear elastic behavior is NX,8)=A(X)h(s), u(x,8)=u(X)g(s) (20)
a'ij(x,t)=)\(x)skk(x,t)5ij+2,u(X)sij(X,t) (1) SO that
Wherea_ij andegj; are components of the stress and strain tensors, Xi(X,S)Z)\,i(X)ﬁ(S), ,LT,i(X,S)=,u,i(X)§(S)- (11)
respectively,\ and u are Lameparameters andj; are compo- o ) .
nents of the Kronecker delta. It is useful to note thatK Therefore, for this “separable class” of materials, E6) be-

—(2/3)u whereK and . are the bulk and shear moduli, respectOmMes
tively, of the material.

Taking Laplace transformévhen they exist defined asf_(s) _ T
= [5f(t)exp *tdt, (1) becomes + A i(X)N(s)e(X,9) + 251 ;(X)g(S)&ij(x,9).  (12)

711 (%,8) =N (X)e(X,8) & + 2(X) £15(X,9). ) With the replacement&’) and(10) for the relaxation functions,

and(8) and(11) for their derivatives, Eq93) and(12) are com-

Applying the equilibrium equatior(in the absence of body patiple; therefore, the correspondence principle is valid for this
forces in the Laplace transform domain {@), one obtains “separable class” of viscoelastic materials.

0=SN(X)N(8) By i(X,5) + 25(X)G(S) e} (X,S)

0= (X,8) = M(X) ekki(%,5) + 2 (X) ij j(X,5) + N i(X) e X,S) 2.5 Failure of the Correspondence Principle for the “In-

+2u(X)ej(X,9) (3) separable Class™. Itis now observed that the replaceme(its
which work for homogeneous problems, do not, in general, work
where () ;=3(-)/dx; . in the inseparable case. The reason for this is that the replace-

2.2 Viscoelasticity. This time, the integral form of the con- ments(8) are, in general, inconsEtent, in the sense that the spatial
stitutive equation, with relaxation functiongx,t) andw(x,t), is dependence ok ;(x,s) and (or) u ;(x,s) can be quite different
from those(thad of A ;(x) and(or) u ;(X), respectively. This issue
is rather subtle and the failure of the correspondence principle for
the inseparable case is demonstrated by means of a simple ex-
ample in Section 3 of this paper.

t ﬁekk
aij(x,t)= O}\(X,t— 7) ?(x,r) 5;dr

t (?Sij
+2foﬂ(x't_7)ﬁ(x’7)d7 (4) 3 An lllustrative One-dimensional Example

This section presents a simple one-dimensional exartgade

and its Laplace transform is Fig. 1), considering exponentially graded properties, to illustrate

Fij(x,s):s:(x,s)?kk(x,s) 8ij+2su(x,5)ei(X,9). (5) the various issues regarding the validity or not of the correspon-
) o ) ) dence principle for viscoelastic functionally graded materials
Applying the equilibrium equation t¢) results in (FGMs). Materials with exponential gradation have been widely

used in the technical literature—see, for example, Réf3,14].
In the present example, closed-form solutions are obtained for a
+ SN (X,S) e X,5) + 2s(x,8)&j(X,S). (6) Nnonhomogeneous Maxwell material under tensile loading ¢aith
' ' a separable antb) an inseparable relaxation function. Two types

2.3 Range of Validity of the Correspondence Principle of boundary conditions, displacement prescribed and mixed, are
Consider a nonhomogeneous isotropic linear elastic material witonsidered here.
shear and bulk moduli(x) and K(x), respectively. Now consider . L . .
a boundary value problem for a body B with a fixed bound#y 3.1 Relaxation Func_tlon in Ten5|_on. Consider a nonhomo-
composed of this material. LeB, and dB, (#B=JB,UdB,) be 9eneous Maxwell material with tensile parametg(x) and 7(x)
parts of the boundary on which the displacements and tractiors ShOWn in Fig. (). The relaxation function of this material in
respectively, are prescribed. It is also assumed &y and 9B, €nsion, together with its Laplace transform, 4@,

0=} j(X,5) =S(X, ) e 4ei(X,8) + 25(x, ) &5 (%,5)

do not vary in time. The applied boundary displacements and/or — _

. ; ! ; E(Ot E(x)
tractions are allowed to be (slowly varying) functions of time E(x,t)=E(x)ex ol E(x,s)= m
therefore, the fields in B—displacement, strain and stress, can also 7(X) s+EX)/n( (13

be functions of time. Inertia and body forces are neglected here. In

this situation, the usual (quasi-static) viscoelastic correspondenceTwo cases are considered next:
principle remains valid in general in the separable case, i.e., (a) separableE(x)=Eqye™**, n(x)= noe” **.

when the (viscoelastic) relaxation functions in shear and in dila- (b) inseparableE(x) =Eqe™ %, 5(X)= 7,.

tation have the formgu(x,t) = u(x)g(t), K(x,t)=K(x)f(t), re- In the aboveE,, 7y, anda are material constants. Notice that
spectively, where f(t) and g(t) are sufficiently well behaved buthas unitg length ~* and thus 14 expresses the length scale of

otherwise arbitrary functions of time. For the inseparable caseahomogeneity. Such an additional length scale characterizes an
the viscoelastic correspondence principle is not valid in generaEGM and influences its material behavior.

o 2 R f Validity of Principl
2.4 Success of Correspondence Principle for the “Sepa- 3 ange of Validity of Correspondence Principle

rable Class”. The crucial step is a comparison of Eg8) and Separable Class. For case(a), which belongs to the “sepa-
(6) and the replacements: rable class,” one has
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__%%L x=0,u=0

X,Uu
L
o I\/\I I_l L. X:L
|_| u=vt or
E (x) N G=0,t

Fig. 1 One-dimensional example; (a) nonhomogeneous Maxwell material;  (b) bar un-
der tensile loading

SE(x) Case (a) “Separable Class"—Viscoelastic SolutiorThe vis-
STE T (14)  coelastic solution for this case is obtained easily by applying the
0’70 correspondence principle. Carrying out the replacement
sE'(x)

el S SE(x) sEe” ¥
s+Eg/no’

E(X): EoeiaX:SE(X,S): s+ E0/770 - s+ E0/7]0 '

E(x):sE(x,s)z

(15)

9 —
E (x):sﬂ E(x,s)=

In this case, the replacements #©(x) andE’(x) are consistent

(see Egs(3) and(12)) and the correspondence principle remaincs)ne gets
valid. _ aEqug
o(x,s)= T ,
Inseparable class. Now s[s+Eq/mol[e*—1] 21)
— sE(x) sEe™ @70V 0o
= = X,t) = —r—=[1—exp(— Ept/ .
E(x)=SE(X,8)= o7 B0l 70~ ST (Eolme ™ (16) a(x,t) [e Lfl][ p(—Eot/70)]
A consistent replacement f@&' (x) should be As expected from the correspondence principle, the solutions for
, o e(x,t) and u(x,t) can be easily shown to be the same as the
sE'(x) —askge elastic solutions (2@)and (20) .

J —
; = —=#Ss—E(x,8). (17)
STE'()/mo s~ a(Bolmo)e x Case (b) “Inseparable Class™—Viscoelastic Solutiorit is

This time, the replacements f&i(x) andE’(x) are not consis- easy to show that, in this case, an attempt to apply the correspon-
tent. As a result, the correspondence principle fails in the insegdence principle fails. One gets a stress solution that is a function
rable case. of x, and, therefore, does not satisfy equilibrium.

The boundary value problem to be solved is defined by the
3.3 Tensile Loading on a Maxwell Bar With Displacement equations(see Fig. 1a))

Boundary Conditions. A bar, made of Maxwell material, is

loaded in tension as shown in Figll The lateral surface of the do . _ _du
bar is traction free—so that theg{)rziy nonzero stress g x,t) W(X’t)_o’ s(xt)= 5()('0 (22)
=g(x,t). The boundary and initial conditions on the axial dis- £ 5
placemenu(x,t) are a—o(x,t)+ (—X)O'(X,t)=E(X)—8(X,t) 23)
U0 =0, u(L,t)=vet; u(x,00=e(x,00=0(x,0=0 N 7(X) N
(18) together withE(x)=Ege™**, n(x)=17, and the boundary and
whereu,, is a constant. initial conditions(18).

Taking the Laplace transform @23), one gets
Elastic Solution. Using the usual equatiorieeres(x,t) is the —

. . _ E , — _
axial strai a(x,5)= % = SE(x,5)8(X,S). (24)
Ju(x,t)
e(x,t)= x The stress must satisfy equilibrium (32)i.e., it must be inde-

(19) pendent oix. Therefore, one can write
o Ju(x,t) do(Xx,t) o _ _ —

o(X,t)=E(x)e(x,t)=Eqe e X a(Xx,8)=sC(s), &(x,5)=C(s)/E(X,s) (25)
together'with the boundary and initial conditiofis8), one gets gﬁ:;e the functiorC(s) must be obtained from boundary condi-
the solution Integrating (25) with respect tox, and using the boundary

e”—1 avgte™ aEquot conditions in(18), one has
R P et _ f CO) 1 % oot g
u(L,s)= X=—=, S)=—Z——
. . - (20) _ 0 E(x,9) s? S2I(s)
Note that since the stress must satisfy the equilibrium equation
dalax(x,t) =0, it must be independent of wherel(s), with E(x)=Eqe~**, n(X)= 7o, is
Journal of Applied Mechanics MAY 2003, Vol. 70 / 361
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L
= (e*t— —_
0 E(x,s) an(e b+ o 27) In a recent paper in this journal, Paulino and Jij have

. proved that the viscoelastic correspondence principle is valid for a
From (25), (26),, and(27), one obtains the Laplace trans-class of functionally graded materialEGMs) with separable re-
form of the stress, and then the stress as a functionaoidt. The |axation functions. The present paper revisits this issue and exam-

) JL dx s 4 Concluding Remarks
S =

result is ines the reasons behind the success or failure of the correspon-
dence principle for viscoelastic FGMs. While material
F(x.8)= Yo Co(xit)= M[l_e—bt] nonlinearities, moving boundaries, or moving lo4fts examplé
ol L are well-known reasons for the failure of the viscoelastic corre-
S a_Eo(e -+ % spondence principle, to the best of the authors’ knowledge, the

(28) reasons for the failure of the principle due to continuously spa-
tially varying material(elastic and viscoelasfigroperties have
whereb=aLEq/[ 7o(e**—1)]. With o(x,t) determinedg(x,t)  not been discussed before in the literature. Schajyhas con-
is obtained directly from the viscoelastic constitutive E23). sidered this class of problems, but not for the usual situation in
Integrating the resulting expression f@#/Jt(x,t) with respect to which the elastic material properties depend only on spatial coor-
t, and using the quiescent initial conditieix,0)=0, one gets the dinates. Also, it is not clear to the authors of the present paper
solution for the strain distribution in the bar. This is whether anyone has noticed before that for the inseparable class of

ol q i nonhomogeneous materials, the viscoelastic correspondence prin-
M}[l—eb‘ﬁ fot (29) ciple fails because of an inconsistency between the replacements

al L of the moduli and of their derivativesee Eqs(16)—(17)).

As stated before, the correspondence principle always works
If‘or the “separable class” of materials, and does not, in general, for
the “inseparable class” of viscoelastic materials. Examples of ap-
plications of the correspondence principle to FGM problems in
the separable class are available in RE3s:7].

ToVo
LEg

aX __

e(x,t)=

Note that, in this example, with the elastic strain distributio
e(x,t) in (20), independent oE, £(x,s) from Eq.(24) is notthe
Laplace transform of the elastic solutieiix,t). In other words,
contrary to the dictates of the correspondence princig(g,t) in
Eq. (29 is different from the elastic strain solution in EQO),.

Finally, integrating(29) with respect ta, and using the bound-
ary conditions from(18), leads to the solution for the displace-AcCknowledgments
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