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In this paper, a crack in a strip of a viscoelastic functionally graded material is studied

Z.-H. Jin under antiplane shear conditions. The shear relaxation function of the material is as-
Mem. ASME sumed asu =uo exp(By/h)f (t), where h is a length scale and f(t) is a nondimensional
function of time t having either the formt) =u../ o+ (1 — o o)exp(—tity) for a
Department of Givil and linear standard solid, or ft)=(t,/t)% for a power-law material model. We also consider
o Environmental Engineering, the shear relaxation functiom =uqexp(By/h)/toexp(dy/h)/t]% in which the relax-
University of lllinois at Urbana-Champaign, ation time depends on the Cartesian coordinate y exponentially. Thus this latter model
Newmark Laboratory, represents a power-law material with position-dependent relaxation time. In the above
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expressions, the parameteBs g, .., tg; 6, q are material constants. An elastic crack
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problem is first solved and the correspondence principle (revisited) is used to obtain
stress intensity factors for the viscoelastic functionally graded material. Formulas for
stress intensity factors and crack displacement profiles are derived. Results for these
quantities are discussed considering various material models and loading
conditions.[DOI: 10.1115/1.1354205

1 Introduction of applying Paulino and Jin’¢[23]) revisited correspondence

Functionally graded materials are the outcome of the need rgncc':glneiggr viscoelastic functionally graded materials to fracture

accommodate materials exposure to nonuniform service require-One of the primary application areas of functionally graded

. . o /aryiterials is high-temperature technology. Materials will exhibit
properties due to continuous change riricrostructural details cyeep and stress relaxation behavior at high temperatures. Vis-
over defined geometrical orientations and distances, such as cQ@|asticity offers a basis for the study of phenomenological be-
position, morphology, and crystal structure. The material gradgayior of creep and stress relaxation. In this paper, viscoelastic
tion may be either continuous or layered comprised, for exampleacture(stationary crackof functionally graded materials is stud-
of gradients of ceramics and metals. In applications involvingd under antiplane shear conditions. Specifically, an infinitely
severe thermal gradients.g., thermal protection systenéunc- |ong strip containing a crack parallel to the strip boundaries is
tionally graded material systems take advantage of heat and dekestigated. The shear relaxation function of the material is as-
rosion resistance typical of ceramics, and mechanical strength autned to take separable forms in space and time, i.e.,
toughness typical of metals. Other relevant applications of func-
tionally graded materials involve polyme@d]), biomedical sys- w= o eXp(BY/N)(1),
tems ([2]), natural composite§3]), and thermoelectric devices hereh is a length scale anf{t) is a nondimensional function of
for energy conversioff4]). Various thermomechanical problemstime t having either the form
associated to functionally graded materials have been studied, for
example, constitutive modeling5—7]), higher order theory{8]), (1) =go/po+ (1 — .. /png)exp —t/ty):  linear standard solid
thermal stressef9,10]), static and dynamic response of plate
([112]), yield stress gradient effe¢f12]), strain gradient theory
([13]), fracture behavioff 14—16), and statistical model for brittle f(t)=(ty/t)9: power-law material.
fracture([17]).

The antiplane shear crack problem has been extensively stu
in the literature as it provides the basis for understanding t
opening mode crack problem. Several numerical and analytical/ w= o exp( By/h)[to exp( dy/h)/t]9,
semi-analytical solutions have been presented considering homo- o ) )
(e.g., [20,21), and bonded homogeneous viscoelastic laye¥s€Xxponentiallyin the above expressions, the paramefergy,
([22]). However, to the best of the authors’ knowledge, theré= lo; & 0 are material constants. An elastic crack problem is
is no published analytical/semi-analytical type solution for thfiSt solved and the “correspondence principle” is used to obtain
problem of an antiplane shear crack in viscoelastic functional e stress intensity factor for the viscoelastic functionally graded

graded materials. This is the subject of this paper, which consi te_rlal. o . .
his manuscript is organized as follows. The next section pre-
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of geometry, material constants, and loadiage derived consid- wheret,(x) andty(x) are the relaxation times in shear and bulk
ering both Heaviside step function loading and exponentially dezuduli, respectively, and is a material constant. Particular in-
caying or increasing loading. Afterwards, the recovery of the distances of the above models for graded viscoelastic materials may
placement field is carried out and applied to obtain the actua¢ obtained such that assumpti@ is satisfied. Thus the discus-
crack profile. Several results for the above problem are presenton below indicates the type of revision needed in the general
and discussed. Finally, conclusions are inferred and extensions/isicoelastic models so that the correspondence principle still
this work are pointed out. An Appendix, showing the integraholds.

equation kernel derivation, supplements the paper. . . o
g PP pap + Standard linear solid6). If the relaxation times,, andty are

constants, ifue(Xx) andu..(x) have the same functional form, and

2 Basic Equations if Ko(x) andK,.(x) also have the same functional form, then the
The basic equations of quasi-static viscoelasticity of functiormodel (6) satisfies assumptiofb).
ally graded materials are the equilibrium equation * Power-law model7). If the relaxation timed, andty are

independent of spatial position in mod@), then assumptiofb)

ij,;i=0, M) s readily satisfied. Moreover, even if the relaxation times depend
the strain-displacement relationship on the spatial position in mod¢€¥), then the corresponding non-
1 homogeneous elastic material has the properties
gij=3 (U j+uj), 2
m= e[t ()], K=K(x)[tk(x)]9, (8)

and the viscoelastic constitutive law
) rather thanu = u(x) and K=Kg(x). Thus assumptior(5) is

t de; d - e .
Sij ZZJ p(Xt—7) %dr, U'kk:3f K(X;t_T)%(dT, (3) satisfied again.
0 0
4 Viscoelastic Antiplane Shear Problem

with
N N Under antiplane shear conditions, the only nonvanishing field
Sij=0ij—30wij, €j=&ij 30 (4) variables are
where gj; are stressesg;; are strainss;; ande;; are deviatoric Us(X,t) =w(x,y;t),
components of the stress and strain tensors, respectivebre
displacementss;; is the Kronecker deltax=(x;,X»,X3), m(X,t) ou(X,D=7(XYy;t), oz(Xt)=71,(X,y;1),
and K(x,t) are the relaxation functions in shear and dilatation, 5 )= 1 5 = t
respectively,t denotes the time, and the Latin indices have the 3% =v(X,Y;1),  2eg3(X,t) =y, (Xy;t),

range 1, 2, 3 with repeated indices implying the summation comith x=(x;,X,)=(x,y). Here new notations for the nonvanishing
vention.Note that for functionally graded materials the relaxatiordisplacement, stresses, and strains are used for the sake of
functions also depend on spatial positions, whereas in homogsgmplicity. The basic equations of mechanics satisfied by these
neous viscoelasticity, they are only functions of time,ji&u(t) variables are

andK=K(t) ([24)).

dty  dTy _o ©)
3 Correspondence Principle Revisited ax ay
In general, the correspondence principle of homogeneous vis- W aw
coelasticity theory does not hold for functionally graded materials. VxT ax YyZWr (10)
However, for a class of functionally graded materials with relax-
ation functions of the form t dyy t dyy
~ = M(X,y;t—T)d—dT, Ty= M(X,y;t_T)d—dT. (112)
m(X, )= mou(X)F(1), 5 0 T 0 T
K(x,t)=KoK(X)g(1), In the present study, the following three material models are

_ employed. The first is thatandard linear solid(see (6)) with
where uy, and K, are material constants, and(x), K(x), f(t), constant relaxation time
and g(t) are nondimensional functions, Paulino and J28] i
showed that the correspondence principle still holds. In this case, w= o exp By/h) N &) exr{ - _” (12)
the Laplace transformed nonhomogeneous viscoelastic solution Mo Mo to
canhbe obtained dlr(lectly from Ithe solutlor; 01_‘ the CorreSP_ORd"\Qhere,B, Los i, andt, are material constants aids a length
nonhomogeneous elastic problem by replacingand Ko with  gea1e “The second model ispawer-law material(see (7)) with
roPf(p) and Kopg(p), respectively, wherg(f) and dp) are the constant relaxation time
Laplace transforms of f(t) and g(t), respectively, and p is the 1
transform variable. The final solution is realized upon inverting _ ‘o
the transformed solution H=Ho exq/}y/h)( t) ’ (13)

Among the various models for graded viscoelastic materials

the standard linear soliddefined by

aﬁ%e third model is also power-law material(see(7)), but with
position-dependent relaxation time
t

X, 1) = pe(X) + X) — mo(X)]exp — ——|, to exp(dy/h) @ to) @
HODZ RO L0700 ‘{ LR g ammoepy| SR et g+ sy 2

K(X,1) =K (X) +[Ka(X) = K(X X—L (14)

(XD =Ka(X) +[Ke(x) = K=(x)Je tk(x) ]’ where § andq are material constants.

and thepower-law modegiven by 5 Relaxation Functions With Separable Forms

_ £, (%) |1 _ tx(x) | The present discussion is based on the main argument that the
RO = pe(X) t ]’ KD =Ke(0) t + 0=a<1, functional form of the chosen relaxation functienis appropriate

(7) if the basic constitutents of the functionally graded material have
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approximately the same relaxation pattern. Thus this argument

7,(x,07)=7,(x,07), a<|x/<e, (18)

indicates the need for an approach integrating mechanics model-

ing, material properties experiments, and synthessg[25] for a

review of fabrication processes for functionally graded materials

This point is elaborated upon below.
It can be seen ii12), (13), and(14) that the relaxation moduli

w(x,0")=w(x,07), (19)

According to the correspondence princig$ze Section )3 one
can first consider a nonhomogeneous elastic material with the

a<|x| <.

are separable functions in space and time. This is necessary for%HSar modulus

revisited correspondence principlsee Section Bto be applied
([23]). This kind of relaxation functions may be appropriate for a
functionally graded material with its constituent materials havin
the same time-dependence of shear modulus. For nid@glthis
means that the constituents should have the sameuatig, and
relaxation timety. For model(13), this implies that the constitu-
ents should have the same relaxation tignand parameteq. For 2)
model(14), however, it is only required that the constituents hav{e1 : . . .
the same parametet The constituents may have different relax- For the elastic crack problem, the solution consists of a regular
ation times. Potentially, this kind of functionally graded matt=3ria|§0|m'°n(for an uncracked strjp

may include some polymeric/polymeric materials such as exp(B) —exp( — By/h)

= po €Xp(BY/h), (20)

nd the viscoelastic solutions for modél?) and (13) may be
btained by the correspondence principle. For the material model
(14) the viscoelastic solution can still be obtained by the corre-
spondence principle provided that the corresponding elastic mate-
rial has the shear moduluys= uqexd(8+qdy/h] (cf. (5) and

Propylene-homopolymer/Acetal-copolymer. The relaxation be- w=w(y)= 0 (21)
havior of Propylene homopolymer and Acetal copolymer are exp(B) —exp(— B)
found to be similar—see Figs. 7.5 and 10.3, respectively, of BuoWo/h
Ogorkiewicz[26]. 7,=0, (22)

=
Another argument potentially in favor of the selected class of Y exp(B)—exp(—pB)

relaxation functlons_(s) is the technique develop(_ad by Lambrosand a perturbed solutiofby the crack satisfying the following

et al. [27] for fabricating large scale polymeric functlonallyboundary conditions:

graded materials. The technique consists of generating a continu-

ously inhomogeneous property variation by selective ultraviolet w=0, y==h, [x|<o, (23)
irradiation of a polyethylene carbon monoxide copolymer. Due to
the fact that the functionally graded material is obtained by con- _ Browo/h -0 _ o4
trolling ultraviolet irradiation time of the same base polymer, we y= exp(B)—exp—B)’ y=0, [x/=a, (24)
conjecture that the viscoelastic behavior of such material may be
predicted by(5). However, further experimental research needs to 7y(x,07)=7,(x,07), a<|x|<e, (25)
be done in order to validate or invalidate the present conjecture. 5

w(x,0")=w(x,07), a<|x|<ee. (26)

The governing differential equation a@f(x,y) for the nonho-

6 Mode Il Crack in a Functionally Graded Material mogeneous elastic materkg0) is

Strip

Consider an infinite nonhomogeneous viscoelastic strip contain-
ing a central crack of length& as shown in Fig. 1. The strip is
fixed along the lower boundary & —h) and is displacedv(t)
=wgW(t) along the upper boundary € h), wherew, is a con-
stant andW(t) is a nondimensional function of time It is sup-
posed that the crack lies on theaxis, from —a to a, and is of
infinite extent in thezdirection (normal to thex-y plane. The

2 =z
Vew+ h 2y
By using the Fourier transform methdgee, for exampl€,28]),
the boundary value problem described by E¢83) to (27)
can be reduced to the following singular integral equatisee
Appendix:

0. 27)

crack surfaces remain traction-free. The boundary conditions 711 2mBw,/h
the crack problem, therefore, are — +K(r,s, s)ds=— ———————,  |r|=<1,
p ks s R g
w=0, y=—h, [x|<w, (15) (28)
w=woW(t), y=h, [x|<e, (16) where the unknown density functiap(r) is given by
7,=0, y=0, |x|<a, a7) 9
e(0)= - [W(x,07) ~w(x,07)], (29)
the nondimensional coordinatesnds are
y
@PO®E OO O ® O O vw-uww r=xia, s=xla, (30)
respectively, and the Fredholm kern€l,s,p) is
h o<
k(x,x’,ﬂ):aj P(x,x",&,B)d¢ (32)
0
h

with P(x,x’, ) being given by
P(x,X',&B)=[E(N(BIN)?+4£°=28) — 2(BIh?+2€%)
x exp(— v BZ+4h2E2)
—E(26+\(BIh)*+4€%)
X exp(— 2%+ 4h%g? )]

Transactions of the ASME

Fig. 1 A viscoelastic functionally graded material strip occu-
pying the region |x|<e« and |y|<h with a crack at |x|<a and
y=0. The lower boundary of the strip  (y=—h) is fixed and the
upper boundary (y=h) is subjected to uniform antiplane dis-
placement wyW(t). The symbol © indicates an arrow perpen-
dicular to the strip plane and pointing toward the viewer.
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sin (x—x' Moo t Moo 1
y (x=x)¢] - F(t):_exp(,t_)+(1,_)t =

{1—exp(—2\p*+4h*E%)V(BIh)*+ 47 Ho L Fo/to™ ML
As expected, in the limit oh— (free spaceand 8—0 (homo- toxd — Ll -t exd — - (40)
geneous material casewe obtain thatP(x,x’,&,8)—0. More- 0 L L to/ |’
over, the kernel g,x’,B) is symmetric with respect t8. Such
symmetry will be addressed later in the paper. The funcgion)  for the standard linear solid12), and
can be further expressed as

_ 3 to)® 1 [Yto\ t—7
e(r)=¢(r)/y1-r?, (33) Fi)=|—| —— | |=| exp — —|dr, (41)
t tL 0 T tL

where ¢(r) is continuous for e[ —1,1]. Whene(r) is normal-
ized byw,/h, the elastic Mode IlI stress intensity factégy, , is

X

for the power-law mode(13).

obtained as For thepower-law material with position-dependent relaxation
Wy time (14), the stress intensity factor is
Kili=— o >h Vmray(l,6). (34)
W,
Here, the notation)(1,8) is adopted to emphasize the dependence K= _Mo(z—g vmray(l,6+qd)F (1), (42)
of (1) on B.

7 Stress Intensity Factors whereF(t) is given in(41).
The stress intensity factors for viscoelastic functionally
graded materials satisfyings) can be obtained using the cor- 7.2 Stress Intensity Factors for Heaviside Step Function
respondence principle between the elastic and the Lapldgeading. For the Heaviside loading conditions,
transformed viscoelastic equations. Thus, formulas for stress in- o
tensity factors are derived first for general time-dependent load- W(t)=H(t)—W(p)=1/p, (43)
ing, and then the results obtained are particularized for exponen-
tially decaying or increasing loading and Heaviside step functiaghere H(t) is the Heaviside step function. The stress intensity

loading. . ' _factors then becoméf. (39))
As stated above, for nonhomogeneous viscoelastic materials,

the Mode Ill stress intensity factoK;, , can be obtained by Wo
means of the correspondence princigleee Section 3 The K”,:—,uo(—
upper boundaryy=h of the strip is subjected to an antiplane 2h
displacemenivW(t), as illustrated by Fig. 1. In this case, the L

stress intensity factors for material modék), (13), and (14 WhereF(t) is given by

Jmay(1,8)F (1),

will be .
Moo Moo
Fit)y=—+|1-= -, 44
K|||:*M0(% Vray(1,8) L7 ® Mo MO)GXF{ tO) 49
P P p]— for the linear standard solid12), and
- ——|W 35
e T e pﬂ/tJ (p)]’ (39) to) ¥
Wo o F(t):(T) (45)
K”.:—uo(ﬁ Vray(L8) LN (1-q)pW(p)], (36)

for the power-law mode(13).
and Finally, the stress intensity factor for thepower-law

W _ material with position-dependent relaxation tirtied) is given by
Kl..=—no(ﬁ Vrap(1,8+45)L M (1-q)p"W(p)],  (cf. (42)
(37) W,
respectively, wherg is the Laplace transform variablg, * rep- K= —Mo(% Vray(1,8+qd)F(t),
resents the inverse Laplace transfok(,p) is the Laplace trans-
form of W(t), andI'(-) is the Gamma function. whereF(t) is provided in(45). It is seen thatj and & (parameters

describing the position dependence of the relaxation tiafect
the stress intensity factor only through the combined parameter

(B+49).

7.1 Stress Intensity Factors for Exponentially Decaying or
Rising Loading. Consider as an example

W(t) = exp( —t/t,)—W(p) =1/ p+1/t,) (38)

where t, is a constant measuring the time variation of the

load. Note that, >0 represents an exponentially decaying load8 Crack Displacement Profile
while t, <0 corresponds to an exponentially rising load. This kind
of time-dependent loading has been used by Brolp2ey The
stress intensity factors under the loading conditi@®) then

Accurate representation of the crack profile is relevant in frac-
ture mechanics, especially when the crack-surface displacement is
measured experimentally and correlated with results obtained by

become numerical methods. Thus the crack displacement profile for the
Wo problem illustrated in Fig. 1 is recovered in this section. First,
K= *,uo(% \/ﬁz//(l,ﬁ)F(t), (39) general time-dependent loading is considered, and then the formu-
lation is particularized for the Heaviside step function loading and
where the exponentially decaying or rising loading.
Journal of Applied Mechanics MARCH 2001, Vol. 68 / 287
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It follows from Egs. (29) and (33), and the correspondence 1 1 [weW(t)] [

principle, that the crack-sliding displacement under the time- w(x,0")= 5 [w]+ T{TU Ka(X,x") @(x")dx’
dependent loadingwoW(t), can be expressed by the density . -a

function ¢(x) or ¢(r) (normalized byw,/h) as follows:

[W]=W(x,0") ~W(x,0") 1 woW() (a) [t Ws)
) r (46) _E[W] + e F J_lkd(r ,S) \/?Szds,
_ oW X’ =woW(t 3) v 47)
= 7a(p(X)X_WO ()h 71@ S.

The displacement at the upper surface of the crack is given bywherekgy(x,Xx") is

|
[~ B+2B exp(— VBZ+4h?E%) — Bexp — 2B+ 4h7E) ] ><Sir[(X—X’)§]

Kq(X,X")= dé. 48
dxx0= ] JBINZ+ 48 1—exp — 2B+ 4028 £ ¢ (48)
[
Note that the displacements are not symmetric with respegt to N
(see Fig. 1, however, the stress intensity factors &t (28) and —y(1,8)=— 2 a . (55)
(32). The displacement at the lower crack surface is then given n=1
by

In the following numerical calculations, it is found that 20
w(x,07)=w(x,0") —[w]. (49) collocation points lead to a convergent stress intensity factor

: L . result.
In expressiong46) and (47), W(t) is given in (38) for the It is known from (39) that the stress intensity factor is a multi-

exponentially decaying or rising load. For the Heaviside st&fjfication of three parts. The first term is a dimensional base,

function load,W(t) is given by(43). wo(Wo/2h) J7ra, the second term is a geometrical and material
nonhomogeneity correction factor; ¢(1,8), which can be ob-

9 Numerical Aspects tained from the numerical solution of singular integral Eq. (28),

To obtain the numerical solution of integral E@S), y(r) is and the third term is the time evolution of stress intensity factor,

expanded into a series of Chebyshev polynomials of the first kin['é(t)’ which is obtained analytically from the inverse Laplace

. . . X ansform.
By noting the relationshig33) betweene(r) and #(r), ¢(r) is : : . L
expressed as followErdogan et al[28]): Note that, according to Fig. 1, the crack is located at midheight

of the material strip and the origin of the coordinate systemy)
1 * is located at the center of the crack. Such choice of reference
o(r)= —z a,T.(r), |r|s1, (50) system introduces certain symmetries in the solution, which are
Vi-r?i=a discussed in the examples below.
whereT,(r) are Chebyshev polynomials of the first kind aamg
are unknown constants. By substituting the above equation it Results

integral Eq.(28), we have Numerical results for stress intensity factors are first obtained

* 7AW, /h for a homogeneous elastic stiigee Fig. 1. According to Table 1,
> {(7U, (1) +Hy(r)}ay=— ——————— |r|<1, the stress intensity factors are found in good agreement with those
n=1 exp(B8) —exp(—B) reported in the literature, e.g., the handbook by Tada dBl.

(51) Furthermore, for a homogeneous viscoelastic strip, it is evident
whereU,_,(r) are Chebyshev polynomials of the second kindat the stress intensity factor is given €88) with =0 andF(t)

andH,(r) are given by is given by(40) and(41) for the exponentially decaying or rising
loading, and by(44) and (45) for the Heaviside step function
| Jl " ) T.(s) q loading. Note that the functioR(t) is not related to the nonho-
H.(r)= ak(r,s, S. 52 i
n( . (r,s,B N (52) mogeneous material paramej@r

Figure 2 shows normalized stress intensity fadi®ee (39)),
To solve the functional Eq51), the series on the left side is first —#(1,8), versus the nonhomogeneous paramgieronsidering
truncated at thélth term. A collocation technique is then used andfarious strip thicknessels/a for the linear standard solifl2)
the collocation pointst;, are chosen as the roots of the Chebyand the power-law model with constant relaxation ti{h®). Note

shev polynomials of the first kind that although the relaxation times are different for both models
-7
ri=cos—s——, 1i=12,...N. (53) ) )
2N Table 1 _Mode Il stress intensity factors  (SIF) for a homoge-
The functional Eq(51) is then reduced to a linear algebraic equa?®®!s SUP
tion system SIF SIF
h/a this stud 30
% {mUp_q(ry)+Hu(rp} mpwo/h 0.5 : 05360y (([) 533)31
U, (r; rlay=——s——, . . .
oy T IS exp(B) —exp(— B) 1.0 0.7598 0.7641
) 15 0.8626 0.8634
i=12,...N. (54) 2.0 0.9136 0.9138
) . . 5.0 0.9840 0.9840
After a,(n=1,2,...N) are determined, the nondimensional 10.0 0.9959 0.9959
stress intensity factor-¢(1,8), is computed as follows:
288 / Vol. 68, MARCH 2001 Transactions of the ASME
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Fig. 2 Normalized Mode Il stress intensity factor versus non-
B for various strip thick-
nesses considering the linear standard solid and the power-law

homogeneous material parameter

material with constant relaxation time

2.0

Figure 3 shows normalized stress intensity fadigee (42)),
—(1,8+9d), versus the nonhomogeneous paramgtéar vari-
ous strip thicknessel/a and threeé values for the power-law
model with position-dependent relaxation tirfigl). The effect of
spatial position dependence of the relaxation time on the stress
intensity factor is reflected through the parameieifhe param-
eterqis taken as 0.4 in all calculations. Thus the curvesster-1
may be obtained from the curv&=0 by shifting this curve by
B=70.4. It is clear from Fig. 3 that with respect to the corre-
sponding model with constant relaxation tiffie., 5=0), a posi-
tive & lowers the stress intensity factor wh@»0 and increases
the stress intensity factor fg8 less than—0.5q6. A negativeé
lowers the stress intensity factor whe#<0 and increases the
stress intensity factor fog larger than 0.§6.

Figure 4 illustrates the time evolution of normalized stress in-
tensity factors,F(t), considering both Heaviside step function
loading and exponentially decaying or rising loading for the stan-
dard linear solid(see(40) and (44)) and the power-law material
(see(4l) and(45)). The ratiou., / ug is taken as 0.5 in all subse-
quent calculations for the standard linear solid. It is evident that
under the fixed displacement condition, stress intensity factor de-
creases monotonically with increasing time for Heaviside step
function loading and exponentially decaying loaditiigs. 4a)

(cf. Egs.(40) and (41), or Egs.(44) and (45)), they do have the and 4b)). For exponentially rising loading, however, the stress
same solution—¢(1,8) (see Section B The stress intensity intensity factors will increase with time for longer timéBigs.

factor decreases with increasitg| for all thickness casesh(a)

4(c) and 4d)). By observing the plots in Figs.(d) and 4b), one

considered. The stress intensity factor is lower than that of tetices that, for exponentially decaying loading, the stress inten-
corresponding homogeneous matefjg=0). It is noted that the sity factor can become negative as the ratitt, decreases, which
stress intensity factor is an even function gf However, this occurs, for example, fot, /t,=1.0. This happens because of
symmetry is valid only for the crack located in the center of thetress relaxation for long-time behaviddote that a negative

strip.
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Fig. 3 Normalized Mode Il stress intensity factors versus nonhomogeneous parameter
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—— Heaviside step function loading
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. . L 0.0 . . I
1.0 1.5 2.0 25 3.0 1.0 1.5 2.0 2.5 3.0

(b) Nondimensional time t/t_0 (d) Nondimensional time t/t_0
Fig. 4 Time variation of normalized Mode Il stress intensity factor (a) standard linear solid (decaying

loading ); (b) power-law material (decaying loading ); (c) standard linear solid (rising loading ); (d) power-
law material (rising load )

associated to a Mode Il crack, and not a Mode | (or mixed mode) Figure 7 presents the normalized stress intensity factws
crack Thus, in the present study, a negative stress intensity factaalized by uo(wy/2h)J7a) versus time for exponentially rising
is allowed without violating the crack face traction free conditoading for the standard linear solidee(39) and(40)). Compar-
tion. The crack faces do not close, they just slide in the opposiigy this figure with Figs. &) and Ga) (Heaviside step function
direction. loading and exponentially decaying loadingne observes that

Figure 5 illustrates the normalized stress intensity facldes- e time variation of stress intensity factors show a convex shape

malized by ".‘O(Wolzh).”rfd) versus time for Heaviside step; Fig. 7 while it shows a monotonically decreasing trend in Figs.
function loading considering the following viscoelastic materi (@) and 6a)

models: standard linear solitkee (39) and (44)), power law . i - .
material (see (39) and (45))‘65&”5 p)ower-lgw))mzterial with Flgure 8 s_how_s crack profiles fo_r the He_aV|S|de step function
position-dependent relaxation tinfeee (42) and (45)). A finite Ioadln_g co_nS|der|r_1_g the standard linear §0I|d_ and the power law
thickness strip withh/a=2.0 (Fig. 1) is considered. Note that, Material with position-dependent relaxation tirteee (46), (47),

for all the models, the stress intensity factors decrease monotodiid (49)). A finite thickness strip geometry with/a=2 (Fig. 1)
cally with increasing time. The first two models are investigateié considered. The former modgtig. 8@a)) is investigated for the

for the nonhomogeneous paramefer0, 1, 2 with =0 cor- nonhomogeneity parametge=0, 1, 2 with3=0 corresponding to
responding to the homogeneous material case. Due to the symithe- homogeneous material case. The latter mogigl. 8(b)) is

try of stress intensity factor abowg, the stress intensity factor investigated fo3=2 andé=—1, 0, 1 with =0 corresponding to
for p=—1, —2 are identical to those fop=1, 2, respectively. position-independent relaxation time.

Moreover, the stress intensity factor decreases with increasingrigure 9 shows crack profiles for the exponentially decaying
|Bl- The last model is investigated fg@#=2 and 6=—1,0,1 with |oading considering the standard linear solid and the power-law

5=.0 corrgsponding to positi.on-ind.ependent relaxation t.im.e. F?rﬁaterial with position-dependent relaxation tirfsee (46), (47),
this special case, the stress intensity factor decreases with incr (49)). As before, a finite thickness strip geometry witha

ing 8. This is becaus@+qd is positive for theB and 6 values —2 (Fig. 1) is considered. The former mod@tig. 9a)) is inves-

considered. . )
: : : : : tigated for the nonhomogeneity parameget2 andt/to=1, 2, 3.
Figure 6 illustrates the normalized stress intensity factoos- . o . 0
9 y The latter modelFig. 9b)) is investigated for3=2, =1, and

malized byuq(wy/2h) /7a) versus time for exponentially decay- ; il
ing loading considering the following models: standard linedfto=1, 2, 3. A comparison of all the plots in Figs. 8 and 9
solid (see(39) and (40)), power-law materia(see(39) and(41)), Permits to evaluate the corresponding crack profiles for various
and power-law material with position-dependent relaxation tini@aterial models and various parameters. This information is po-
(see(42) and(41)). The same qualitative observations for Fig. 3entially valuable when correlated with fracture experiments, e.g.,
also hold for Fig. 6. crack-sliding displacement measurements.
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Fig. 5 Normalized Mode Ill stress intensity factor versus time:
Heaviside step function loading, (&) standard linear solid; (b)
power-law material; (c) power-law material with position- ) . . . .
dependent relaxation time Fig. 6 Normalized mode lll stress intensity factor versus time:
exponentially decaying loading, (&) standard linear solid; (b)
power-law material; (c) power-law material with position-
dependent relaxation time

11 Concluding Remarks and Extensions

This paper illustrates an application of Paulino and Jj23]
revisited correspondence principle to fracture mechanics of vinsity factors and crack displacement profiles are provided. Sev-
coelastic functionally graded materials. An effective integraral numerical results for these quantities are presented consider-
equation method for antiplane shear cracking in viscoelastic funiog various viscoelastic material mode(s.g., standard linear
tionally graded materials is presented. The elastic functionaléplid, power-law model with both position-independent and
graded material crack problem is solved and the correspondempasition-dependent relaxation tignand loading conditions. It is
principle between the elastic and the Laplace transformed vigportant to remark that the solution of the fracture mechanics
coelastic equations is used to obtain stress intensity factors fwpoblem with prescribed displacemefsee Fig. 1 is different
viscoelastic functionally graded materials. Formulas for stress iftem the solution with prescribed tractidof. Erdogan[15,20).

Journal of Applied Mechanics MARCH 2001, Vol. 68 / 291

Downloaded 24 Sep 2009 to 192.17.146.85. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



1.0
g t/1.0=10
£ L J
g 08 //”—\
w 2 . t/t0=20
g0l
a e~ N -
c ~— e x
£ € 04l
5 041 ha=20 - 1/1.0=30
5 ¥
4 tL/t0=-50 E 02| MWa=20, B=20, 1L/10=50
0.2 r B=00 S —— displacement at upper face
---- B=10 =z - - -~ displacement at lower face
-~ B=20 0.0 s L L
0.0 ‘ , -0 -0.5 0.0 0.5 1.0
0.0 1.0 2.0 3.0 (a) x/a
Nondimensional time t/t_0 10

Fig. 7 Normalized Mode Il stress intensity factor versus time:
exponentially rising loading  (standard linear solid )

t/10=1.0

04 + t/1.0=3.0

02 - ha=20, p=20, 3&=10, tL/10=50

- displacement at upper face
- - - - displacement at lower face

Normalized crack face displacement

Normalized crack face displacement

0.0 - : .
1 -1.0 -0.5 0.0 05 1.0
0.0 (b) x/a
—— displ t at f . . ) )
N d;:&:z:z& :: Il:,'f;rf::: Fig. 9 Crack face displacements: exponentially decaying load-
~05 . . L ing, (a) standard linear solid; (b) power-law material with
-1.0 -0.5 0.0 0.5 1.0 position-dependent relaxation time
(@) x/a
1.5
ha=20 Acknowledgments
B=20

We would like to acknowledge Professor Pindera and four
anonymous reviewers for their valuable comments regarding our
work. We also acknowledge the support from the National Sci-
ence FoundatiofNSPF under grant No. CMS-9996378/echan-
ics & Materials Program

Appendix

In the following, a relatively detailed derivation of integral Eq.
(28) is given, which refers to the Mode Il fracture mechanics
problem illustrated by Fig. 1. By using Fourier transform, the
solution of the basic Eq27) can be expressed as follows:

+A, ex;{—_ 52_ m %H

—— displacement at upper face
- - - - displacement at lower face

Normalized crack face displacement

0.0 . . .
-1.0 -0.5 0.0 0.5 1.0

(b) x/a

Fig. 8 Crack face displacements: Heaviside step function
loading, (a) standard linear solid; (b) power-law material with —B+my

1 oo
position-dependent relaxation time W= —— Ajexg——s— =
V21 J —o 2 h

xXexp —ix&)dé,  y>0,
This work offers promising avenues for further extension.

For instance, it may be used to calibrate numerical metkeds, 1 (= —B+my —B-my
finite element method and boundary element method vis- w= —J [Bl ex;{Tﬁ +B, ex;{T EH
coelastic functionally graded materials. Moreover, the discussion V2T J -

on relaxation functions of separable forms in space and (Bee-
tion 5) indicates the need for micromechanics models for vis-
coelastic behavior. Other relevant topics associated with thi% .
work also deserve further investigation. Such topics incliele: WNe€reA1, Az, By, andB; are unknowns, anthis
investigation of antiplane shear cracking in bonded viscoelastic

Xexp(—ixé)dé,  y<o, (56)

layers where one of the layers is a functionally graded material; m=m(&)=\B°+4h%¢. (57)
(b) extension of the antiplane shear crack model to Mode I cracks.

These topics are presently being pursued by the authors. The stressr, is obtained from(56) by Hooke’s law,
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ow
Ty= Mo exp(By /h) W

::Moexﬁﬁy/h)f*
2z ).

~p-m [-g-my
+ >h A, EXF{ > H

—B+m —B+my
T 2 h

}exp(—ixg)dg, y>0,
ow

7= o eXp(BY M) 2
_ Hoexp(By/h) F
N e

—B-m —B-my
+ >h Bzex;{ > h

—B+m
2h

—B+tmy
Bl“%‘??‘ﬁ

]exq—ixg)dg, y<O0.

(58)

By using the boundary conditior{3) to (26), the unknown,,
B,, andB, can be expressed [, which is given by

Al—é[l—exp(m)—[l—exp(—m)]

— B+m+(B+m)expm)
— B+ m+(B+m)exp —m)

1 a
X —= x")exp(ix' &)dx’, 59
@faw( Jexp(ix’ §) (59)
where o(x) is the density function defined by
J

e(x)= - [W(x,0") = w(x,07)]. (60)

Further, the stress, aty=0 is expressed by(x) as
o [T 2 ke Ndx (61
Tyly-0=5— _am+ (X,x",8) |(x")dx (61)

wherek(x,x’, ) is given in(31). By substituting the above ex-
pression into the boundary conditié®4), the integral Eq(28) is
deduced.
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