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The distinction between “reinforcement” and “cloaking” has been overlooked in
optimization-based design of devices intended to conceal a defect in an elastic medium.
In the former, a so-called “cloak” is severely biased toward one or a few specific
elastic disturbances, whereas in the latter, an “unbiased cloak” is effective under any
elastic disturbance. We propose a two-stage approach for optimization-based design
of elastostatic cloaks that targets true, unbiased cloaks. First, we perform load-case
optimization to find a finite set of worst-case design loads. Then we perform topology
optimization of the cloak microstructure under these worst-case loads using a judicious
choice of the objective function, formulated in terms of energy mismatch. Although
a small subset of the infinite load cases that the cloak must handle, these highly
nonintuitive, worst-case loads lead to designs that approach perfect and unbiased
elastostatic cloaking. In demonstration, we consider elastic media composed of spinodal
architected materials, which provides an ideal testbed for exploring elastostatic cloaks in
media with varying anisotropy and porosity, without sacrificing manufacturability. To
numerically verify the universal nature of our cloaks, we compare the elastic response
of the medium containing the cloaked defect to that of the undisturbed medium under
many random load cases not considered during design. By using digital light processing
additive manufacturing to realize the elastic media containing cloaked defects and
analyzing their response experimentally using compression testing with digital image
correlation, this study provides a physical demonstration of elastostatic cloaking of a
three-dimensional defect in a three-dimensional medium.

elastostatic cloaking | structural optimization | architected materials

Invisibility has fascinated science fiction consumers throughout the ages and continues
to be depicted in mainstream media as a superhuman ability or technology that
remains millennia ahead of our time. Despite its fanciful portrayal, optical invisibility
(and invisibility at other frequencies on the electromagnetic spectrum) was proven
to not only be possible in theory via transformation cloaking (1, 2), but to also be
physically achievable. The first electromagnetic cloak was composed of an assembly of
microcircuit unit cells that rendered an object invisible to incident radiation at microwave
frequencies (3). This ensemble of circuits was an early metamaterial example, or material
exhibiting extraordinary properties beyond those attainable by traditional materials (4).
Later, metamaterials capable of cloaking in optical frequencies were also demonstrated
experimentally (5-7).

Mechanical cloaking is analogous to electromagnetic cloaking, but it applies to elastic
fields rather than electromagnetic fields. The goal of mechanical cloaking is to manipulate
the mechanical response of a material such that defects, e.g., voids or inclusions, are
rendered mechanically invisible to their surroundings. Elastostatic cloaking focuses on
invisibility with respect to the elastic response of a material subjected to static disturbances.
Despite being less famous than its optical twin, elastostatic cloaking has a wide range
of applications, e.g., tunnels that do not disturb surrounding buildings and geological
formations; safer windows in aircraft, spacecraft, or submarines; and drug-delivery systems
or health monitoring devices inserted into bone-tissue. However, when compared to
their electromagnetic counterparts, the design of mechanical cloaks has proven to be
challenging.

Initial efforts in design of elastostatic cloaks (8-11) were typically inspired by
electromagnetic cloak design principles that rely on form-invariance of Maxwell’s
equations and make use of a coordinate transformation to arrive at a material-parameter
distribution (e.g., distribution of electrical resistivity) that ensures cloaking. However,
form invariance is lacking in the tensor-valued governing equations of elasticity and it has
been proven mathematically that mechanical transformation cloaking is fundamentally
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impossible in classical elasticity (12, 13). Nevertheless, it remains
to be seen whether metamaterials can be designed using other
methods to achieve perfect elastostatic cloaks.

This open question has prompted a push toward optimization-
based design of elastostatic cloaks in recent years (14-18).
One benefit of optimization-based cloaking over transformation
cloaking is that optimization-based cloaks need not preserve the
topology of the domain, i.e., additional holes can be introduced,
which broadens the cloak design space. We too pursue an
optimization-based approach to elastostatic cloak design, but in
doing so, we emphasize a clear distinction between “unbiased
elastostatic cloaking,” in which the artifact is invisible under
arbitrary elastic disturbances (12), and “reinforcement” (19),
which may render a defect “neutral under one far-field load
[but not] neutral under another one” (12). Cloaking is not the
same as reinforcement; in fact, cloaking has important practical
benefits over reinforcement. For example, under tractions and
displacements not used in design, reinforcement can lead to
stress concentrations that induce unwanted effects. In the case of
bone integration, for instance, a discontinuity in the tissue elastic
properties due to reinforcement can stimulate nerve endings,
causing discomfort to the patient (20, 21). Unbiased elastostatic
cloaking offers the potential to integrate engineered defects
into a material without undesirable consequences on the static
mechanical response of the system when subjected to the diversity
of loading conditions experienced in practice.

The distinction between cloaking and reinforcement has
become obscured in recent years as optimization formulations
have been narrowly focused on using one or two load cases in
design and only evaluating the ability to conceal a defect under
those loads (14, 16, 17, 22-25). Although elastostatic cloaking
in the continuum is not possible via transformation cloaking
and the direct lattice transformation (DLT) approach has been
acknowledged to only produce approximate elastostatic cloaks
in lattice materials (9-11), DLT was shown to be significantly
superior to optimization-based approaches that only design for
one load case when evaluated for the ability to conceal the
defect under some other load case (15). In fact, the insight
underlying DLT, i.e., that global stiffness properties should be
invariant under transformation between the domain with and
without defect, is key to achieving perfect elastostatic cloaks
that are not biased to a particular elastic disturbance. From an
optimization perspective, one way to promote this invariance is
to consider many load cases in design. Some elastostatic cloaks
have been designed considering more than a few load cases during
optimization, but the importance of this point is often overlooked
and the performance under other elastic disturbances is often
ignored (16). In fact, only a select few demonstrate that cloaks
optimized for many load cases perform well for load cases not
considered in design (15, 18). Nevertheless, these cloaks may still
be severely biased due to their narrow focus on combinations of
axial and shear loading conditions.

In an effort to reduce bias in optimization-based design of
elastostatic cloaks and achieve “universal” cloaking performance,
i.e., effectiveness under any arbitrary elastic disturbance, we
determine load cases that pose the most difficulty in designing
reinforcement to conceal the defect. We find that these worst-case
loading scenarios are highly nonintuitive and by considering them
during optimization-based design of the cloak, we significantly
reduce the bias toward particular elastic disturbances and begin
to approach perfect and universal elastostatic cloaks. While
our cloaks are only approximate, we show that they have
minor deviations from perfect performance using an energy
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mismatch metric that compares the response of the undisturbed
surrounding elastic medium to that when the cloaked defect is
present. Furthermore, by computing this energy mismatch for
a large, but finite, number of arbitrary elastic disturbances (i.e.,
evaluation loads), we demonstrate universality of the designs. We
emphasize that for practical applications, a close approximation
of a perfect cloak can be as effective as the more elusive perfect
cloak.

We also investigate how important a rich space of elastic
properties is to achieving effective, universal, elastostatic cloaks by
providing the optimization formulation with access to spinodal
architected materials for which anisotropy and porosity can be
locally tuned without sacrificing manufacturability (26, 27).
While others argue that a diverse set of architected materials
is critical to achieving effective elastostatic cloaking (16), we
find that freedom in relative density of a given architecture
is enough to achieve highly effective, universal, elastostatic
cloaks that conceal defects of arbitrary geometry. The spinodal
setting also provides a testbed where we can investigate how
difficult it is to achieve universality in cloak performance as
we vary the anisotropy and porosity of the surrounding elastic
medium.

In addition to numerical validation of the universal nature of
our elastostatic cloaks under 1,000 randomly selected evaluation
load cases not considered during design, we also experimentally
demonstrate their cloaking effectiveness under static compression
(also not considered during design). Our elastostatic cloaks, man-
ufactured using digital light processing (DLP) three-dimensional
(3D) printing and verified using CT-scans, serve as a compelling
physical demonstration of elastostatic cloaking of a 3D defect in
a 3D medium.

Results

We start by introducing several domains needed to fully define
the elastostatic cloaking design problem (Fig. 1). The ground
truth domain refers to a stochastic volume element (SVE) taken
from an infinite medium that is free from defects. The defect
domain consists of the same SVE as the ground truth domain,
but it includes a defect that we wish to hide. The cloak domain is
the same as the defect domain, but includes a cloak design region
around the defect where the optimizer is allowed to modify the
material’s microstructure to engineer the cloak. A probe region
surrounds the cloak design region and is used to assess the
cloak effectiveness by comparing its mechanical response to the
response in the corresponding region of the ground truth domain
(a similar comparison can also be made between the defect and
ground truth domains). No alterations to the microstructure
are allowed in the probe region of the cloak domain. Since the
influence of the defect on mechanical behavior of the medium
reduces with distance from the defect, the probe region does
not need to extend far beyond the cloak design region; thus,
the SVE size is dictated by the cloak design region size. With
this terminology in place, the elastostatic cloaking problem is
defined as follows: design the microstructure in the cloak design
region to hide a defect so that the cloak domain and the ground
truth domain have the same mechanical behavior, i.e., the same
displacement field, in the probe region.

To quantify the difference in displacements in the probe region
between the cloak and ground truth domains, we define the
energy mismatch (M),

M@, K) = (u—10)" M KM(u — 1), [1]
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based on quantities associated with the discretization used to
approximate the solution of the governing equations of static
elasticity of each system. In Eq. 1, u is the vector of nodal
displacements in the ground truth domain; u and K are the
vector of nodal displacements and stiffness matrix, respectively,
of the cloak domain; and M is an indicator matrix that nullifies
contributions from degrees of freedom outside of the probe
region (i.e, M; = 0if i # j, My = 1 if i = j represents
a degree of freedom inside the probe region, and M;; = 0 if
i = j represents a degree of freedom outside the probe region).
A similar energy mismatch, M(u 1, I~(), can be quantified for
the defect domain by substituting its displacement vector, u,
and stiffness matrix, K, into Eq. 1. A successful cloaking design
depends on the selection of an insightful objective function, and
thus, these energy mismatches are used in the objective function
for optimization-based design of the cloak. We use weighted
least-squares, which are often used when portions of the data
should be prioritized more than others (28). By including the
stiffness matrix in the weighting matrix, M? KM, of the energy
mismatch function, displacements associated with higher strain
energies are prioritized in optimization and rigid body motions
are disregarded (15).

The full procedure used to design elastostatic cloaks that
effectively conceal the influence of a defect with arbitrary
geometry under arbitrary elastic disturbances to the medium,
is illustrated in Fig. 1 and detailed in Materials and Methods. We
begin by using optimization to find a set of loading conditions
that produce the largest energy mismatch in the defect domain
and use them as design load cases in a subsequent topology
optimization step for design of the cloak’s microstructure. The
objective function used for optimal design of the cloak consists
of the sum of energy mismatch of the cloak domain over these
worst-case design load cases, normalized by the sum of energy
mismatch of the defect domain over the same load cases.

To provide flexibility in local design of the cloak microstruc-
ture, we equip the topology optimization formulation with
architected materials, using spinodal materials, that can be tuned
to achieve a wide range of mechanical properties. We adopt a
multimacterial, spinodal topology optimization approach where
the optimization can choose from four spinodal classes: isotropic,
cubic (reinforced in three orthogonal directions), lamellar (resem-
bling plate-like composites), and columnar (resembling fiber-like
composites) (26). During topology optimization, the spinodal
class, spinodal density,” and spinodal orientation are selected,
locally, at each point of the cloak design region (27). For
more details on spinodal architected materials, see SI Appendix,
section 1.A.

In addition to enabling diversity of achievable material
properties, spinodal architected materials promote manufactura-
bility by facilitating seamless transitions between the different
spinodal classes, densities, and orientations (26, 27). Thus,
in a final step, the optimized cloak with spinodal embedded
microstructures is manufactured using DLP 3D printing. We
highlight that our structural optimization design approach for
elastostatic cloaking is general and could be used with other
classes of architected materials, which, given sufficient tunability
and manufacturability, could also lead to effective elastostatic
cloaks.

*Density for the porous spinodal architectures refers to the fraction of solid phase
in an SVE. The admissible density range is limited to 0.3 to 0.7 to ensure practical
manufacturability. Densities below 0.3 pose challenges related to material connectivity,
while densities above 0.7 can result in enclosed voids that trap liquid resin during 3D
printing (29, 30).
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Cloaking an Arbitrarily Shaped Defect. We attempt to cloak a
void defect in the shape of the Stanford bunny, embedded in
an elastic medium composed of an isotropic spinodal architected
material with 0.4 density (Fig. 24). The defect is centered in
a cubic SVE of the material and consumes 6% of the cube
volume. A sphere with radius equal to 45% of the cube edge
length is centered in the cube and the portion of the sphere
surrounding the bunny defect serves as the cloak design region.
The optimized elastostatic cloak design is shown in Fig. 2B,
where we observe that the optimization elects to use the isotropic
spinodal class everywhere in the cloak, but arrives at a highly
complex density distribution with higher densities concentrated
closer to the defect.

To visualize the optimized design load cases used in the cloak
optimization problem, in Fig. 2C we display the deformed
configuration of the ground truth domain caused by the six
design load cases. We also compare the effect of these design
loads cases on the ground truth, defect, and cloak domains by
plotting cross-sections of their deformation profiles for each load
case. We notice a near-perfect match between the deformed
cross-sections of the ground truth and cloak domains, while
the defect domain’s deformation is distinct. As expected, the
mismatch is more apparent for the first four design loads, whereas
discrepancies for design loads five and six are more nuanced (due
to the sequential optimization approach described in Marerials
and Methods—M is highest for the first load case and reduces
with each subsequent load case).

We also simulate a compression test of the ground truth, defect,
and cloak domains and compare their deformed configurations
in Fig. 2D, where each colored section of the deformed cube
represents one of the three domains. We emphasize that this
simple compression evaluation load case was not considered
during design of the cloak, yet the deformed configuration
highlights a clear distinction between mechanical response of the
defect domain and that of the cloak and ground truth domains,
which match closely. We also plot the principal stress trajectories
along a middle cross-section of the cube, parallel to the load
direction, in Fig. 2D. These trajectories represent the main load
path from the loads to the support region. The stress trajectories
in the ground truth domain flow directly downward because their
path is not obstructed by the defect. The stress trajectories in the
defect and cloak domains both divert around the defect, but in
the probe region, those in the cloak domain are better able to
recover the load path observed in the ground truth domain.

To evaluate universality of cloaks designed using our approach
(i.e., their ability to perform well under arbitrary elastic dis-
turbances), we evaluate their performance under 1,000 random
evaluation load cases using numerical simulation. Each random
load case is composed of a random force with magnitude between
—1and 1 at each degree of freedom on the surface of the SVE. We
use these 1,000 random load cases to compare performance of
cloaks designed considering uniform loads that have commonly
been used in optimization-based design of elastostatic cloaks (i.e.,
one compression load case, or a combination of one compression
and one shear load case), and one, two, six, or eight optimized
load cases.

In Fig. 2F, the average of the energy mismatch (Eq. 1) for all
1,000 random evaluation load cases, normalized to the worst-
case energy mismatch of the defect domain under these random
loads, is quantified for each design. When the cloak is designed
for one uniform compression load, the normalized average energy
mismatch of the cloak domain is significantly higher than that
of the defect domain because the design becomes overfitted for
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Fig. 1. Schematic of the spinodal cloaking design framework proposed in this work. We start by defining a ground truth and defect domain from a larger
structure or infinite medium. At this stage, we also delimit the cloak and probe regions that we use to design and evaluate the cloak. Then, we optimize
the load conditions to remove directional bias in the cloak performance. The optimized loads are used in the spinodal topology optimization procedure to
design the cloak. The final cloak design is interpreted, and a slice-based approach is used to manufacture the computational model using Programmable

PhotoPolymerization Digital Light Processing additive manufacturing.

one specific load case and, consequently, is unable to cloak the
defect under other loads. Adding a uniform shear design load
significantly improves the cloak’s universality as evidenced by a
drop in normalized average energy mismatch, but cloaks designed
for the optimized load cases far surpass the performance of those
designed with uniform loads even when only one optimized
design load case is considered. As we increase the number of
optimized design loads, we observe a clear trend of increased
universality (i.e., the normalized average energy mismatch and
its SD approach zero). Increasing the number of optimized
design loads, however, increases the computational cost of the
cloak optimization procedure because each load case requires
a separate finite element analysis. Here, six design load cases
provide a reasonable trade-off between cloak effectiveness and
computational cost; thus, details and further analyses are provided
for the cloak designed considering six optimized load cases.

We fabricated the ground truth, defect, and cloak domains
using DLP 3D printing and verified the fidelity of the 3D
printed structures relative to the computational models using
measurements of cube height, width, length, and weight (§7
Appendix, Table S1) and computed tomography scans (CT-
scan). A comparison of the postprocessed CT-scan data and
the expected geometry from the computational model revealed
that printing errors only occurred in ~1.4% of the total cube
volume,’ indicating that the physical models closely represent
their idealized counterparts (Fig. 2F). For CT-scan results
of the ground truth and defect domains, see SI Appendix,
section 3.A.2 and Fig. S5.

To validate the computational and theoretical aspects of
our results, we conducted mechanical experiments on the
manufactured parts. Three repetitions (samples) of each domain
class (ground truth, defect, and cloak) were evaluated under static
compression testing, accompanied by 3D digital image correla-
tion (DIC). The mean and envelope of the load-displacement

TThe total absolute volume of defects is the sum of volumes associated with extra and
missing material.
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curves for each domain class are provided in Fig. 2G (individual
curves are provided in SI Appendix, Fig. S6) alongside load-
displacement curves obtained from numerical simulation. The
narrow envelopes of the load-displacement curves of each domain
class indicates repeatable manufacturing. The slightly greater
variations observed for the cloak domain’s mechanical response
are attributed to its more intricate microstructure that causes
a higher degree of print errors (SI Appendix, Fig. S5). Strong
agreement is also evident between the simulated and experimental
load-displacement behavior.

Fig. 2G also shows y-displacement fields on one face of the
cubes obtained using 3D DIC (x- y- and z-displacement fields
of all samples are displayed in S/ Appendix, Fig. S7). The DIC
displacement fields clearly highlight the similarity between the
mechanical response of the ground truth and cloak domains
and the distinct mechanical response of the defect domain. To
quantify how different the DIC displacement fields are between
the different experimental samples, we use the mean absolute

difference (MAD),
1 N
MAD(U,, U)) = ~ Z |U; (xe, 3¢) = Uj (xe. 30) |,» (2]
=1

in which U; and U; are the DIC displacement fields of samples
i and j, respectively; /V is the total number of DIC displacement
data points; and (x¢, y¢) is the coordinate of the ¢t DIC
displacement data point. The MAD values, normalized to the
highest MAD value, are listed in Table 1, where we observe low
MAD values when comparing samples of the same domain class
and when comparing samples from the ground truth and cloak
domain classes. Conversely, higher MAD values are observed
when comparing samples from the defect and cloak domain
classes or defect and ground truth domain classes, as expected.
The MAD values provide further evidence that the cloak domain
exhibits mechanical behavior similar to that of the ground truth
(i.e., the cloak design effectively conceals the bunny defect) and
the defect domain’s mechanical behavior is distinct.

pnas.org
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Fig. 2. Cloaking a void defect in the shape of the Stanford bunny embedded in an isotropic spinodal elastic medium with 0.4 density. (A) Schematic showing
the Stanford Bunny defect geometry and cloak design region in blue. (B) Optimized cloak design, which contains only the isotropic spinodal class with a highly
complex distribution of spinodal density. (C) Deformed configuration of the ground truth domain caused by the six optimized load cases used in the cloak
design (Top) and cross-sections of the deformation profiles in the ground truth, defect, and cloak domains subjected to the six optimized load cases (Bottom).
(D) Results of simulated compression tests of the ground truth, defect, and cloak domains, comparing their deformed shape and principal stress trajectories
through a middle cross-section parallel to the load direction. (E) Average of the energy mismatch associated with 1,000 random evaluation load cases in
numerical simulations of the defect domain and cloak domain (with several cloak designs), normalized to the worst-case energy mismatch of the defect domain
(numbers within parenthesis represent SD). (F) Additively manufactured part and its reconstructed counterpart obtained from CT-scan data. (G) Results of
experimental compression tests performed on the 3D printed models, including load-displacement plots and y-displacement fields obtained through 3D DIC.

Varying the Surrounding Elastic Medium. To evaluate the ver-
satility and highlight limitations of our optimization-based
approach to designing unbiased elastostatic cloaks, we vary the
elastic medium in which the Stanford bunny (void) defect is

PNAS 2025 Vol. 122 No. 19 e2415056122

embedded. First, we hold the spinodal class constant and vary
the spinodal density (i.e., we consider an isotropic spinodal elastic
medium, and in addition to 0.4 density, we consider 0.3, 0.5, 0.6,
and 0.7 densities). Next, we hold the spinodal density constant
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Table1. Stanford bunny defectin a 0.4-density isotropic spinodal elastic medium: Mean absolute difference (MAD)
of the 3D DIC displacement fields obtained from compression testing of additively manufactured specimens of the
ground truth, defect, and cloak domains (three samples of each domain class)

Normalized mean absolute difference (MAD)

Truth Defect Cloak

Class Sample 1 2 3 4 5 6 7 8 9
Truth 1 -

2 0.13 -

3 0.22 0.22 -
Defect 4 0.66 0.70 0.62 -

5 0.77 0.78 0.72 0.35 -

6 0.75 0.75 0.72 0.09 0.35 -
Cloak 7 0.28 0.26 0.38 0.76 0.73 1.00 -

8 0.25 0.25 0.27 0.73 0.70 0.99 0.11 -

9 0.22 0.18 0.34 0.74 0.70 0.95 0.35 0.36 -
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Numbers below 0.5 (in black) indicate similar mechanical behavior and numbers above 0.5 (in red) indicate distinct mechanical behavior.

and vary the spinodal class (i.e., in addition to isotropic spinodal,
we consider cubic, lamellar, and columnar spinodal elastic media
with 0.4 density).

Varying the spinodal density of the elastic medium. Since a void
defect reduces the stiffness of the material, the cloak must com-
pensate by adding stiffer material than what is in the surrounding
medium. Thus, we expect cloaking to be more challenging
as density of the elastic medium increases. This hypothesis is
supported in Fig. 3 A-D, where we see that as the density of
the surrounding elastic medium increases, the amount of high-
density material in the cloak design increases, until the 0.6 case,
in which almost the whole cloak region is filled with the highest-
density material (0.7). The normalized average energy mismatch
of the designs based on 1,000 random evaluation loads (Fig. 3F)
indicates that universal cloak performance peaks for 0.4 density
and quickly degenerates as density of the surrounding elastic
medium increases. This study indicates that a key requirement
for effective elastostatic cloak design to conceal a void is that the
design space contains materials that are significantly stiffer than
that of the surrounding elastic medium. Material that is less stiff
than the surrounding medium seems to provide little benefit to
cloak performance, as the optimizer can introduce voids that play
the role of the less stiff material.

Varying the spinodal class of the elastic medium. Cloaks designed
to conceal the Stanford bunny (void) defect in elastic media
composed of the cubic, lamellar, and columnar spinodal ar-
chitected materials with 0.4 density are shown in Fig. 3 F-H.
Similarly to the isotropic case, the optimizer only makes use of
the spinodal class present in the surrounding elastic medium and
the density tends to be higher close to the defect. Nevertheless,
the spinodal density maps display subtle differences between the
cloak designs for each spinodal material class. The normalized
average energy mismatch of the designs based on 1,000 random
evaluation loads (Fig. 37) indicates that universality of cloaks
designed for the lamellar spinodal elastic medium is significantly
worse than that of cloaks designed for the other spinodal classes.
The magnitude of the normalized average energy mismatch seems
to be directly correlated with the degree of anisotropy (DoA)*
of the surrounding elastic medium (DoA for isotropic, cubic,
lamellar, and columnar are 1.0, 1.3, 7.9, and 2.8, respectively)
and we conjecture that DoA is an indicator of how difficult it

1:Here, degree of anisotropy is defined as the ratio of stiffness in the stiffest to least stiff
directions of the material.
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is to design a universal elastostatic cloak in a given anisotropic
medium. Nevertheless, we can improve universality of the cloak
designs in the case of high DoA by increasing the number of
optimized load cases used in design or increasing the material
design space. The former approach reduces the normalized
average energy mismatch from 0.16 £ 0.07 to 0.07 + 0.02
when we increase from six to twelve optimized loads, at the
cost of higher computational burden. The latter approach may
introduce manufacturability challenges that need to be overcome.

In summary, this study indicates that density, rather than
material architecture, is the controlling variable for an effective

cloak design.

Do Trees Cloak Their Knots? Nature has demonstrated extreme
resourcefulness time and again as mechanics-driven laws of
growth have promoted optimal form in biological organisms
(31, 32). Trees are an awe-inspiring example, in which a strong
and resilient natural material (i.e., wood) enable trees to grow
taller than any other known biological structure.

Wood has also shaped the course of human history (33), and to
this day, is one of the most used construction materials (34, 35).
Nevertheless, natural defects are known to be detrimental to
mechanical properties needed for wood’s engineering applica-
tions. For example, knots (Fig. 4 A-C), or portions of branches
embedded in a tree’s trunk wood, significantly reduce tensile
and bending capacity of harvested wood (36, 37). A knot can
be described as a cylindrical or conical defect extending radially
outward from the trunk’s interior (Fig. 4C). The inner portion
of the knot forms while the branch is still alive, and thus,
is intergrown with the trunk. The hard and dense nature of
intergrown knots relative to the surrounding trunk wood leads
to differential shrinkage and stress concentrations in harvested
timber containing these inclusions. The outer portion of the knot
is associated with the part of the branch that becomes encased in
the trunk after the branch dies, but before it falls off. Encased
knots are not mechanically integrated with the trunk and often
lead to voids in harvested wood (38, 39). Both types of defects
are detrimental to mechanical properties needed for engineering
applications.

So how do trees overcome the potential negative impact of
knots on their wood’s mechanical properties to foster continued
growth during their lifespan? Does a tree design its microstructure
around knots to promote resilience to these defects? If so,
is elastostatic cloaking at play or is reinforcement specific to
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Fig. 3. Cloaking a void defect in the shape of the Stanford bunny embedded in elastic media with varying spinodal density and spinodal class. (A-D) Cloak
designs for an isotropic elastic medium with 0.3, 0.5, 0.6, and 0.7 density, respectively (the design for 0.4 density are displayed in Fig. 2B). (E) Quantification of
universal cloak performance as a function of density of the surrounding elastic medium using the normalized average energy mismatch associated with 1,000
random evaluation load cases via numerical simulations (numbers within parenthesis represent SD). (F-H) Cloak designs for cubic, lamellar, and columnar
elastic media, respectively, with 0.4 density. (/) Quantification of universal cloak performance as a function of spinodal class in the surrounding elastic medium
using the normalized average energy mismatch associated with 1,000 random evaluation load cases via numerical simulations (numbers within parenthesis

represent SD).

the trunk’s (mainly) compressive service loads more efficient?
Although we do not attempt to fully answer these questions
here, we use our computational framework for elastostatic cloak
design to inspire further exploration along these lines. We define
alamellar spinodal elastic medium (with 0.3 density) reminiscent
of a trunk’s wood microstructure, embed a cylindrical void defect
reminiscent of an encased knot, design a cloak around the knot,
and compare the patterns in the cloak’s design to those observed
around knots in natural wood. The cloak domain for this problem
is shown in Fig. 4B. The resulting cloak’s lamella alignment is
visualized and compared with a wood knot fiber orientation in
front view in Fig. 4C, where we observe a clear resemblance
between the wood knot and the cloak design. Fig. 4D shows
cross-sectional views of the cloak design. The resemblance is
less obvious in cross-section, possibly due to differences in the
lamellar elastic medium used in the elastostatic cloak design
and the tree’s trunk wood microstructure. The full spinodal
microstructure and spinodal density are displayed in Fig. 4F.

Discussion

Our research introduces an optimization-based approach to
design universal elastostatic cloaks that can conceal disturbances
due to arbitrarily shaped defects in 3D elastic media composed
of spinodal architected materials. Unlike traditional cloaking

PNAS 2025 Vol. 122 No. 19 e2415056122

methods that predominantly rely on combinations of tension,
compression, and shear boundary conditions (14, 16, 17,22-25),
we preoptimize the boundary conditions used in optimization-
based design of the elastostatic cloaks to eliminate (human) bias
and promote universal cloaks that are effective under a diverse set
of, often uncertain, loads encountered in real-world scenarios.
Performance of the optimized cloaks was rigorously evaluated
against 1,000 random loading conditions not used in design,
demonstrating their robustness and universality.

By studying the effectiveness of the optimized cloaks as
a function of the material composing the surrounding elastic
medium, we concluded that an essential aspect of the material
design space is to include both a candidate material with similar
mechanical properties (e.g., isotropic or orthotropic), and a ma-
terial significantly stiffer than the surrounding. Additionally, we
observed that the degree of anisotropy impacts the performance of
the universal cloak: The greater the anisotropy of the surrounding
elastic medium, the more challenging it becomes to effectively
cloak the defect.

A critical aspect of our work is in translating digital cloak
designs into physical reality. Using DLP 3D printing, we
produced 3D models of the cloak designs to showcase a practical
means of materializing complex, microstructured designs. The
manufactured samples were analyzed using CT-scans to ensure
that the physical cloaks closely aligned with their idealized com-
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Fig. 4. Biomimicry of a wood knot through elastostatic cloaking (A) Bristlecone pine and wood knot examples (middle wood knot by cobalt123, Pine Tree Knot,
CC BY-NC 2.0 DEED). (B) Design domain of the cloak displaying the cylindrical defect (purple) and the cloaking region (blue). (C) Comparison between a wood
knot fiber and lamella orientation of an optimized cloak. (D) Side view of the lamella orientation of an optimized cloak. (£) Optimized cloak design embedded
with spinodal microstructure using lamellar spinodal material and the spinodal density distribution of the design.

putational counterparts. Spinodal architected materials played a
critical role in this effort as they enabled continuous variations
in material properties, while maintaining manufacturability,
without the need for extreme or unattainable properties (14, 18).
Mechanical testing was used to verify the physical effectiveness
of the cloaks and underline the physical feasibility of our method
beyond the 2D domain that has dominated thought in cloaking
research (14-16, 18, 23-25). In addition to the Stanford bunny
defect, we also provide numerical and experimental results for
a spherical defect (S/ Appendix, section 3.B). Furthermore, by
designing a cloak to conceal an idealized wood knot, we use
elastostatic cloaking to pose an intriguing question regarding the
meaning of optimality in nature versus engineering.

While our cloaks do not perfectly suppress the effect of the
defect under all possible elastic disturbances, this limitation
is a consequence of fundamental trade-offs between cloak
effectiveness and practical considerations, i.e., attainable material
properties, manufacturability, and whether a perfect cloak is
possible at all. By focusing on approximate cloaks that perform
well across a range of elastic disturbances and that can be
manufactured using current technologies, we bring elastostatic
cloak design closer to practical applications.

Building upon the results shown in this work, the transition
from laboratory experiments to real-world implementation re-
mains a critical step. One of the challenges will be adjusting
the stiffness of the cloak to its surrounding medium. By selecting
appropriate base materials for the spinodal microstructure, we can
tune the cloak’s stiffness to approximate that of its environment.
With spinodal densities between 30% and 70%, we achieve
stiffness values ranging from approximately 4% to 55% of the
base material, which offers significant tunability. Our findings
suggest that stiffness levels at least two to four times higher than
the surrounding medium are crucial for effective cloaking. If the
surrounding material has a very high stiffness, cloaking becomes
more challenging, not due to limitations of the spinodal material
itself, but as a general property of mechanical cloaking problems.

Collaborations with industry and interdisciplinary efforts will
be pivotal in harnessing the potential of elastostatic cloaking
across various domains. In fact, elastostatic cloaking is a first step
toward more complex cloaking problems such as elastodynamic
or acoustic cloaking. The techniques developed in this work

https://doi.org/10.1073/pnas.2415056122

can serve as a baseline for these and other future developments.
Furthermore, we hope that this work highlights the difference
between simple reinforcement, tailored to single or a limited
number of load cases, and universal cloaking that aims to mimic
the defect-free elastic medium for any elastic disturbance. We
also emphasize the importance of choosing a material design
space for the cloak design problem that takes into account
manufacturability requirements.

Materials and Methods

Topology Optimization. The mathematical optimization statement of the
elastostatic cloak design problem is defined as,

> M@0, u0) (@),K)
min (@) = ':1n
oo > M@0, 0,k
i=1

m
s.t. Gej = 4Zgj(1 - Zgj) + Z 8Z@j2(p <0,
p=1, p#
e=1,..., N j=1....m

with  K(@)u) (@) =FD, j=1,..,n
®al) — f0)
K = g

In Eq. 3, the set of cloak design variables, @ = {Z, p, , B, ¥}, contains the
NE x m matrix of spinodal selection design variables, Z, which control the
presence or absence of each of the m candidate spinodal classes at each of the
V€ elements of the discretized cloak design region; the N¢ x 1 vector of density
design variables, p, which control the local spinodal density at each of the N
elements; and the N¢ x 1 vectors of orientation design variables, a, B, 7,
which control the local rotation of the spinodal microstructures at each of the
NE elements. Bounds on each component of Z are 0 and 1; bounds on each
component of p are 0.3 and 0.7 (based on manufacturability requirements);
and bounds on each component of &, B, y, are —z and & (modular arithmetic
is used to ensure the orientation variables can move directly from x to —z).
The objective function, f(®), is a measure of how different the displacement
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fields between the cloak and ground truth domains are in the probe region
according to the energy mismatch, M, defined in Eq. 1. The inputs, a(), T(1,
and u(i),to the M function, are displacement fields of the ground truth, defect,
and cloak domains, respectively, which are obtained by solving the discretized
state equations associated with each domain,iﬁ(i) = F(’),iﬁ(i) = F(i), and
K (@) u() (@) = F0) forthe i = 1, ..., n optimized design load cases, F(1).

To translate the design variables into mechanical properties of the cloak
design region, we adopt a material interpolation function that combines the
solid isotropic material with penalization (SIMP) (40, 41) and discrete material
optimization (DMO) (42, 43) functions such that the local constitutive tensor (in
matrix notation) in element £ is given by,

D =Y ()P [T[1 - 70’ 1RD (o) R, (4]
=1 k=1
o

where p > 1is the SIMP penalty parameter, 0 < 7 < 1 the spinodal mixing
penalty parameter, Dj’.'/ (p¢), is the homogenized constitutive tensor (in matrix

notation) of spinodal class j that varies as a function of the spinodal density (27),
and R (ag, e, ve) is a matrix that performs the fourth-order tensor rotation (in
matrix notation) dictated by the spinodal orientation design variables. In Eq. 4,
Yej.isobtained fromthe spinodal selection design variablesinZ, by firstapplying
a density filter that imposes a minimum macroscale feature size (44, 45), and
then a smooth Heaviside projection operator that projects intermediate values
to their 0/1 bounds (46, 47). The Heaviside projection is defined as,

~_ tanh (&n) + tanh(&(Peizj — n))
Y9 = "anh (&) + anhE(1 — 1))

where 7 = 0.5 s the Heaviside's threshold parameter, 0.1 < & < 15 controls
the steepness of the Heaviside function, and the filter matrix is,

h
Py = i —— g = max [0, (r — |1x¢ — xill2)], [6]

P h/ékk

where 4; is the volume of element i, x; and x; are the coordinates of elements
£and i, respectively, and r is the filter radius.

The SIMP and DMO interpolation functions used in Eq. 4 are effective in
penalizing intermediate values of the spinodal selection design variables and
preventing mixing of the different spinodal classes when the optimization
problem involves a tradeoff between stiffness and volume, but they are not
as effective for the current elastostatic cloaking formulation. To force a 0/1
spinodal selection distribution without mixing, we introduce local constraints,
gej € =1,...,N¢j=1,..., m thatmakeitso thatthe only feasible choices
ofzgq, ..., zem inelement € are casesinwhichzg; = Tandzy; = 0V # i.The
constraint functions and associated feasible region for element £ of a fictitious
two-spinodal material case is displayed in S/ Appendix, Fig. S2. The combination
of the constraints with the SIMP and DMO penalizations helps the optimizer to
avoid unfavorable local optima and achieve meaningful solid-void solutions.

To handle the local constraints in the optimization problem of Eq. 3, we
use the augmented Lagrangian (AL) method (48, 49), which substitutes the
problem’s constraints with a penalty term in the objective function (for more
details on AL for topology optimization, see ref. 50). In addition to handling
many local constraints, an advantage of the AL method is that it does notimpose
feasibility at every optimization step, meaning that the optimizer can transverse
infeasible regions of the design space to reach optimal points that are otherwise
inaccessible, while guaranteeing feasibility at convergence.

(5]

Elastostatic Cloak Design Boundary Conditions. The boundary conditions
imposed on the ground truth, defect, and cloak domains, which enter into the
state equations used in the topology optimization formulation of Eq. 3, play
a pivotal role in the resulting cloak's universality. We use a combination of
Neumann and Robin boundary conditions,

Neumann Robin -
7
(O"n)|ag2=t0 (0‘-n+ku)|3Q=t0,
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to represent the design load cases and the effect of the surrounding infinite
medium, respectively. In Eq. 7, o is the continuous stress field, n is a unit vector
normal to the domain boundary, 9Q, t0 is the prescribed boundary tractions,
k represents stiffness of Hookean springs, and u is the continuous displacement
field. The spring stiffness is empirically set to 0.01 of the maximum component
of the ground truth domain stiffness matrix.

To design a perfect universal cloak, i.e., a cloak that effectively conceals a
defect from any elastic disturbance, all possible boundary tractions should be
considered inthe design process (i.e., number of load cases, n — oo); however,
considering an infinite number of load cases is computationally infeasible.
Instead, we uniquely tailor afinite number of boundary tractions that, when used
in design, lead to cloaks within some tolerance of perfect universal elastostatic
cloaking. To remove human bias in defining the load cases, we use optimization
to find the load cases that maximize the energy mismatch associated with the
defect, i.e., we aim to find the "hardest” loads to conceal effectively. This load
case optimization problem is mathematically expressed as,

n . .
N IGEIGE,
i=1
T T2
ot hj = |:<F(')) F(])i| —5j—e(1—8) <0,

F(l) F(n)

ij=1...n 8]
with K = =1,
k) =
) — prO),

where the optimization variables are the load vectors associated with the
discretized state equations, FO), ..., E(, which are restricted to the surface
of the domain (i.e., no load is allowed inside of the domain). The constraints,
hj;, impose orthonormality to the load vectors, F(D4=1-n and allow us to
obtain a variety of diverse loading conditions (the term e(1 — &;;) allows for

a small degree ¢ = 0.01 of nonorthogonality to the loads). The matrix P in
Eq. 8 is a filter, similar to P in Eq. 6, that smooths the load variable, F(’), to

obtain the effective load f(i), but unlike P, P acts separately on each of the load
components (x, y, and z), and it is only defined on the surface of the domain

(i.e., its outputf(l) is still restricted to the domain surface).

Solving forall F(’), i=1,...,n, concurrently leads to instability in the load
optimization problem. Toimprove stability, we solve foreach ofthei = 1,.. ., n
load vectors sequentially. That is, instead of solving one optimization problem
withF(), ... () design variables, we solve n optimization problems, each for
asingle load vector. While solving the fth optimization problem, we only impose
the hj; constraintswithj < 7, inwhichthe FO), j < i,aretheload vectors found
inthe previous optimization problems. By having the constraints associated with
fixed, previously optimized, F0), Jj < ivectors, the optimizer can effortlessly
achieve feasibility. Conversely, optimizing all loads simultaneously can cause
them to adversely compete for the same optimal point, resulting in instability
in the optimization procedure. Furthermore, the sequential optimization of the
loads allows us to easily scale up or down the number of loads without having
to rerun the full load optimization problem. We solve the optimization problem
in Eq. 8 and feed the optimized load vectors to the cloak design optimization
problem of Eq. 3. It is noted that the optimized load cases are dependent on
both the defect that we wish to cloak and the elastic medium in which the defect
is embedded.

Elastostatic Cloak Validation. From the cloak design optimization, we obtain
amap of spinodal class, density, and orientation in the cloak design region. These
maps are interpreted to generate the microstructure embedded cloak design by
taking a level-set of a Gaussian random field that defines the spinodal geometry
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(SI Appendix, section 1.A) (27, 30, 51). The level-set function, which acts as a
local indicator for the presence or absence of material, is queried to generate
a stack of 2D slices, or images representing cross-sections of the 3D model.
Each pixel of the 2D slices corresponds to a voxel in the 3D space and its value
indicates the presence or absence of material. The slices are sent to the DLP 3D
printer, which exposes a UV-sensitive resin to UV light according to the patterns
in the 2D pixelated slices, to solidify the resin layer-by-layer into the shape
of the 3D part. By using a slice-based printing technique, we do not need to
directly generate a full 3D model (e.g., STL file), which can be prohibitively
memory-consuming and hard to postprocess in traditional 3D printing
software due to the incredibly detailed microstructure-embedded parts of
interest here.

Following this slicing procedure, we manufacture ground truth, defect, and
cloak domain samples for the Stanford bunny defect embedded in an isotropic
spinodal elastic medium with 0.4 density. The samples are subjected to a strict
postprocessing protocol to obtain repeatable and consistent material properties
(SI Appendix, section 2.Cand Fig. S3). The samples are analyzed using CT-scans
to verify that the geometrical features of the fabricated samples closely match
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