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ARTICLE INFO ABSTRACT
Keywords: A topology optimization framework considering a smooth hyperbolic Drucker-Prager (SHDP)
Drucker-prager plasticity is presented. The smooth hyperbolic approximation is used to address the gradient-

Pressure-dependent elastoplasticity
Topology optimization
Smooth approximation

discontinuity of the Drucker-Prager yield surface at the apex, for accurate sensitivity information
and improved numerical stability for both the stress integration scheme and the optimization sen-
sitivity analysis. The return mapping algorithm for this constitutive model, based on two stress
invariants, is derived and presented herein along with a discussion on the update of the plastic
multiplier increment through the bisection method. In this work, pressure-dependent elastoplastic
structures with high energy absorption are designed through an objective function of maximiz-
ing plastic work. The pressure-dependence of metal plasticity motivates the use of the smooth
hyperbolic Drucker-Prager to model metal alloys. The path dependent sensitivity analysis was
conducted using the adjoint method with all the partial derivatives computed analytically. The
effectiveness of the proposed framework is demonstrated by the numerical results, where the
structures significantly differ from those based on only the deviatoric stress invariant in the elasto-
plastic model. Lastly, we demonstrate that the proposed regularized SHDP framework allows for
convergence in the forward analysis and subsequently the topology optimization problem in cases
where the original Drucker-Prager could not.

1. Introduction

Topology optimization is a powerful engineering technique which determines an optimal material layout for a given design domain
to enhance a specified objective. Since its inception in 1988 [1], topology optimization has made significant progress in many areas;
however, most of the work in the literature is constrained either to linear or nonlinear elasticity [2,3]. In this work, we aim to add
to the existing literature of topology optimization considering elastoplasticity [4-8]. Hence we incorporate the energy dissipative
phenomenon and history-dependent deformation, as found in real-life materials, into the topology optimization framework.

Von Mises made a seminal contribution in the field of mechanics by deriving the complete set of equations of motion required to
model plastically-deformable bodies [9]. Since then the von Mises yield criterion is still widely used today and is the most dominant
constitutive model used in elastoplastic topology optimization frameworks [10-17]. The von Mises yield criterion models the material
behavior of metals where plastic yielding is described to occur when the J, stress invariant reaches a critical value. The claim
that standard metal plasticity is independent of hydrostatic stress has been corroborated in experimental studies [18] and is still
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$J_2$


$C^2$


$\bm {s}=\mathbb {P}_{dev}:\bm {\sigma }$


$p=\frac {1}{3}\bm {I}:\bm {\sigma }$


$\bm {}\sigma =p\bm {I}+\bm {s}$


$\mathbb {P}^{dev}=\mathbb {I}^s- \frac {1}{3}\bm {I} \otimes \bm {I}$


$\mathbb {I}^s_{{ijkl}}=\frac {1}{2}\left ( \delta _{ik}\delta _{jl} + \delta _{il}\delta _{jk} \right )$


\begin {equation}q=\sqrt {3/2} \cdot \| \bm {s}\|. \label {Xeqn1-1}\end {equation}


$\beta $


$\eta =\tan \beta $


$q-p$


$d$


\begin {equation}\Phi (\bm {\sigma })= q + \eta p - d = 0 \label {Xeqn2-2}\end {equation}


\begin {equation}\label {cohesion} d=\left ( 1-\dfrac {1}{3}\tan \beta \right )\sigma _c.\end {equation}


$q-p$


$(p,q)=(d/ \eta , 0)$


\begin {equation}\left (q + \eta p - d \right ) \left (-q + \eta p - d \right ) =0 \label {Xeqn4-4}\end {equation}


\begin {equation}\eta ^2p^2-2~d \eta p - q^2 + d^2=0. \label {Xeqn5-5}\end {equation}


\begin {equation}\label {pres_q} p=\dfrac {d}{\eta } -\sqrt {\left ( \dfrac {q}{\eta } \right )^2 }.\end {equation}


\begin {equation}p=\dfrac {d}{\eta } -\sqrt {\left ( \dfrac {q}{\eta } \right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2} \label {Xeqn7-7}\end {equation}


$\zeta $


$\zeta \rightarrow 0$


$\Phi _S$


\begin {equation}\boxed { \Phi _{S} = p - \dfrac {d}{\eta } + \sqrt {\left ( \dfrac {q}{\eta } \right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2} = 0} \label {Xeqn8-8}\end {equation}


$\zeta > 0$


$\eta > 0$


$d \geq 0$


$p\leq d / \eta $


$p-q$


$\zeta $


$\zeta \rightarrow 0$


\begin {align}\begin {split} &\nabla \cdot \bm {\sigma } =\bm {0} \quad \textrm {in} \;\; \Omega \\ &\bm {u} = \bar {\bm {u}}_D \quad \textrm {on} \;\; \tilde {\Gamma }_D \subseteq \Gamma \\ &\bm {u} = \bm {0} \quad \textrm {on} \;\; \Gamma _D \subseteq \Gamma \end {split} \label {Xeqn9-9}\end {align}


$\nabla \cdot $


$\bm {\sigma }$


$\Omega $


$\Gamma _D \subseteq \Gamma $


$\tilde {\Gamma }_D \subseteq \Gamma $


$\tilde {\Gamma }_D \cap \Gamma _D = \emptyset $


$\Omega $


$\bar {\bm {u}}$


$\Gamma _d$


$\tilde {\Gamma }_D$


$\bm {\varepsilon }= \frac {1}{2}(\nabla \bm {u} + (\nabla \bm {u}^T))$


$\bm {\varepsilon }=\bm {\varepsilon }^e+\bm {\varepsilon }^p$


$p=\kappa \bm {\varepsilon }^{vol}$


$\bm {s}=2G \mathbb {P}^{dev}:(\bm {\varepsilon }^e)$


$\bm {\varepsilon }^{vol}=Tr(\bm {\varepsilon }^e)$


$\kappa $


$G$


$E$


$\nu $


$G=E/(2(1+\nu ))$


$\kappa =E/(3(1-2\nu ))$


$e$


\begin {equation}\bm {R}^e_{i+1}=\bm {f}^e_{int}=\int _{\Omega _e} \bm {B}^{u^T}: \bm {\sigma }_{i+1}dV \label {Xeqn10-10}\end {equation}


$\bm {B}^u$


$\Omega _e$


\begin {equation}\bm {J}^e_{i+1}=\frac {\partial \bm {R}^e_{i+1}}{\partial \bar {\bm {u}}_{i+1}}. \label {Xeqn11-11}\end {equation}


\begin {equation}\begin {split} \bm {R}_{i+1}&= \overset {N_{elem}}{ \underset {e=1}{\mathcal {A}}}\bm {R}_{i+1}^e\\ \bm {J}_{i+1}&=\overset {N_{elem}}{ \underset {e=1}{\mathcal {A}}}\bm {J}_{i+1}^e \end {split} \label {Xeqn12-12}\end {equation}


$\bar {\bm {u}}_{i+1}$


\begin {equation}\bar {\bm {u}}^{m+1}_{i+1}=\bar {\bm {u}}_{i+1}^{m}- \bm {J}^{m^{-1}}_{i+1}\bm {R}_{i+1}^m \label {Xeqn13-13}\end {equation}


$m$


\begin {equation}\Phi _S(p, q) = p - \dfrac {d}{\eta } + \sqrt {\left ( \dfrac {q}{\eta } \right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2} = 0 \label {Xeqn14-14}\end {equation}


$\Psi =\Phi $


\begin {equation}\boxed {\dot {\bm {\varepsilon }}^p=\dot {\gamma } \dfrac {\partial \Phi }{\partial \bm {\sigma }}=\dot {\gamma } \bm {N}} \label {Xeqn15-15}\end {equation}


$\dot {\gamma }$


$\bm {N}$


\begin {equation}\boxed {\Phi \leq 0, \; \dot {\gamma } \geq 0, \; \dot {\gamma }\Phi =0.} \label {Xeqn16-16}\end {equation}


\begin {equation}\boxed { \dot {\gamma } \dot {\Phi }=0} \label {Xeqn17-17}\end {equation}


$i=1,\ldots ,n$


$i+1$


\begin {align}&\bm {\varepsilon } ^{p, trial}_{i+1} = \bm {\varepsilon }^p_{i} \label {Xeqn18-18}\\ &\bm {s}^{trial}_{i+1}=2G \mathbb {P}^{dev} ( \bm {\varepsilon } ^{e, trial}_{i+1} ) \label {Xeqn19-19}\\ &p^{trial}_{i+1}=\kappa \bm {\varepsilon }^{vol, trial}_{i+1} \label {Xeqn20-20}\\ &\alpha ^{trial}_{i+1} = \alpha _i. \label {Xeqn21-21}\end {align}


$\Phi ^{trial}_{S, i+1}(q^{trial}_{i+1}, p^{trial}_{i+1})$


$\Phi ^{trial}_{S,i+1}\leq 0$


\begin {align}&\bm {\varepsilon }^p_{i+1}=\bm {\varepsilon }^{p, trial}_{i+1} \label {Xeqn22-22}\\ &\bm {s}_{i+1}=\bm {s}^{trial}_{i+1} \label {Xeqn23-23}\\ &p_{i+1}=p^{trial}_{i+1} \label {Xeqn24-24}\\ &\alpha _{i+1} = \alpha ^{trial}_{i+1}. \label {Xeqn25-25}\end {align}


$\Phi ^{trial}_{S,i+1}>0$


\begin {align}&\bm {\varepsilon }^p_{i+1} = \bm {\varepsilon }^{p, trial}_{i+1} + \Delta \gamma _{i+1} \left ( \dfrac {1}{3} \bm {I} + \sqrt {\dfrac {3}{2}} \dfrac {q^{trial}_{i+1}}{\eta ^2} \dfrac {\bm {s}^{trial}_{i+1}}{\| \bm {s}^{trial}_{i+1} \|}\left ( \left ( \dfrac {q^{trial}_{i+1}}{\eta }\right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2 \right )^{-1/2} \right ) \label {Xeqn26-26}\\ &\bm {s}_{i+1}=\bm {s}^{trial}_{i+1} - 2~G \Delta \gamma _{i+1} \sqrt {\dfrac {3}{2}} \dfrac {q^{trial}_{i+1}}{\eta ^2} \dfrac {\bm {s}^{trial}_{i+1}}{\|\bm {s}^{trial}_{i+1}\|} \left ( \left ( \dfrac {q^{trial}_{i+1}}{\eta }\right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2 \right )^{-1/2} \label {Xeqn27-27}\\ &p_{i+1}=p^{trial}_{i+1}- \kappa \Delta \gamma _{i+1} \label {Xeqn28-28}\end {align}


\begin {equation}\alpha _{i+1} = \alpha _i + \dfrac {\bm {\sigma }_{i+1}:\dot {\bm {\varepsilon }}^p_{i+1}}{\sigma _c}. \label {Xeqn29-29}\end {equation}


$\Phi ^{trial}_{S,i+1}(\Delta \gamma )=0$


$q_{i+1}$


$\Delta \gamma _{i+1}$


\begin {align}&0=q_{i+1} - q^{trial}_{i+1}+3G\Delta \gamma _{i+1}\dfrac {q^{trial}_{i+1}}{\eta ^2} \left ( \left (\dfrac {q^{trial}_{i+1}}{\eta } \right )^2+ \left ( \dfrac {\zeta }{\eta } \right )^2 \right )^{-1/2} \label {Xeqn30-30}\\ &0= \underbrace {p^{trial}_{i+1}-\kappa \Delta \gamma _{i+1}}_{p_{i+1}}-\dfrac {d}{\eta }+\sqrt {\left ( \dfrac {q_{i+1}}{\eta } \right )^2+\left ( \dfrac {\zeta }{\eta } \right )^2} \label {Xeqn31-31}\end {align}


$q_{i+1}$


\begin {equation}0=q_{i+1}-q^{trial}_{i+1}+\dfrac {3Gq_{i+1}}{\kappa \eta ^2}\left ( \left (\dfrac {q_{i+1}}{\eta } \right )^2+ \left ( \dfrac {\zeta }{\eta } \right )^2 \right )^{-1/2} \left (p^{trial}_{i+1}-\dfrac {d}{\eta }+\sqrt {\left ( \dfrac {q_{i+1}}{\eta } \right )^2+ \left ( \dfrac {\zeta }{\eta } \right )^2} \right ). \label {Xeqn32-32}\end {equation}


\begin {equation}\boxed {\Delta \gamma _{i+1}=\dfrac {1}{\kappa } \left (p^{trial}_{i+1}- \dfrac {d}{\eta }+\sqrt {\left (\dfrac {q_{i+1}}{\eta } \right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2} \right )} \label {Xeqn33-33}\end {equation}


$\bm {H}_i^{e_q}$


$e_q$


$q$


$e$


\begin {equation}\label {elastic_H_SDP} \bm {H}^{e_q}_i=\begin {bmatrix} h^{e_q}_{i,1} \\[2pt] h^{e_q}_{i,2} \\[2pt] h^{e_q}_{i,3} \end {bmatrix}=\begin {bmatrix} \alpha _i-\alpha _{i-1}\\[2pt] \Delta \gamma _i\\[2pt] \bm {\varepsilon }^{p}_i-\bm {\varepsilon }^{p}_{i-1} \end {bmatrix} = \begin {bmatrix} 0\\0\\\bm {0} \end {bmatrix}\end {equation}


\begin {equation}\bm {H}_i^{e_q}=\begin {bmatrix} h^{e_q}_{i,1} \\[2pt] h^{e_q}_{i,2} \\[2pt] h^{e_q}_{i,3} \end {bmatrix}=\begin {bmatrix} \label {plastic_H_SDP} \alpha _i-\alpha _{i-1}-\Delta \gamma _{i}\\[2pt] p_i - \dfrac {d}{\eta } + \sqrt {\left ( \dfrac {q_i}{\eta } \right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2} \\[2pt] \bm {\varepsilon }^{p}_i-\bm {\varepsilon }^{p}_{i-1}-\Delta \gamma _i\left (\dfrac {1}{3} \bm {I} + \sqrt {\dfrac {3}{2}} \dfrac {q}{\eta ^2} \dfrac {\bm {s}}{\| \bm {s} \|}\left ( \left ( \dfrac {q}{\eta }\right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2 \right )^{-1/2} \right ) \end {bmatrix} = \begin {bmatrix} 0\\0\\\bm {0} \end {bmatrix}.\end {equation}


$d$


$\beta $


$\zeta =0.6$


$\zeta =0.6$


$\bar {\bm {u}}=4.792$


$180$


$L=10$


$\zeta =0.0$


$0\leq \rho _e\leq 1$


$\rho _e=1$


$\rho _e=0$


\begin {align}\label {E_e_SHDP} &E_e = \left ( \epsilon _e+(1+\epsilon _e)\rho _e^{p_1} \right )E^{solid}\\ \label {d_p} &d_p = \left (\epsilon _p+(1+\epsilon _p)\rho _e^{p_2} \right )d^{solid}\end {align}


$\epsilon _e=10^{-8}$


$p_1$


$E^{solid}$


$\kappa $


$G$


$p_2$


$d^{solid}$


$\zeta $


$\epsilon _p=\zeta /d^{solid}$


$P_{ij}$


$R$


$\bm {x}$


$i$


$j$


$\textbf {z}$


$\bar {\bm {\rho }}$


\begin {equation}\bar {\rho }_i = \frac {\textrm {z}_j ~\omega (\bm {x}_i, \bm {x}_j)}{\sum _j \omega (\bm {x}_i, \bm {x}_j)} = P_{ij} \textrm {z}_j \label {Xeqn38-38}\end {equation}


\begin {equation}\omega (\bm {x}_i, \bm {x}_j)=\max \left ( 1-\dfrac {\| \bm {x}_i-\bm {x}_j \|}{R}, \; 0 \right ). \label {Xeqn39-39}\end {equation}


\begin {equation}\rho _e (\bar {\rho }_e(\textbf {z})) = \dfrac {\tanh (\beta \eta ) + \tanh (\beta (\bar {\rho }_e-\eta ))}{\tanh (\beta \eta ) + \tanh (\beta (1-\eta ))} \label {Xeqn40-40}\end {equation}


$\eta $


$\beta $


$\bm {z}$


${\bm {u}}_i$


$\bm {v}_i$


$i=1,\ldots ,n$


$w_{e_q}$


$\rho _e$


$v_e$


$V_{tot}$


$V_{\max }$


$\bm {R}_i=\bm {0}$


$\bm {H}_i=\bm {0}$


\begin {equation}\label {opt_statement} \boxed { \begin {aligned} \max \limits _{\textbf {z}} \quad &f(\bm {\rho }(\textbf {z}), \{\bm {u}_i\}, \{\bm {v}_i\})=\dfrac {1}{2}\sum _{i=1}^{n} \sum _{e=1}^{N_{elem}} \sum _{q=1}^{N_{quad}} \left ( \bm {\sigma }_{i}^{e_q} + \bm {\sigma }_{i-1}^{e_q} \right ) : \left ( \bm {\varepsilon }_{i}^{p,e_q} - \bm {\varepsilon }_{i-1}^{p,e_q} \right ) w^{e_q} \\ \textrm {s.t.} \quad & g(\bm {\rho }(\textbf {z}))=\dfrac {1}{V_{total}}\sum _{e=1}^{N_{elem}}\rho _e v_e -V_{max} \leq 0 \\ &\bm {R}_{i}(\bm {\rho }(\textbf {z}), \bm {u}_i, \bm {u}_{i-1}, \bm {v}_i, \bm {v}_{i-1} )=0, \quad i=1,\ldots ,n \\ &\bm {H}_{i}(\bm {\rho }(\textbf {z}), \bm {u}_i, \bm {u}_{i-1}, \bm {v}_i, \bm {v}_{i-1} )=0,\quad i=1,\ldots ,n \end {aligned} }\end {equation}


$\bm {\rho }(\bar {\bm {\rho }}(\bm {z}))$


$\hat {f}$


\begin {align}\label {aug} \hat {f}(\bm {\rho }, \{\bm {u}_n\}, \{\bm {v}_n\})=f(\bm {\rho }, \{\bm {u}_n\}, \{\bm {v}_n\}) + \sum _{i=1}^n \Big (\bm {\lambda }_i^T \bm {R}_i(\bm {\rho }, \{\bm {u}_i\}, \{\bm {u}_{i-1}\}, \{\bm {v}_i\}, \{\bm {v}_{i-1}\} ) + \bm {\mu }_i^T\bm {H}_i(\bm {\rho }, \{\bm {u}_i\}, \{\bm {u}_{i-1}\}, \{\bm {v}_i\}, \{\bm {v}_{i-1}\} ) \Big )\end {align}


$f$


$\bm {H}_i$


$\bm {R}_i$


$\bm {\lambda }_i$


$\bm {\mu }_i$


\begin {equation}\begin {split} \label {aug_chain_rule} \dfrac {d\hat {f}}{d \bm {\rho }}=\dfrac {df}{d \bm {\rho }}=&\dfrac {\partial f}{\partial \bm {\rho }} +\sum _{i=1}^n \dfrac {\partial f}{\partial \bm {u}_i} \dfrac {\partial \bm {u}_i}{\partial \bm {\rho }}+\dfrac {\partial f}{\partial \bm {v}_i} \dfrac {\partial \bm {v}_i}{\partial \bm {\rho }} + \sum _{i=1}^n\bm {\lambda }_i^T \left ( \dfrac {\partial \bm {R}_i}{\partial \bm {\rho }} + \dfrac {\partial \bm {R}_i}{\partial \bm {u}_i} \dfrac {\partial \bm {u}_i}{\partial \bm {\rho }} + \dfrac {\partial \bm {R}_i}{\partial \bm {u}_{i-1}} \dfrac {\partial \bm {u}_{i-1}}{\partial \bm {\rho }} + \dfrac {\partial \bm {R}_i}{\partial \bm {v}_i} \dfrac {\partial \bm {v}_i}{\partial \bm {\rho }} + \dfrac {\partial \bm {R}_i}{\partial \bm {v}_{i-1}} \dfrac {\partial \bm {v}_{i-1}}{\partial \bm {\rho }} \right ) \\ &+ \sum _{i=1}^n\bm {\mu }_i^T \left ( \dfrac {\partial \bm {H}_i}{\partial \bm {\rho }} + \dfrac {\partial \bm {H}_i}{\partial \bm {u}_i} \dfrac {\partial \bm {u}_i}{\partial \bm {\rho }} + \dfrac {\partial \bm {H}_i}{\partial \bm {u}_{i-1}} \dfrac {\partial \bm {u}_{i-1}}{\partial \bm {\rho }} + \dfrac {\partial \bm {H}_i}{\partial \bm {v}_i} \dfrac {\partial \bm {v}_i}{\partial \bm {\rho }} + \dfrac {\partial \bm {H}_i}{\partial \bm {v}_{i-1}} \dfrac {\partial \bm {v}_{i-1}}{\partial \bm {\rho }} \right ) \end {split}\end {equation}


$\partial \bm {u}_i/ \partial \bm {\rho }$


$\partial \bm {v}_i/ \partial \bm {\rho }$


\begin {equation}\begin {split} \dfrac {d \hat {f}}{d \bm {\rho }}&=\dfrac {\partial f}{\partial \bm {\rho }}+ \dfrac {\partial \bm {u}_n}{\partial \bm {\rho }} \left ( \dfrac {\partial f}{\partial \bm {u}_n} + \bm {\lambda }_n^T \dfrac {\partial \bm {R}_n}{\partial \bm {u}_n} + \bm {\mu }_n^T \dfrac {\partial \bm {H}_n}{\partial \bm {u}_n}\right ) + \dfrac {\partial \bm {v}_n}{\partial \bm {\rho }} \left ( \dfrac {\partial f}{\partial \bm {v}_n} + \bm {\lambda }_n^T \dfrac {\partial \bm {R}_n}{\partial \bm {v}_n} + \bm {\mu }_n^T \dfrac {\partial \bm {H}_n}{\partial \bm {v}_n}\right ) \\ &\quad +\,\sum _{i=1}^n \left ( \bm {\lambda }_i^T \dfrac {\partial \bm {R}_i}{\partial \bm {\rho }} + \bm {\mu }_i^T \dfrac {\partial \bm {H}_i}{\partial \bm {\rho }} \right ) + \sum _{i=1}^{n-1}\dfrac {\partial \bm {u}_i}{\partial \bm {\rho }}\left ( \dfrac {\partial f}{\partial \bm {u}_i} + \bm {\lambda }_i^T\dfrac {\partial \bm {R}_i}{\partial \bm {u}_i}+ \bm {\mu }_i^T \dfrac {\partial \bm {H}_i}{\partial \bm {u}_i}+ \bm {\lambda }_{i+1}^T\dfrac {\partial \bm {R}_{i+1}}{\partial \bm {u}_i} + \bm {\mu }_{i+1}^T \dfrac {\partial \bm {H}_{i+1}}{\partial \bm {u}_i}\right )\\ &\quad +\,\sum _{i=1}^{n-1}\dfrac {\partial \bm {v}_i}{\partial \bm {\rho }}\left ( \dfrac {\partial f}{\partial \bm {v}_i} + \bm {\lambda }_i^T\dfrac {\partial \bm {R}_i}{\partial \bm {v}_i}+ \bm {\mu }_i^T \dfrac {\partial \bm {H}_i}{\partial \bm {v}_i}+ \bm {\lambda }_{i+1}^T\dfrac {\partial \bm {R}_{i+1}}{\partial \bm {v}_i} + \bm {\mu }_{i+1}^T \dfrac {\partial \bm {H}_{i+1}}{\partial \bm {v}_i}\right ), \end {split} \label {Xeqn44-44}\end {equation}


$i=n$


\begin {equation}\label {sys_1} \text {n}^{th} \text { time step}: \begin {cases} \bm {\lambda }_n^T \dfrac {\partial \bm {R}_n}{\partial \bm {u}_n} + \bm {\mu }_n^T \dfrac {\partial \bm {H}_n}{\partial \bm {u}_n}=-\dfrac {\partial f}{\partial \bm {u}_n}\\ &\\ \bm {\lambda }_n^T \dfrac {\partial \bm {R}_n}{\partial \bm {v}_n} + \bm {\mu }_n^T \dfrac {\partial \bm {H}_n}{\partial \bm {v}_n}=-\dfrac {\partial f}{\partial \bm {v}_n} \end {cases}\end {equation}


$i=1,\ldots ,n-1$


\begin {equation}\label {sys_2} \text {i}^{th} \text { time step}:\begin {cases} \bm {\lambda }_i^T\dfrac {\partial \bm {R}_i}{\partial \bm {u}_i}+ \bm {\mu }_i^T \dfrac {\partial \bm {H}_i}{\partial \bm {u}_i}=- \left ( \dfrac {\partial f}{\partial \bm {u}_i} + \bm {\lambda }_{i+1}^T\dfrac {\partial \bm {R}_{i+1}}{\partial \bm {u}_i} + \bm {\mu }_{i+1}^T \dfrac {\partial \bm {H}_{i+1}}{\partial \bm {u}_i} \right )\\&\\ \bm {\lambda }_i^T\dfrac {\partial \bm {R}_i}{\partial \bm {v}_i}+ \bm {\mu }_i^T \dfrac {\partial \bm {H}_i}{\partial \bm {v}_i}=- \left ( \dfrac {\partial f}{\partial \bm {v}_i} + \bm {\lambda }_{i+1}^T\dfrac {\partial \bm {R}_{i+1}}{\partial \bm {v}_i} + \bm {\mu }_{i+1}^T \dfrac {\partial \bm {H}_{i+1}}{\partial \bm {v}_i} \right ). \end {cases}\end {equation}


$\bm {\lambda }_i$


$\bm {\mu }_i$


\begin {align}\label {schur_1} &\underbrace {\left ( \dfrac {\partial \bm {R}_i}{\partial \bm {u}_i} - \dfrac {\partial \bm {R}_i}{\partial \bm {v}_i} \dfrac {\partial \bm {H}_i^{-1}}{\partial \bm {v}_i} \dfrac {\partial \bm {H}_i}{\partial \bm {u}_i}\right )^T}_\text {element jacobian transpose} \bm {\lambda }_i = \bm {F}_i^u-\dfrac {\partial \bm {H}_i^T}{\partial \bm {u}_i} \dfrac {\partial \bm {H}_i^{-T}}{\partial \bm {v}_i} \bm {F}_i^v\\ \label {schur_2} &\bm {\mu }_i = \dfrac {\partial \bm {H}_i^{-T}}{\partial \bm {v}_i} \left ( \bm {F}_i^v - \dfrac {\partial \bm {R}_i^T}{\partial \bm {v}} \bm {\lambda }_i \right )\end {align}


$\bm {F}^u_i$


$\bm {F}_i^v$


\begin {equation}\label {total_derivative} \dfrac {d \hat {f}}{d \bm {\rho }}=\dfrac {\partial f}{\partial \bm {\rho }} + \sum _{i=1}^n \left ( \bm {\lambda }_i^T \dfrac {\partial \bm {R}_i}{\partial \bm {\rho }} + \bm {\mu }_i^T \dfrac {\partial \bm {H}_i}{\partial \bm {\rho }} \right ).\end {equation}


\begin {equation}\text {For } f: \begin {cases} \dfrac {\partial f}{\partial \bm {\rho }}\\[2ex] \dfrac {\partial f}{\partial \bm {u}_i}\\[2ex] \dfrac {\partial f}{\partial \bm {v}_i} \end {cases}, \quad \text {for } \bm {R}_i: \begin {cases} \dfrac {\partial \bm {R}_i}{\partial \bm {\rho }}\\[2ex] \dfrac {\partial \bm {R}_i}{\partial \bm {u}_i}\\[2ex] \dfrac {\partial \bm {R}_i}{\partial \bm {u}_{i-1}}\\[2ex] \dfrac {\partial \bm {R}_i}{\partial \bm {v}_i}\\[2ex] \dfrac {\partial \bm {R}_i}{\partial \bm {v}_{i-1}} \end {cases}, \quad \text {for } \bm {H}_i:\begin {cases} \dfrac {\partial \bm {H}_i}{\partial \bm {\rho }}\\[2ex] \dfrac {\partial \bm {H}_i}{\partial \bm {u}_i}\\[2ex] \dfrac {\partial \bm {H}_i}{\partial \bm {u}_{i-1}}\\[2ex] \dfrac {\partial \bm {H}_i}{\partial \bm {v}_i}\\[2ex] \dfrac {\partial \bm {H}_i}{\partial \bm {v}_{i-1}} \end {cases} \label {Xeqn50-50}\end {equation}


$\textbf {z}$


\begin {equation}\dfrac {\partial f}{\partial \textbf {z}}= \dfrac {\partial f}{\partial \bm {\rho }} \dfrac {\partial \bm {\rho }}{\partial \bar {\bm {\rho }}} \dfrac {\partial \bar {\bm {\rho }}}{\partial \textbf {z}} = \dfrac {\partial f}{\partial \bm {\rho }} \dfrac {\partial \bm {\rho }}{\partial \bar {\bm {\rho }}} \textbf {P} \label {Xeqn51-51}\end {equation}


$\bm {v}^{e_q}_i=\{\alpha _i^{e_q}, \Delta \gamma _i^{e_q}, \bm {\varepsilon }^{p,e_q}_i\}$


\begin {equation}\begin {split} &\dfrac {\partial \bm {H}_i^{e_q}}{\partial \alpha _i^{e_q}}=\begin {bmatrix} 1\\0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}_i^{e_q}}{\partial \alpha _{i-1}^{e_q}}=\begin {bmatrix} -1\\0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}_i^{e_q}}{\partial \Delta \gamma _i^{e_q}}=\begin {bmatrix} 0\\1\\ \bm {0} \end {bmatrix}, \\ &\dfrac {\partial \bm {H}_i^{e_q}}{\partial \Delta \gamma _{i-1}^{e_q}}=\begin {bmatrix} 0\\0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}_i^{e_q}}{\partial \bm {\varepsilon }^{p, e_q}_i}=\begin {bmatrix} \bm {0}\\\bm {0}\\ \mathbb {I}^s \end {bmatrix}, \; \dfrac {\partial \bm {H}_i^{e_q}}{\partial \bm {\varepsilon }^{p, e_q}_{i-1}}=\begin {bmatrix} \bm {0}\\\bm {0}\\ -\mathbb {I}^s \end {bmatrix} \end {split} \label {Xeqn52-52}\end {equation}


\begin {equation}\dfrac {\partial \bm {H}_{i}^{e_q}}{\partial \rho _e}=\begin {bmatrix} 0\\0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}_{i}^{e_q}}{\partial \bm {u}_i^{e_q}}=\begin {bmatrix} \bm {0}\\\bm {0}\\ \bm {0} \end {bmatrix}. \label {Xeqn53-53}\end {equation}


\begin {equation}\dfrac {\partial \bm {H}^{e_q}_{i}}{\partial \alpha ^{e_q}_{i-1}}=\begin {bmatrix} -1\\0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}^{e_q}_{i}}{\partial \Delta \gamma ^{e_q}_{i-1}}=\begin {bmatrix} 0\\0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}^{e_q}_{i}}{\partial \bm {\varepsilon }^{p, e_q}_{i-1}}=\begin {bmatrix} \bm {0}\\\bm {0}\\ - \mathbb {I}^s \end {bmatrix}. \label {Xeqn54-54}\end {equation}


\begin {equation}\dfrac {\partial \bm {H}^{e_q}_{i}}{\partial \alpha ^{e_q}_{i}}=\begin {bmatrix} 1\\ 0\\ \bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}^{e_q}_{i}}{\partial \Delta \gamma ^{e_q}_{i}}=\begin {bmatrix} -1\\[2pt] 0\\[2pt] - \dfrac {1}{3} \bm {I} - \sqrt {\dfrac {3}{2}} \dfrac {q^{e_q}_i}{\eta ^2} \dfrac {\bm {s}^{e_q}_i}{\| \bm {s}^{e_q}_i \|}\left ( \bm {D}_i \right )^{-1/2} \end {bmatrix} \label {Xeqn55-55}\end {equation}


\begin {equation}\bm {D}_i= \left ( \dfrac {q^{e_q}_i}{\eta }\right )^2 + \left ( \dfrac {\zeta }{\eta } \right )^2 . \label {Xeqn56-56}\end {equation}


\begin {equation}\dfrac {\partial \bm {H}_i^{e_q}}{\partial \bm {\varepsilon }^{p,e_q}_{i}}=\begin {bmatrix} \bm {0}\\[4pt] - \kappa \bm {I} - \dfrac {2~G q^{e_q}_i}{\eta ^2} \sqrt {\dfrac {3}{2}} \dfrac {\bm {s}^{e_q}_i}{\| \bm {s}^{e_q}_i \|} \left ( \bm {D}_i \right )^{-1/2} \\[4pt] \mathbb {I}^s + \dfrac {\Delta \gamma _i G}{\eta ^2} \left ( \bm {D}_i \right )^{-1/2} \left ( 3 \mathbb {P}^{dev} - \dfrac {9}{2 \eta ^2} \bm {s}^{e_q}_i \otimes \bm {s}^{e_q}_i \left ( \bm {D}_i\right )^{-1} \right ) \end {bmatrix} = \begin {bmatrix} \bm {0}\\ -\bm {A_i}\\ \mathbb {I}^s + \bm {C}_i \end {bmatrix} \label {Xeqn57-57}\end {equation}


\begin {equation}\dfrac {\partial \bm {H}_i^{e_{q}}}{\partial \rho _e}=\begin {bmatrix} 0\\E_i\\\bm {0} \end {bmatrix}, \; \dfrac {\partial \bm {H}^{e_q}_{i}}{\partial \bm {u}_i}=\begin {bmatrix} \bm {0}\\\bm {A}_i: \bm {B}^u\\ -\bm {C}_i:\bm {B}^u \end {bmatrix} \label {Xeqn58-58}\end {equation}


\begin {equation}E_i=\dfrac {\partial \kappa }{\partial \rho _e} \mathrm {Tr}(\bm {\varepsilon }^{e_q}_i - \bm {\varepsilon }^{p, e_q}_i) - \dfrac {1}{\eta } \dfrac {\partial d }{\partial \rho _e} + \dfrac {2q_i^{e_q}}{\eta ^2} \sqrt {\dfrac {3}{2}} \left ( \bm {D}_i \right )^{-1/2}\dfrac {\bm {s}_i^{e_q}}{\| \bm {s}_i^{e_q} \|} \left (\bm {\varepsilon }^{e_q}_i - \bm {\varepsilon }^{p,e_q}_i \right ) \dfrac {\partial G}{\partial \rho _e}. \label {Xeqn59-59}\end {equation}


$\partial G / \partial \rho _e$


$\partial \kappa / \partial \rho _e$


$\partial d / \partial \rho _e$


$\partial \bm {H}_i^{e_q} / \partial \bm {u}_{i-1}^{e_q}=\bm {0}$


\begin {equation}\bm {R}^i_{e}= \int _{\Omega _e} \bm {B}^{u^T}:\mathbb {C}:(\bm {\varepsilon }^i-\bm {\varepsilon }^{p,i}) \;dV \label {Xeqn60-60}\end {equation}


\begin {equation}\bm {R}^i_{e}= \int _{\Omega _e} \bm {B}^{u^T}: \left ( 2~G \mathbb {P}^{dev} + 3 \kappa \mathbb {I}^{vol} \right ):(\bm {\varepsilon }^i-\bm {\varepsilon }^{p,i}) \;dV. \label {Xeqn61-61}\end {equation}


\begin {align}&\dfrac {\partial \bm {R}^i_e}{\partial \bm {\varepsilon }^{p,i} } = - \int _{\Omega _e} \bm {B}^{u^T}: \mathbb {C} \;dV \label {Xeqn62-62}\\ &\dfrac {\partial \bm {R}^i_e}{\partial \bm {u}^i } = \int _{\Omega _e} \bm {B}^{u^T}: \mathbb {C} : \bm {B}^{u^T}\;dV \label {Xeqn63-63}\\ &\dfrac {\partial \bm {R}^i_e}{\partial \rho _e } = \int _{\Omega _e} \bm {B}^{u^T} : \left ( 2 \dfrac {\partial G}{\partial \rho _e} \mathbb {P}^{dev} + 3 \dfrac {\partial \kappa }{\partial \rho _e} \mathbb {I}^{vol} \right ):(\bm {\varepsilon }^i-\bm {\varepsilon }^{p,i}) dV. \label {Xeqn64-64}\end {align}


$n$


$i=1,\ldots ,n-1$


\begin {equation}f(\bm {\rho }, \{\bm {u}_n\}, \{\bm {v}_n\}) = \dfrac {1}{2} \int _{\Omega } \bm {\sigma }_n:\left ( \bm {\varepsilon }^p_n-\bm {\varepsilon }^p_{n-1} \right ) dV + \dfrac {1}{2} \sum _{i=1}^{n-1} \int _{\Omega } \bm {\sigma }_i : \left ( \bm {\varepsilon }^p_{i+1}- \bm {\varepsilon }^p_{i-1} \right ) dV \label {Xeqn65-65}\end {equation}


\begin {equation}\dfrac {\partial f}{\partial \rho _e}=\dfrac {1}{2} \int _{\Omega } \dfrac { \partial \bm {\sigma }_n}{\partial \rho _e}:\left ( \bm {\varepsilon }^p_n-\bm {\varepsilon }^p_{n-1} \right ) dV+ \dfrac {1}{2} \sum _{i=1}^{n-1} \int _{\Omega } \dfrac { \partial \bm {\sigma }_{i}}{\partial \rho _e} : \left ( \bm {\varepsilon }^p_{i+1}- \bm {\varepsilon }^p_{i-1} \right )dV \label {Xeqn66-66}\end {equation}


\begin {equation}\dfrac { \partial \bm {\sigma }_{i}}{\partial \rho _e}= \dfrac {\partial \kappa }{\partial \rho _e} \mathrm {Tr}(\bm {\varepsilon }_i-\bm {\varepsilon }^p_i) \bm {I} + 2 \dfrac {\partial G}{\partial \rho _e} \mathbb {P}^{dev}:\left ( \bm {\varepsilon }_i-\bm {\varepsilon }^p_i \right ). \label {Xeqn67-67}\end {equation}


$\partial f/ \partial \bm {v}_i$


$\partial f/ \partial \bm {u}_i$


$n$


$i=1,\ldots ,n-1$


\begin {equation}\dfrac {\partial f}{\partial \alpha _i}=\dfrac {\partial f}{\partial \Delta \gamma _i}=0. \label {Xeqn68-68}\end {equation}


$i=n$


\begin {equation}\dfrac {\partial f}{\partial \bm {\varepsilon }^p_n}=\dfrac {1}{2} \int _{\Omega } \kappa \bm {I} \otimes \bm {I} : \left ( -\bm {\varepsilon }^p_n+\bm {\varepsilon }^p_{n-1} \right ) dV + \dfrac {1}{2}\int _{\Omega } 2G \mathbb {P}^{dev}:\left (-\bm {\varepsilon }^p_n+\bm {\varepsilon }^p_{n-1}\right )dV + \dfrac {1}{2}\int _{\Omega } \left (\bm {\sigma }_{n} + \bm {\sigma }_{n-1}\right ) dV \label {Xeqn69-69}\end {equation}


\begin {equation}\begin {split} \dfrac {\partial f}{\partial \bm {u}_n}&= \dfrac {1}{2} \int _{\Omega _e} \kappa \bm {I} \otimes \bm {I} : \left ( \bm {\varepsilon }^p_n-\bm {\varepsilon }^p_{n-1} \right ) : \bm {B}^u dV + \dfrac {1}{2}\int _{\Omega _e} 2~G \mathbb {P}^{dev} : \left ( \bm {\varepsilon }^p_n-\bm {\varepsilon }^p_{n-1} \right ) : \bm {B}^u dV \end {split} \label {Xeqn70-70}\end {equation}


$i=1,.,n-1$


\begin {equation}\dfrac {\partial f}{\partial \bm {\varepsilon }^{p}_i}= \dfrac {1}{2} \int _{\Omega } \kappa \bm {I} \otimes \bm {I} : \left (-\bm {\varepsilon }^p_{i+1}+\bm {\varepsilon }^p_{i-1}\right ) dV + \dfrac {1}{2}\int _{\Omega } 2G \mathbb {P}^{dev}:\left (-\bm {\varepsilon }^p_{i+1}+\bm {\varepsilon }^p_{i-1}\right ) dV - \dfrac {1}{2}\int _{\Omega }\left (\bm {\sigma }_{i+1} - \bm {\sigma }_{i-1}\right ) dV \label {Xeqn71-71}\end {equation}


\begin {equation}\begin {split} \dfrac {\partial f}{\partial \bm {u}_i}&=\dfrac {1}{2} \int _{\Omega _e} \kappa \bm {I} \otimes \bm {I} :\left ( \bm {\varepsilon }^p_{i+1}-\bm {\varepsilon }^{p}_{i-1} \right ) : \bm {B}^u dV + \dfrac {1}{2}\int _{\Omega _e} 2~G \mathbb {P}^{dev} : \left ( \bm {\varepsilon }^p_{i+1}-\bm {\varepsilon }^{p}_{i-1} \right ) : \bm {B}^u dV. \end {split} \label {Xeqn72-72}\end {equation}
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$\beta =\min (1.0, 2R/\tau )$


$\tau $
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$\bar {\bm {u}}=-1.0$
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$V_{\max }=0.4$


$d \times w$


$w=8.0\tau $


\begin {equation}\Phi _{VM}=\sqrt {\dfrac {3}{2}\bm {s}:\bm {s}}-\sigma _y \label {Xeqn73-73}\end {equation}


$\sigma _y=d$


$\sim 82.15\,\%$


$W^p=790.78$
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$\cdot $
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\begin {equation}\dfrac {d f(\bm {x})}{d x_i} \approx \dfrac {f(\bm {x} + \Delta \bm {x}_i) - f(\bm {x} - \Delta \bm {x}_i)}{2 \Delta \bm {x}}. \label {Xeqn74-A.1}\end {equation}
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widely assumed to be true in current works of metal plasticity [19,20]. However, in recent decades, this postulate has come under
reexamination with experimental data supporting the argument that metals experience yielding effects under certain hydrostatic
pressure levels. This was demonstrated in the work by Spitzig et al. [21] where they conducted tension and compression tests under
hydrostatic pressure on steel specimens which indicated a linear relationship between the yield strength and the hydrostatic pressure
- equivalent to the yield criterion by Drucker and Prager[22] initially proposed for the material characterization of soil and other
granular geomaterials. Later, Wilson [23] obtained experimental data from aluminum alloy specimens in conjunction with numerical
simulations to demonstrate the accuracy of the Drucker-Prager yield criterion in capturing the effects of hydrostatic tensile stress
on yielding. These experiments provide additional evidence in motivating the inclusion of pressure in the yield criterion for metal
plasticity. Additional work by Bai and Wierzbicki [24] argue the inclusion of the three stress invariants, through experimental results,
in a proposed yield criterion to better represent metal plasticity. However, for the sake of this work, we use the yield criterion
dependent on two stress invariants.

For non-smooth yield functions, there exist gradient-discontinuities which may cause instabilities and computational difficulties
in stress integration schemes leading to inefficiency or potentially failure overall. Thus the treatment of these singularities has been
extensively studied, such as in the work by Abbo and Sloan [25], where the non-smoothness of the Mohr-Coulomb yield surface was
treated by using a smooth hyperbolic approximation function [26] to treat the singularity at the apex and by using a trigonometric
approximation to smooth the sharp corners in the meridional plane [27]. More recently, there has been work done to provide a
smooth hyperbolic approximation to a generalized yield function, which combines the yield criteria of Tresca, Mohr-Coulomb, and
Matsuoka-Nakai into a single expression, by a parameter for the inner rounding of the hexagonal Mohr-Coulomb in addition to the
smoothing of the apex [28]. An additional method has been presented to combine multiple distinct yield functions into a single,
general yield function that is both C? differentiable and convex [29]. Although model specific frameworks are usually more efficient,
such as the work by Szwed and Kamiriska [30] where they present a general form of the Drucker-Prager plastic potential, that is both
smooth and convex, which can be calibrated based on experimental data and accounts for meridian slope changes.

The works mentioned previously only discuss the treatment of non-smooth yield surfaces in the forward analysis; however, in
the context of gradient-based topology optimization, the evaluation of accurate gradient information is crucial for both the stress
integration scheme and the sensitivity analysis. The use of other yield criterion, beyond the smooth von Mises, in topology optimization
frameworks are primarily limited to the design of elastic structures subject to local stress constraints constructed by the specified yield
function criterion [31-34]. Another approach in topology optimization consists of approximating the Drucker-Prager elastoplastic
material behavior using a surrogate nonlinear elasticity model [35]. Although these former approaches are pervasive, they omit
the critical elastoplastic analysis and fail to capture the true dissipative physics. Research that incorporates the Drucker-Prager
elastoplastic analysis in the topology optimization statement includes, for example, Alberdi and Khandelwal [36], which admits to
the non-differentiable flow potential at the apex but neglects to treat this singularity. In addition, Bogomolny and Amir[5] used
the Drucker-Prager plasticity for the design of steel-reinforced concrete structures by proposing a material interpolation scheme
which controls the influence of pressure in the yield function; hence allowing for the elastoplastic analysis of the two nonlinear
material candidates. To the best of the authors’ knowledge, no topology optimization frameworks have been presented to address the gradient-
discontinuity of the Drucker-Prager flow potential.

In this work we establish a topology optimization framework which incorporates a Smooth Hyperbolic Drucker-Prager (SHDP)
yield criterion in the elastoplastic analysis. The presented SHDP closely approximates the original non-smooth Drucker-Prager yield
criterion, hence treating the singularity at the apex for valid sensitivity information while accurately representing the material behav-
ior based on the original Drucker-Prager yield criterion. The topology optimization framework consists of an objective of maximizing
the plastic work of the structure subject to a global volume constraint. In addition, the path dependent sensitivity analysis for the
topology optimization framework is provided along with the return mapping algorithm derived for the SHDP elastoplastic analysis.
The examples provided herein are based on the material properties of the Ti-6Al-4V titanium alloy [37] in an effort to obtain realis-
tic engineering solutions based on the evidence supporting pressure dependence on metal plasticity. In addition, the titanium alloy
obtains different yield stresses in compression and tension which provides secondary support for the use of the asymmetric yield
criteria.

The remainder of this paper is organized as follows. In Section 2 we present the details of the original Drucker-Prager yield criteria
along with the SHDP yield criteria. Section 3 provides information on the nonlinear finite element analysis and presents the equations
describing the elastoplastic constitutive model. The section also describes the return mapping algorithm derived by the authors for
the SHDP constitutive model along with a discussion on the update of the plastic multiplier increment and the deviatoric measure
of stress by using the Bisection method. In Section 4 the details of the topology optimization formulation are shown and discussed.
Section 5 provides an explanation on the path dependent sensitivity analysis procedure along with the explicit expressions for the
partial derivatives. Finally, numerical results are presented in Section 6. Concluding remarks are made in Section 7 with additional
information provided in the Appendices.

2. Drucker-Prager yield criterion: Original and smooth

Here we begin by describing the original Drucker-Prager yield criterion, while noting the gradient singularity at the apex of the
yield surface. We then explain a Smooth Hyperbolic Drucker-Prager yield criterion which smoothly approximates the original. This
smooth yield criterion is adopted in our constitutive model and used in our presented elastoplastic topology optimization framework.

2
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Fig. 1. Drucker-Prager yield function in (a) the g — p axis and in (b) the principle stress space.

2.1. Original Drucker-Prager

We may describe the original Drucker-Prager yield criterion below [22] which is dependent on both the deviatoric, s = P,,, : o
and the pressure, p = %I : o components of the stress, ¢ = pI + s, where deviatoric projection tensor is defined by P = [* — %I I

with the fourth order symmetric identity tensor defined by 0o = %(51-,(6 ;1 + 601 ). The scalar measure of the deviatoric stress used
in the yield function is defined by,

q=+v3/2-1sll. ey

Additional terms are introduced to describe the asymmetric yielding behavior between the hydrostatic pressure under tension and
compression with g denoting the friction angle, n = tan f§ representing the slope of the function in the g — p axis, and d denoting the
cohesion which represents the shear strength under zero normal stress [20].

D(o)=q+np—d=0 (2)
The cohesion may be determined by the compressive or the tensile yield strength of the material. We define the cohesion from
the uniaxial compressive yield strength by [38]:
1
d= (l—gtdnﬂ)ac. 3)

The Drucker-Prager yield function describes a linear relationship between the pressure and the yielding, as shown in Fig. 1 (a). Note
for this work we use the convention that negative pressure is associated with compression and positive pressure with tension. When
viewing this yield criterion in the principal stress space (see Fig. 1 (b)), the Drucker-Prager yield surface takes the shape of a cone
where the apex is located on the hydrostatic axis with a stress state of pure triaxial tension at the pressure limit by, (p,q) = (d/#,0).
The apex of the yield function is nondifferentiable, which impacts both the stress integration scheme for associative plastic flow and
the sensitivity analysis in the topology optimization procedure. Hence, we address this by the smooth hyperbolic function.

2.2. Smooth hyperbolic Drucker-Prager

In this work, we adopt the smooth hyperbolic approximation function based off the work by Szwed [39]. The smooth approximation
function is obtained by forming a quadratic equation from the original Drucker-Prager yield function by,
(q+np—d)—g+np—d)=0 4
which is equivalent to,
Wp?—2dnp—q* +d*=0. (5)

The pressure is obtained by finding the root of the quadratic expression. The root associated with the minus sign is the applicable
choice for representing the Drucker-Prager yield criteria, leading to,

2
d q
p=—- <—> . (6)
n n
The square root term in Eq. (6) introduces nonlinearity to the function. To impose smoothness, we introduce a regularization term
to modify this from a quadratic to hyperbolic form by,

2 2
-t (1 (6) o
n n n
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Fig. 2. Smooth approximation of the linear Drucker-Prager (p — ¢ space) for various regularization parameters, ¢.

where the regularization parameter denoted by ¢, which more closely approximates the linear yield criterion as { — 0. We can then
rearrange the equation to obtain the final SHDP yield function, ®g.

2 2
et ()

Here the conditions: ¢ > 0,7 > 0, d > 0 and p < d /5, must hold in order for the model to be valid with the original Drucker-Prager. In
Fig. 2 the smooth approximation of the linear Drucker-Prager criterion is shown to treat the singularity at the apex and to approach
the original Drucker-Prager yield criterion as { — 0.

3. Nonlinear finite element analysis

The governing equations describe the mechanics of our elastoplastic structure under static equilibrium, which are used to inform
the optimization problem. The strong form of the initial boundary value problem, in the absence of body forces, can be written by
the following.

V.-o=0 in Q
u=a, onl,CT 9

u=0 onIpCT

The strong form states that the divergence, V- of the Cauchy stress tensor, o must be equal to zero in the closed boundary, Q. In
addition, the structure is subject to zero and nonzero Dirichlet boundary conditions on the domain partition of I, CT and ' CT
respectively, where ['y NT', = #. The design domain and boundary conditions of the solid body are shown in Fig. 3. Under the
assumption of small deformation, the total strain tensor may be computed by & = %(Vu + (VuT)) and is additively decomposed into
its elastic and plastic counterparts by € = £° + e”. The pressure and deviatoric components of the stress may be written in terms of
the elastic strain by, p = xke'” and s = 2GP? : (¢°) where £/ = Tr(e¢) and x and G are the bulk and shear moduli, respectively.
The moduli can be obtained from the elastic modulus, E and the Poisson’s ratio, v following the definitions G = E/(2(1 + v)) and
k = E/(3(1 — 2v)) for isotropic materials. For this work we only consider problems of plane strain. For more information on the
update of the plastic strain tensor for the SHDP constitutive model see Section 3.2.

3.1. Finite element analysis

The boundary value problem is solved by a numerical approximation of the strong form via the standard Galerkin finite element
method in which the update to the global residual contribution from a single element, e can be defined by,
T
R, =f:, :/Q B" :odV 10
where B* represents the matrix of shape function gradients and Q, the domain of the element. The global contribution of the Jacobian
matrix for a single element may be expressed by,
oR?¢

e i+1
¢ = . 11
L oayy, an
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Fig. 3. The solid body design domain in the closed boundary, Q, with an applied displacement, @, and Dirichlet boundary conditions, I'; and T,
on the domain partition shown.

Here we would like to remark that the derivation of the consistent tangent from the presented return mapping algorithm is a nontrivial
task; thus we instead compute the consistent tangent by taking the derivative of our global residual vector with respect to the vector
of nodal displacements as indicated in Section 5.

Following the standard finite element procedure the element residual and Jacobian are assembled into their global counterpart.

Netem .
Ry, = eél Rr,
(12)
Ne/em
Jip1 = i+1

The Newton Raphson method is used to solve the nonlinear system of equations, updating the nodal displacement vector, @,,; by

=m+l _ =m m~! pm
wly =ug, —Ji B (13)

where m is the iteration index. For this work we use the Newton Raphson method coupled with an inexact line search strategy.
3.2. Elastoplastic constitutive model

For the SHDP plasticity, we arrive at the following yield function as formerly described in Section 2,
2 2
d
@5y =p— 2 + <2> +<5> =0 (14
n n n

where the yielding is dependent on both the pressure and deviatoric components of the stress. Per definition of associative plastic
flow, we set the flow potential to be equivalent to the yield function, ¥ = ®. Thus, we arrive at the flow rule defined by,

5P=};£=7N 15)

where 7 is the plastic multiplier and N is the direction of plastic flow. Additionally, Karush-Kuhn-Tucker (KKT) conditions are
introduced to enforce admissible stress states and to impose that plastic flow occurs only when the stress is on the yield surface,

[©<0,720, jo=0. (16)

Lastly the consistency condition, alternatively referred to as the persistency condition, is introduced to dictate that in the occurrence
of plastic slip the stress state must persist on the yield surface [40].

=0 a7

The former expressions are used in conjunction to form the initial value problem which describes the progression of the material’s
internal state for the specified load path.

3.3. Return mapping algorithm

The solution of the initial boundary value problem is determined numerically following the backward Euler method which leads
to discretized equations in terms of pseudo time steps i = 1, ...,n [19]. In this work the authors derive the return mapping algorithm
for the SHDP constitutive model following the generalized return mapping procedure in the stress invariant space by Borja[41]. The
update of the state variables for the pseudo-time step, i + 1, begins by the assembly of the trial state variables:

pitrial _ _p
€y = (18)
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fnal ZGPa’eb(Ee trml) (19)
p;:(fl — Ke:ﬁ:l].trm[ (20)
il = . (21)

From this information the trial yield function, (Dgiﬁl(q;:id , pfjr”l” ), is computed. If the trial state is admissible (cDgilf‘il <0) we will

update the state variables undergoing elastic loading by:

o =i 2
s = i (23)
i1 = P! (24)
Gy = ! (25)

For an inadmissible trial state (‘Dtsﬂﬂl > 0), the update of the state variables undergoing plastic loading is the following.

-1/2
trial trial trial \ 2 2
p pmal 1 3 qi+l Si+l qi+l C
+A =I+4/= — ) +(= 26
l+l 1+1 Vit 3 \/; ’12 ”Strla/ ” n n (26)
; . . -1/2
trial trial trial \ 2 2
q st q
trm/ 3 9it i+1 i+1 ¢
= -2 GAy; \/> + <—> 27)
Siy1 = i+1 2 ’12 Hstrlal ” ( n > n
i1 = P — KAy (28)

The update for the accumulated plastic strain is defined by the following [38],

.oup
oy e
Uy = @+ ——L (29)
O-C
An additional feature for the proposed return mapping algorithm is the update of the plastic multiplier increment. In this framework
there no longer exists a closed form solution for the update of this plastic multiplier increment that satisfies Qg"ﬂl(Ay) = 0. Hence
we update the plastic multiplier increment by solving the following system of equations for the unknown variables, ¢;,; and Ay, ;.

-1/2

qrrlal q{rial 2 C 2
0=giy1 — 4" +3GAy,,, - L <—) (30)
n? n n
2 2
trial d Gi+1 ¢
0= p = KAy T <T> + (E) (31
Pit1

The system of equations may be compactly reduced into a single expression, where the bisection method is used in determining
the update ¢, by,

3Gq;., 11-12 Cz—l/z . J 4-12 gz
0= g — gl + 5= <<7> *(z)) i -y (2) < (5) | G2

Once this is determined the plastic multiplier increment is updated by the following.

2 2
1 d q;
Ay = — pf:f’fl o + <%> + <%> (33)

The equations describing the evolution of the internal variables may be compactly described via the local residual equations by the

vector Hl.eq where the term e, represents each quadrature point index, ¢ associated with element index, e. This local residual vector

contains the expressions for the update of the accumulated plastic strain, the plastic multiplier increment, and the plastic strain.
For the case of elastic loading the local residual is expressed as,

e,
h,-,ql a = 0
e, e,
H'=|n%|=| An |=|0 (34
€ p_ P
h5 € &L 0
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Table 1

Material properties of Titanium Ti-6A1-4V.
E [MPa] v oﬁ [MPa] B [degrees]
113,800.0 0.342 970.0 8.3

(a) _ (b)

X —— Yield Function, ® g
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1500 A
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L :.
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Fig. 4. The notched bar (a) domain and boundary conditions and (b) stress points for the forward analysis shown on the yield function.

and for plastic loading by,

o — o — Ay,
hf’l) d g 2 2
o R |
H' = hl.2 = n n n =10[ (35)
0

; _1)2
h 1 3qg s a\> (¢)
3 p__p _ 2 24 o 1 =
R A 3”\£n2 sl <n> +<n)

The elements in this work follow a polygonal element formulation, following the work by Talischi et al. [42]. For more information
on the polygonal element quadrature rule adopted, see Alcazar et al. [43].

3.4. Notched bar in tension

Here we demonstrate the motivation for treating the singularity of the Drucker-Prager yield surface. First, we analyze a notched
bar under tension in an SHDP forward analysis with material properties of the titanium alloy, Ti-6A1-4V [37] (see Table 1) with a
cohesion, d computed based off of Eq. (3). Note that the angle of friction, g, is determined by interpolating between the tensile and
compressive yield strength and that the regularization parameter, { = 0.6. The regularization parameter of ¢ = 0.6 is selected for all
numerical examples due to it begin well-conditioned, providing stability and convergence across all problems. The notched bar is
subject to an applied displacement of @ = 4.792 mm over 180 time steps with the geometry as presented in Fig. 4 (a) where the length,
L = 10mm.

The SHDP forward analysis of the notched bar is performed with the final stress points plotted in Fig. 4 (b). The notched bar
reaches the triaxial tension limit with stress points nearing or on the apex of the yield surface even under the small deformation
assumption. For the same problem run without regularization ({ = 0.0), the forward problem fails to converge entirely. These results
support the argument that the SHDP framework provides improved numerical stability and robustness in the solution of the forward
analysis and subsequently in the topology optimization problem. Additionally, in topology optimization where the material domain
is continuously changing, we argue that one will not know if a member of the structure will be subject to high triaxial tension a priori;
thus, it is crucial to address the singularity of the yield function beforehand for valid sensitivity information at any stress state.

7
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4. Topology optimization formulation

In this section we describe the details imposed on our topology optimization framework, beginning with the information on
the material interpolation with specific emphasis on the plastic material interpolation. The details regarding the density filter and
projection scheme are subsequently presented. Finally, the mathematical statement describing the topology optimization framework
is provided.

4.1. Material interpolation

The problem setting is restricted to a relaxed continuous space of the element densities, 0 < p, < 1, to allow for the use of gradient-
based optimizers. Intermediate densities often lack physical interpretation and thus a material interpolation scheme is implemented
to influence densities to tend to either material (p, = 1) or void (p, = 0) by making intermediate densities mathematically inefficient
to the optimizer. Here we use the Solid Isotropic Material Interpolation (SIMP) method [44] to interpolate the following material
parameters.

E, = (e, + (1 +e,)pl" ) ES!4 (36)

d, = (e, + (1 +¢,)pp?)d™" (37)

In this work we separate the interpolation schemes for elastic and plastic material parameters [4]. For the elastic interpolation we
denote the elastic ersatz parameter by ¢, = 1073, the elastic penalization exponent by p,, and the elastic modulus for the solid material
by E*°/id_ The elastic material interpolation is equivalently imposed on the bulk modulus, « and the shear modulus, G, components of
the elastic modulus. For the plastic material interpolation the plastic penalization exponent is denoted by p, and the cohesion for the
solid material is denoted by d**“. The ersatz parameter for the plastic interpolation is computed such that the interpolated cohesion
values for densities of zero never go below the regularization parameter { by setting €, = ¢ Jdsolid,

4.2. Density filter and projection scheme

In addition to the continuous parametrization of the densities we also impose the polynomial filter to address potential checker-
board issues. Following the work by Guest et al. [45], we use a polynomial filter based on the nodal design variables. The filter matrix,

P, is constructed from the filter radius, R and the coordinates, x of the nodes, i and j. This filter matrix is used to map the design
variables, z to the filtered field, p by
~ z; o(x;, x;)
= Y —p.7 38
IS ey e
where
llac; —
a)(w,-,:cj) =max (1 - —x 0]). (39)

Once the filtered nodal design variables are computed, they are mapped onto the corresponding element centroid by the element
shape functions. These filtered element design variables are then projected, as discussed below, to achieve the final physical densities.

The projection scheme is imposed in an effort to reduce intermediate densities in the transition region. The Heaviside projection
scheme is prescribed on the filtered densities to achieve the final physical densities by

tanh(fn) + tanh(B(p, — 1))
tanh(fn) + tanh(A(1 — n))

where the 5 controls the threshold at which the projection occurs and # governs the strength of the projection [46,47]. Information
on the projection scheme continuation strategy is discussed in Section 6.

(40)

pe(P.(2) =

4.3. Topology optimization statement

For the intent of designing pressure-dependent elastoplastic structures with high energy absorption, we implement an objective
function of maximizing plastic work. This function is dependent on the vector of design variables, z and the set of the nodal displace-
ment vectors, u; and the set of internal variables, v; for all time steps, i = 1, ..., n. The computation of the plastic work is achieved
through numerical integration where w, is the Jacobian of the mapping multiplied by the Gauss quadrature weights, respectively. In
this work we subject our structure to a global volume inequality constraint where the element densities, p, and their corresponding
element volume, v, over the whole domain and total volume, V,,, are bounded by the maximum volume fraction upper bound, V..
Additional equality constraints are imposed by R; = 0 and H; = 0, which ensures that the structure satisfies both the global and
local equilibrium at every time step. Note that both the global and local residual vectors are dependent on the nodal displacement
vector and internal variables information from the current and previous time step. The complete mathematical expression for the

8
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optimization statement is expressed below.

n Neem Nouad

max £ (p(z), {u;), (v)) = 5 Z ) Z( AR AN CRE I

Netem

2 Pel e_ max <0 (41)

roml e=1

s.t. g(p(z) =

R(p(z),u;,u;_,v;,v;_1)=0, i=1,...,n
H(p(z),w;,w;_|,v;,v;_)) =0, i=1,...,n

The vector of design variables is updated by the optimizer and used to determine the filtered and projected element densities, p(5(z)).
It is important to note that if the applied displacement causes the system to stay in the elastic regime, the plastic work objective would
be zero, thus, we need to ensure that the applied displacement causes some plasticity for the structure to be optimized. Alternatively,
the objective function and respective sensitivities could easily be modified to describe an elastic work objective function, which would
design elastoplastic structures with greater stiffness.

5. Path dependent sensitivity analysis

Here we discuss the algorithmic procedure that is utilized in computing the path dependent sensitivity analysis. To begin, we
adopt the adjoint method where we begin by forming the augmented Lagrangian function f as follows,

Fotu,) v, = £p(w ) Ao, + X (AT Ritp (wi (up ) (v v D) + i Hip (ud (u ) (v (o D) (42)
i=1

where f is the original objective function followed by the inner products of the local and global residuals H; and R; with their
affiliated adjoint vectors A; and w;. Thus we proceed by obtaining the derivative of the augmented function with respect to the
densities via the chain rule.
d_f:ﬂ:af Z of du; af@+i>‘r aR,.+a_1%i%+ OR; ou;_, +a_1zi@+ OR; dv,_,
dp dp oOp ap ou; op Ou;,_; Jp ov; dp  OJv;_; 0p
+ Z , 6H ou; + 0H; ou;_; +OH: 0H; ov; + 0H; ov;_;
dp 6u 0p ou;_, Jp ov; ap ov;_; dp

ou,; 6p 61)/- dap
) (43)

The adjoint vectors are determined in a specific manner to avoid the expensive computation of the terms du,;/dp and dv;/dp. This is
achieved by rearranging the terms from the previous equation to arrive at

d_f=£+du,, i+>\raRn+ r0H, +0vn £+AT0R,,+“T0H”
dp op dp \Ju, " ou, " Ju, dap \ dv, " v, " ov,
n —
R, ou; rOR; 0H; R, 0H,
+ AT 4 ! —( == 797 v It T i1
;( i 3[) K > ; a < 1 0 l"l au[ i+1 0u,~ Mz+l au[ (44)
n—1
ov; (of IR; 7 0H; R, r 0H;y,
* Z‘ ap <6'v N ov; T H ov; Mo ov; ooy, )’

where the local and global adjoint vectors are computed such that they satisfy the following system of equations. Beginning with the
final time step i = n we obtain

T@Rn+ oH,  of

T
" ou, " odu, ou,

n’" time step : (45)
0B rOH, __of
" Jv, " v, v,

and for all previous time steps, i = 1, ...,n — 1, the adjoint vectors must satisfy:
AT R, +uT r0H,; _(9f AT oR,; r O0H;,
T ou,; i ou, ou; Il ou; 1 gu,;
i time step : (46)
OR,; 7 90H; af R, 0H;,
— +tpl— == +2T —— +pf — ).
ov; 1 gu; #l gy,

AT :
' ooy, Hi o0v;

Notice in Eq. (46) that the solution to the adjoint vectors at the current time step, A; and p;, are dependent on information from
the future time step, thus indicating the path dependent nature of the sensitivity analysis. Therefore these systems of equations need

9
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to be solved recursively. The solution to these system of equations may be compactly described by a single system of equations
encompassing all time steps by the following.

F’ (47)

ov; !

T
<aR,. OR, OH ! aH,.> N . OHT oHT
i = i .

i ou;

element jacobian transpose

oH[T oR]
B = Fr - o A (48)

dv;

1

This is done by denoting the right hand sides of Eqgs. (45) and (46) by F}* and F’. For more information on the algorithmic procedure
followed to compute the path dependent sensitivity analysis see, Alcazar et al.[43]. Once the adjoint vectors are determined, the
derivative of the augmented objective function may be updated by:

df of ~ ( rOR, TaH,.>
- =4 AN — s — ). (49)
dp dp Z:‘ ' dp ' dp

The partial derivatives required for this recursive, path dependent procedure are listed below.

OR,; 0H,
ap dap
af R, oH,
op ou; ou;
of OR,; 0H.
F 19— , forR;:q—— , forH;:{—— 50
or f o or R, . or H, S (50)
af oR, 0H,
ov; ov; ov;
oR; 0H,
0v;_4 0v;_;

For the sensitivity of the augmented objective function with respect to the design variables z, it is necessary to apply the chain rule
to the sensitivities computed with respect to the filtered and projected design variables.
df _df apop _ of dp

R e P 51
9z Opop oz  op op (51)

5.1. Local residual derivatives

Here we define the partial derivatives of the local residual vector previously described in Egs. (34) and (35). In this work, we
define the set of independent internal variables to be, ’u:" = {af", Ayf",ef’e" }. For the scenario of elastic loading we may define the
partial derivative of the local residual vector with respect to the internal variables by the following.

aHieq 1 aH:q -1 ()Hieq 0
—=[0} —=—=|o} =1}
oa; 0| 9o, 0| 94y 0 52
ol | oH' |0 oH g
oar, of ol i 0l |

The partial derivatives of the local residual vector with respect to the element densities and the nodal displacement variables for the
elastic loading are,

oH" |°f omjr |O
=|o}. =|o| (53)
99, ol 9u° 0

For the evaluation of the partial derivatives of the local residual in the plastic state, we begin with the derivatives with respect to
the internal local variables at the previous time step,

aH[_“q -1 BHieq 0 0H’_"q 0
e, = O s e = 0 5 Teq = 0 | (54)
oa;_, o | 9Ar. 0| % -

10
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The local residual partial derivatives with respect to the internal local variables at the current time step are listed below,
-1

oH || oH™ 0
! = 0 N ! = e, e, (55)

e e q! 81 _
oa, o| 94y, _11_\/51_2 (D)) 1/2
3 2 ||l

e\ 2 2
D,:(‘i) +<£> , (56)
n n

The remaining partial derivatives of the local residual vector with respect to the current plastic strain is determined as the following.

where

0
OH' Zqueq 3 qu -1/2 0
— = kI - ——1/5—— (D)) =| -A; (57)
oe, 1 ArG g ”31'9 I 5+ C;
Vi - -
15 + ”_IZ(D[) 1/2<3Pdeu_2_r,25:’4 ®S:’4(Di) 1)

The partial derivatives of the local residual vector with respect to the element densities and the nodal displacement variables for the
plastic loading are,

aHieq 0 aHf" 0
—=|E| 5, =| A B (58)
Pe | 0 i -C,; : B*
where
qu"’ _ s
E = d—KTr(sf" - Ef’e") _Lod | —’2 §(D,- 12 - (ef" - sf’e")ﬁ. (59)
Pe nop, 2 s ap,

Note that the terms 0G/dp,, 0k /dp,, and dd/dp, can be obtained explicitly using the material interpolation schemes defined in
Egs. (36) and (37). In both elastic and plastic loading the local residual vector is independent of the nodal displacement variables
from the previous time step leading to, dHie" /dufjl =0.

5.2. Global residual derivatives
The global residual is written by the following,
R =/Q BY :C: (e —etydv (60)
or equivalently by
R! =/Q BY (2GR 4 3x17) 1 (¢ — Py dV. (61)

The nonzero contribution of the partial derivatives are determined to be,

oR! ,

,=_/ B :cdv (62)
oeb:t Q,
ORI

?=/ BY .c:B" av (63)
Ju' Q,
ORI , o

e =/ B <2£Pdev+3"—’<n”"’) (el —ePydV. (64)
dp.  Jo, 9p, 9p,

5.3. Plastic work derivatives

In evaluating the partial derivatives of the plastic work objective function, we begin by separating the terms associated with the
final time step, n, and previous time steps, i = 1,...,n— 1.

n—1
7o (). {v,)) = %/Qo' : (sﬁ—eﬁil)dV+%Z/Qo',- : (gf+l —sil)dV (65)
i=1
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The partial derivative of the plastic work, with respect to the element densities, is determined to be,

a a e,
—f:l/ a":(ef,’—e” 1)dV+lZ/i:<e’.’l—e‘_’1)dV (66)
0pe 2 Q ape " 2 i=14Q ape " -

where
do; ok G
—L = T Tr(e; — NI+ 2P : (g, — €7). 67
0p(, Pe r(E! E') 9 e (El 81) ( )

The partials of the plastic work, df/dv; and df /du; are separated into expressions for the final time step, n, and all previous time
steps, i = 1,...,n— 1. Note that the plastic work does not explicitly depend on the internal variables of the equivalent plastic strain
nor the plastic multiplier thus resulting in,

o _ o

= =0. 68
doa;  JAy; (68)
The remaining partial derivatives of the plastic work for the final time step, i = n, are determined as,
of _ 1 , » 1 dev . » !
o = E/QKI@I D(-eb+el )av + 5/920[@ @ (-eb+el )av+ A (o +0,.,)dV (69)
S _ l/ KIQT : (h—e’_ ) : B“dv+1/ 2GPU (P =€) BUdV 70)
ou, 2 Jg, mooTnel 2 Jq, n &

and for the previous time steps, i = 1,.,n— 1, as

af _ 1 . P P 1 dev . P P 1
27 " E/QKIQ;I : (—sm +si_1)dV+ 3 | 2GR (—eiH +si_l>dV— A (0101 — iy )dV 71)
0f — 1 . P 4 . 1 d . P P .
= E/Q KIQT : (em —eH) LBV 4y [ 26PN (ei+1 —EH) : Bdv. 72)

The verification of the sensitivity analysis implementation can be found in Appendix A.
6. Numerical results

Three numerical examples are presented where different structures are shown considering the SHDP elastoplastic framework. In
all the examples, we employ a constant elastic penalization exponent of p; =3 and a plastic penalization exponent of p, =2.5. In
addition a projection scheme is imposed for the first 100 optimization iteration with a threshold value of # = 0.5 and a strength of
p = min(1.0,2R/7), where 7 is the largest edge length in the finite element mesh. A continuation scheme on the projection strength is
imposed starting at the 100t optimization iteration where the projection strength is set to increase by four equal increments for each
subsequent 25 optimization iterations until it reaches a maximum projection strength of f,,, = 2R/7; similar to the approach based
on da Silva et al.[48]. The material properties are set to match the material properties of the titanium alloy, Ti-6Al-4V, following
Table 1, unless otherwise specified. The regularization parameter in the SHDP model is set to ¢ = 0.6 and the Method of Moving
Asymptotes [49] is used to solve the optimization problem with a move limit of 0.5. The domains are meshed using a Python version
of Polymesher [43,50] to allow for the meshing of curved domains. All numerical examples are run for a maximum of 250 optimization
iterations. For the convergence plots and the projection strength histories, see Appendix B. Additional problem specific information
can be found in the example descriptions below.

6.1. Corbel domain

In this first example, we aim to analyze the influence of the pressure dependent yielding in the design of the Corbel domain by
comparing the results obtained by considering the von Mises (VM) constitutive model versus the presented SHDP, in the topology
optimization problem. The Corbel has a design domain with dimensions of L = 40 mm and an applied displacement width of d = 3.2
mm as shown in Fig. 5 (a). The right end of the Corbel is subject to an applied displacement of @ = —1.0 mm over 20 time steps. The
domain has a mesh composed of 18,000 polygonal elements with a filter radius of R =5 mm and a volume fraction upper bound of
Vimax = 0.4. In addition a passive region is imposed near the applied displacement region with a size of d x w where w = 8.0r. The
problem is run first considering the standard VM constitutive model under perfect plasticity (no hardening) and an associative flow
rule, in which pressure has no influence on yielding as seen by the yield function,

Dy = %s:s—ay (73)

where the yield strength is set as the cohesion o), = d for a direct comparison. For this constitutive model the yield strength is
independent of whether the loading is in compression and tension which motivates our use of symmetry constraints about the x-axis
for this case. Following this examination, the same domain is run using the presented SHDP framework which introduces pressure
dependence on the yielding and asymmetry between the yield strength under compression and tension.
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Fig. 5. The Corbel (a) design domain and boundary conditions; (b) Drucker-Prager forward analysis for the final topologies by the VM and SHDP;
the results for the Corbel domain designed considering the (c) VM and the (d) SHDP constitutive model; the stress points on the normalized (e) VM
and (f) SHDP yield function.
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Fig. 6. Brake rotor domain and boundary conditions.

After obtaining the optimal topologies, one designed considering the SHDP and the other the VM, we extract the final topologies
and perform a Drucker-Prager forward analysis as shown in Fig. 5 (b) to compare the performance of the two structures. From this
analysis we observe that the SHDP topology leads to a less stiff structure with lower reaction forces throughout the displacement
history compared to the VM structure, signifying a structure with high energy absorption. Additionally the plastic work of the SHDP
structure is ~ 82.15 % greater than the VM design with a plastic work of W? =790.78 N-mm compared to the VM topology with a
plastic work of W” = 434.13 N-mm. The aforementioned results indicate the importance of considering pressure-dependent yielding
in the topology optimization framework when it is applicable to the material type (as motivated relevant for metal alloys in the
introduction), because choosing the wrong constitutive model to represent your material can lead to significantly reduced design
objective performance.

By observing the final topology obtained by optimizing the Corbel domain considering the VM constitutive model in Fig. 5 (c),
we observe a high amount of von Mises stress in the reentrant corners and near the applied displacement region. In addition there
exist a high amount of pressure in the reentrant corners, however, per the definition of the VM yield function, the pressure has no
influence on the yielding and thus majority of the accumulated plastic strain is localized in the applied displacement region where
the von Mises stress is the highest. For the structure obtained by the SHDP framework, as shown in Fig. 5 (d), we notice asymmetry
of the topology with more material allocated to the members undergoing tension compared to compression due to the lower yield
strength for tensile loading as consistent with the definition of the SHDP yield criteria. The final topology is also observed to have
high amount of pressure and von Mises stress in the reentrant corners, however, in this case the pressure contributes to the yielding
and thus we observe a large amount of accumulated plastic strain in the reentrant corners and greater plasticity in the SHDP versus
the VM case.

The stress points are plotted on the normalized yield function at the final optimization step for both the VM and the SHDP in Fig. 5
(e-f), where the shaded blue area denotes stress points undergoing elastic loading and the stress points on the red line indicate that
they are experiencing plastic loading. The normalized yield functions are obtained by dividing the material interpolated deviatoric
and pressure components of the stress by the material interpolated cohesion such that the intercept is 1.0. For the VM yield function
we see a rough symmetry of the stress points with the highest p/d value being less than 1.0. For the SHDP yield function it is observed
that the highest p/d is around 3.0. This is due in part because the SHDP yield function has lower yield strength under tensile loading
and that the objective function of plastic work may drive the structure to undergo more tensile loading to increase plasticity.

6.2. Brake rotor

Here we analyze a brake rotor domain subjected to multiple applied displacement regions. The curved domain is meshed for a
total of 14,000 unstructured polygonal elements. The dimensions and boundary conditions of the brake rotor domain are depicted in
Fig. 6 and are set to match the dimensions of a standard AMC brake rotor [51]. The origins of the circles defining the disk domain are:
O, = (0.0 mm, 0.0 mm), O, = (0.0 mm, 48.75 mm), O3 = (34.471 mm, 34.471 mm), and O, = (48.75 mm, 0.0 mm), where the remainder
can be determined from the x-y symmetry. Two cases of applied displacements are examined for the rotor domain with |@,| = 0.8 mm
and |a,| = 0.8 mm over 14 pseudo time steps: (1) tension as depicted in Fig. 6 and (2) compression, the opposite direction to what
is shown in Fig. 6. The applied displacements are subjected on regions with an arc length defined by an angular range of 10°. The
examples are subject to a volume fraction upper bound of V,,,, = 0.35 and obtain a passive region of elements on the circumference
on the domain with a thickness of 5 mm. The polynomial filter in applied with a relative filter radius of R,,; = 3.0 and symmetry
constraints are imposed about the x and y axis.
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Accumulated plastic strain Pressure [MPa] von Mises stress [MPa]

Compression
dominant

Fig. 7. The distribution of the accumulated plastic strain, pressure, and the von Mises stress for the brake rotor in (a) tension, (b) compression, and
their associated normalized yield curves in (c) and (d), respectively.
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Fig. 8. Portal frame domain and boundary conditions.

In Fig. 7 we clearly see the significance that the asymmetric material behavior can have on the final optimized topology. For
the same applied displacement magnitude we will obtain drastically different results whether the structure is undergoing tension or
compression. In Fig. 7 (a) it is observed that the tension applied displacement will result in a cross type structure with high amounts of
plastic strain forming a path from the applied displacement region inwards in the direction of the applied displacement. In the same
locations, the structure obtains high amounts of pressure and von Mises stress as consistent with the definition of the Drucker-Prager
yield function. For the rotor undergoing compression (see results in Fig. 7 (b)) the final topology splits around the four larger voids
and has connecting members between the four main branches. The normalized yield functions for the rotors are depicted in Fig. 7
(c-d). The rotor experiencing tension obtains a higher final plastic work of W? = 23,670.0 N-mm compared to the rotor undergoing
compression with a final plastic work of W? = 18,400 N-mm. This is because the structure will experience more plastic deformation
for the same magnitude of applied displacement under tensile loading due to the lower yield strength in tension.

6.3. Portal frame

In this next example, we aim to analyze the influence of the friction angle $ on the final topology. To begin, we analyze a Portal
Frame with dimensions of ¢ = 12.5 mm, b = 17.5 mm, ¢ = 2.75 mm, d =4 mm, and L = 60 mm as illustrated in Fig. 8. The Portal
frame is discretized into a mesh of 16,000 polygonal elements and is subjected to a downward applied displacement of @ = 1.0 over
16 pseudo time steps. The volume fraction upper bound is defined to be V,,,, = 0.4 and a relative filter radius of R,,; = 3.0z is used.
Three different cases are analyzed for different friction angles, one with the original friction angle, f,, pertaining to the Titanium
material properties specified in Table 1 and the other two with friction angles of § = 0.054, and g = 1.808,. Note that for the friction
angle of p = 1.804,, the problem is highly nonlinear since it is experiencing significantly more plasticity than the former problems due
to the drastic decrease in the tensile yield strength. Thus for improved numerical stability and convergence in the forward problem,
the pseudo time steps are increased to 60 steps in this case.

The final topologies for these three cases with their corresponding von Mises stress, pressure, and accumulated plastic strain
distribution are illustrated in Fig. 9. The final plastic work objectives for the designs considering, f = 0.054,, f = 1.08,, and p = 1.84,
are WP =443.0 N-mm, W? =4442 N-mm, and W? = 461.28 N-mm, respectively. This demonstrates the impact of the increasing
friction angle on the pressure dependent yielding and the increase of the total plastic work of the structure. In addition the normalized
yield functions are depicted in Fig. 10 where we can directly observe the impact on the yield strength from increasing the friction angle.
For the first case, where g = 0.054,, results in a roughly equal distribution of the stress points experiencing tensile or compressive
loading due to the nearly symmetric yield surface (approaching the VM yield function as § — 0). This is also corroborated by examining
the final topology of this case, where the members undergoing both compression and tension have an equal distribution in size and
shape. As the friction angle is increased from g = f, in the second case to § = 1.84, in the final case, we notice higher amounts of
accumulated plastic strain due to the lower yield strength under tensile loading. From these two cases we also notice a slight increase
in the material distribution for members undergoing tension. In the final case, as shown on the right side of Fig. 10, it is observed
that there exist many stress points breaching the apex of the yield surface, which provides justification and support for the presented
treatment of the non-smooth Drucker-Prager model for the numerical stability of these stress states.

6.3.1. Regularization parameter study

In this next analysis we aim to analyze the influence on the regularization parameter, ¢ and the impact of the smoothing the yield
function. In this study the Half Portal frame domain with a friction angle of g = 1.84, is examined from the previous numerical results.
Here we study the problem for the nonsmooth case, without regularization, by ¢ = 0.0 and for smoothed cases of { = 0.1,0.2,0.4,0.6.

As summarized in Table 2, the case without regularization fails to converge from the first optimization iteration during the
forward analysis. We also observe that if the regularization parameter is too small, as in the case of ¢ = 0.1, the problem may remain
poorly conditioned due to steep or ill-scaled gradient information near the apex. Finally, the regularization parameters of { = 0.2
and above are well conditioned providing numerical stability and convergence in the topology optimization problem. For the case
of ¢ =0.2,0.4,0.6 the final objective function values are 443.84 N-mm, 460.17 N-mm, and 461.28 N-mm, respectively. The influence of
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p=1.08, p=1.85,
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von Mises stress [MPa] 0
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Pressure [MPa] 500

0.1
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0.04

0.02

Accumulated plastic strain 0

Fig. 9. Portal frame results with varying friction angles with cases, = 0.058, (left), § = f, (middle), and g = 1.80, (right) with their corresponding
von Mises stress, pressure, and accumulated plastic strain distribution.

Increasing f

Fig. 10. Portal frame normalized yield surfaces for cases , § = 0.054, (left), § = §, (middle), and g = 1.804, (right).

Table 2
Regularization parameter study.

Regularization parameter, {  Convergence details

0.0 (no regularization) Fails to converge in forward analysis in optimization iteration 1.
0.1 Fails to converge in forward analysis in optimization iteration 31.
0.2 Converges successfully.

0.4 Converges successfully.

0.6 Converges successfully.
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0.1
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0.06

0.04

Accumulated plastic strain

0.02

0

Fig. 11. Half Portal frame topology for three different cases of the regularization parameter; ¢ = 0.2 (left), ¢ = 0.4 (middle), and ¢ = 0.6 (right).

the regularization parameter on the topologies for these cases may be observed in Fig. 11. These results provide further justification
on the practicality and usefulness of the proposed SHDP framework for improved numerical stability and in achieving results that
could not have been achieved prior for the original nonsmooth yield function.

7. Conclusion

In this work we present a Smooth Hyperbolic Drucker-Prager (SHDP) topology optimization framework, which is proposed to
treat the gradient discontinuity of the original Drucker-Prager yield surface at the apex; hence mitigating numerical instabilities for
both the stress integration scheme and the gradient-based optimization problem. This includes a proposed return mapping algorithm
based on the SHDP constitutive model with a discussion on the bisection method used for the update of the internal variables
in the plastic loading state. We conduct the complete path dependent sensitivity analysis for the elastoplastic topology optimization
framework composed by an objective function of maximizing plastic work subject to a global volume constraint. The results presented
illustrate the influence of the Drucker-Prager material constitutive model on the final topology and the importance of considering
the Drucker-Prager in the topology optimization framework when applicable in representing the design material. We place emphasis
on the asymmetry of the yield surface and the effect of the pressure-dependent yielding. Most importantly, the results of the portal
frame demonstrate that through the proposed SHDP framework we can achieve improved numerical stability for problems under
high triaxial tension, which indicates the usefulness of this framework for achieving convergence in all stress states. The study on the
regularization parameters also corroborates our claim of improved numerical stability by demonstrating that without regularization
the problem fails to converge. The authors motivate the use of this framework for finite deformation kinematics where the stress
points could more easily be subject to high triaxial tension on the apex - this is a potential future direction of this work.
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Appendix A. Sensitivity analysis verification

The cantilever beam example is provided here to verify that the sensitivity analysis is accurate. The cantilever is subject to a
downward applied displacement of —0.2 mm over 16 time steps with the dimensions shown in Fig. A.1 (a). The material properties
are following that of the titanium alloy, Ti-6Al-4v in Table 1. The cantilever has a random distribution of densities are shown in
Fig. A.1 (b) with a structured finite element mesh composed of 400 elements. The numerical sensitivities are determined via the
central finite difference method by,

df(x) N f(x+ Az;) - f(x — Ax;)
dx; 2Ax '

(A1)

The Ax; represents a vector containing only the nonzero perturbation of 107 corresponding to design variable i. The comparison
of the numerical sensitivities versus the analytical sensitivities obtained by the equations shown in Section 5 are shown in Fig. A.1
(c-d). The plots of the percent difference error provide confidence in the analytical sensitivities used.
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Fig. A.1. Finite difference sensitivity analysis verification of the (a) cantilever beam domain with (b) random density distribution and plots compar-
ing the analytical sensitivities against the numerical sensitivities for (a) the plastic work objective function and (b) the volume fraction constraint.
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Appendix B. Convergence plots
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Fig. B.2. The convergence plots for the SHDP Corbel (left), the VM Corbel (middle), and the projection strength and material penalization infor-
mation (right).
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Fig. B.3. The convergence plots for the brake rotor example in tension (left), in compression (middle), and the projection strength and material
penalization information (right).
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