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State Univ. of Santa Catarina
Ctr. Techn. Sciences
Univ. Campus Avelino Marcante
89223-100 Joinville SC
Brasil

All books published by Wiley-VCH are
carefully produced. Nevertheless, authors,
editors, and publisher do not warrant the
information contained in these books,
including this book, to be free of errors.
Readers are advised to keep in mind that
statements, data, illustrations, procedural
details or other items may inadvertently be
inaccurate.

Library of Congress Card No.: applied for

British Library Cataloguing-in-Publication
Data
A catalogue record for this book is available
from the British Library.

Bibliographic information published by the
Deutsche Nationalbibliothek
The Deutsche Nationalbibliothek lists this
publication in the Deutsche Nationalbibli-
ografie; detailed bibliographic data are avail-
able on the Internet at
<http://dnb.d-nb.de>.

 2011 WILEY-VCH Verlag & Co. KGaA,
Boschstr. 12, 69469 Weinheim, Germany

All rights reserved (including those of
translation into other languages). No part
of this book may be reproduced in any
form – by photoprinting, microfilm, or any
other means – nor transmitted or translated
into a machine language without written
permission from the publishers. Registered
names, trademarks, etc. used in this book,
even when not specifically marked as such,
are not to be considered unprotected by law.

Cover Formgeber, Eppelheim
Typesetting Laserwords Private Ltd.,
Chennai, India
Printing and Binding Fabulous Printers Pte Ltd,
Singapore

Printed in Singapore
Printed on acid-free paper

ISBN: 978-3-527-32479-8

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



V

Contents

Preface XIII
List of Contributors XV

1 Materials Modeling – Challenges and Perspectives 1
Miguel Vaz Jr., Eduardo A. de Souza Neto, and Pablo Andreś Muñoz-Rojas
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XIII

Preface

The systematic analysis of solid mechanics problems using numerical techniques
can be traced back to the 1960s and 1970s following the development of the finite
element method. The early approaches to elastic materials and, to a certain extent,
inelastic problems, paved the way to an all-encompassing discipline known today
as computational materials modelling.

As computer technologies have evolved, placing portable computers on the desk
of virtually every university staff and graduate student, numerical techniques and
algorithms have experienced extraordinary advances in a wide range of engineering
fields. The development of new computational modelling strategies, especially those
based on the finite element method, has prompted new applications such as crystal
plasticity, damage and multi-scale formulations, semi-solid, particulate, porous and
functionally graded materials amongst others.

This book was conceived in an attempt to congregate innovative modelling
approaches so that graduate students and researchers, both from academia and
industry, can use it as a springboard to further advancements. It is also impor-
tant to say that this book is by no means exhaustive on the subject of materials
modelling and some advanced readers would probably have appreciated the in-
clusion of further details on the underlying mathematical formulations. For the
sake of objectivity, we have focussed on topics which show not only new and
innovative modelling strategies, but also on sound physical foundations and both
promising and direct application to engineering problems. Emphasis is placed on
computational modelling rather than materials processing, although illustrative
examples featuring some process applications are also included. A review of the
state-of-the-art modelling approaches as well as a discussion on future trends and
advancements is also presented by the contributors.

Finally we would like to sincerely thank all the authors for their time and
commitment to produce such high quality chapters. We really appreciate their
contribution.

July 2010 Miguel Vaz Jr.
Eduardo A. de Souza Neto
Pablo A. Muñoz-Rojas
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1

1
Materials Modeling – Challenges and Perspectives
Miguel Vaz Jr., Eduardo A. de Souza Neto, and Pablo Andreś Muñoz-Rojas

1.1
Introduction

The development of materials modeling has experienced a huge growth in the last
10 years. New mathematical approaches (formulations, concepts, etc.), numerical
techniques (algorithms, solution strategies, etc.), and computing methods (parallel
computing, multigrid techniques, etc.), allied to the ever-increasing computational
power, have fostered the research growth observed in recent times. Numerical
implementation of some modeling concepts, such as multiscale formulations and
optimization procedures, were severally restricted two decades ago due to limitation
of computing resources. What were once perspectives of new advancements have
become a reality in the last few years and longstanding difficulties have been
overcome.

It is important to emphasize that materials modeling is not a recent concept
or a new research topic. Some material descriptions widely accepted and used
these days were actually proposed in the late eighteenth century. For instance,
within the framework of modeling inelastic deformation of metals, the French
engineer Henri Tresca (1814–1884), professor at the Conservatoire National des
Arts et Métiers (CNAM) in Paris, was the first to define distinct rules for the onset
of plastic flow in ductile solids [1]. Tresca’s groundbreaking studies established a
material-dependent critical plastic threshold given by the maximum shear stress.
The apparently simple concept gave rise to a completely new approach to studying
deformation of solid materials, and, today, his principle is known as Tresca’s yield
criterion. It is interesting to mention that, in spite of many years of proposition,
numerical implementation of Tresca’s criterion is not straightforward because of
the sharp corners of the yield locus and its association with the plastic-normality
flow rule [2, 3].

The search for alternate modeling descriptions is also not a new endeavor.
For similar problems, Maksymilian Tytus Huber (1872–1950), a Polish engineer,
postulated that material strength depends upon the spatial state of stresses and
not on a single component of the stress tensor [4]. Independently, the Austrian
mathematician and engineer, Richard von Mises (1883–1953), indicated that plastic
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2 1 Materials Modeling – Challenges and Perspectives

deformation of solids is associated with some measure of an equivalent stress state
[5]. The assumption indicates that plastic deformation is initiated when the second
deviatoric stress invariant reaches a critical value. A few years later, the German
engineer, Heinrich Hencky (1885–1952), still within the criterion introduced by
Huber and von Mises, suggested that the onset of plastic deformation takes place
when the elastic energy of distortion reaches a critical value [6]. An alternate
physical interpretation was proposed by Roš and Eichinger, who demonstrated
that the critical distortional energy principle is equivalent to defining a critical
shear stress on the octahedral plane [7], generally known as maximum octahedral
shear stress criterion. The aforementioned elastic–plastic modeling assumptions
are known today as the Huber–Mises–Hencky yield criterion. A brief review of the
early works on modeling of plastic deformation of metals illustrates the drive
toward understanding the physics of material behavior and its translation into
mathematical descriptions.1)

Despite the fact that the principles of plasticity theory have long been established,
application to realistic problems or advanced materials using only mathematical
tools is difficult or even impossible. Following the example on deformation of
metals, when addressing computational modeling of elastic–plastic deformation
at finite strains, the solution requires a physical/material description (e.g., the
classical Huber–Mises–Hencky equation), a mathematical formulation able to
handle geometrical and material nonlinearity (e.g., multiplicative decomposition
of the gradient of deformation tensor into elastic and plastic components), and
a computational approximation/discretization of the physical and mathematical
problem (e.g., iterative procedures such as the Newton–Raphson and arc-length
methods). This class of problems has already been exhaustively investigated in the
last 30 years, and the literature shows a wide variety of strategies (see, for instance,
Ref. [11] and references therein).

The illustration on the development of physical/mathematical/numerical formu-
lations of elastic–plastic deformation of ductile solids shows that a proper material
modeling requires

1) understanding of the physics involved in the problem;
2) comprehensive theoretical and mathematical treatment of the phenomena;
3) sound and consistent numerical approximation/discretization of the governing

and constitutive equations; and
4) adequate computing resources.

These principles are extensive to modeling and simulation of any
materials-processing operation. In a broader context of materials modeling, the
literature has shown an increasing pace in the evolution of each one of the
aspects mentioned in items (1–4). Advancements in mathematical and numerical
tools have prompted investigation in areas of materials modeling ranging from

1) Further reading on the history and
development of yield criteria and concepts

of materials behavior can be found in
Refs [8–10].
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1.2 Modeling Challenges and Perspectives 3

electronic and atomistic level to complex structures within the continuum realm
[12]. Despite this considerable progress, there are still pressing challenges to
be overcome, mainly those associated with more realistic materials-processing
operations or simulation of complex materials structures. This chapter highlights
some modeling issues under current and intense scrutiny by researchers and
does not intend to be exhaustive. The other chapters of this book present deeper
insights into materials modeling and simulation of some class of problems that,
in a way, we hope, will serve as a springboard for further realistic applications.

1.2
Modeling Challenges and Perspectives

Materials modeling is as vast as the types of existing materials. For decades,
emphasis has been placed on structural (metals, polymers, composites, etc.) and
geotechnical (soils and rocks) classical materials. Behavior prediction of such
materials subjected to a given load (mechanical or thermal) in process opera-
tions or stress–strain/heat transfer analysis has constituted the bulk of numerical
approaches available in the literature. The existing solution approaches are com-
prehensive and provide accurate results for most classical materials subjected to
strain paths of reasonable complexity. However, the constant search for techno-
logical advances and understanding of some classes of complex materials and
processes has posed new challenges, urging scientists to seek new mathematical
and computational tools. The following sections discuss general aspects of (i) the
modeling of ductile deformation and mechanical degradation leading to fracture; (ii) the
modeling of cellular materials; and (iii) multiscale approaches. Many other constitutive
modeling issues and material types could have been included in the list; however,
the above aspects have attracted substantial attention of academia and industry due
to perspectives of realistic applications in a relatively short term.

1.2.1
Mechanical Degradation and Failure of Ductile Materials

In the last few years, numerical simulation of metal-forming operations has been in-
corporated into the design procedures of many manufacturing processes. Industry
is seeking not only to estimate forming loads and energy requirements with higher
accuracy but also to predict possible defects and tool life. Forging, extrusion, and
deep drawing are some examples of forming processes that are particularly prone
to material failure. For instance, a faulty design of extraction angles, tool radius,
or workpiece geometry might lead to either external or internal defects. Therefore,
aiming at prediction of fracture onset associated with elastic–(visco)plastic defor-
mation, the modeling of mechanical degradation of ductile materials has been
extensively studied in the last few years. A brief literature survey shows many
research groups engaged in the aspects listed below, which are intrinsically related
to ductile failure:

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



4 1 Materials Modeling – Challenges and Perspectives

• Prediction of failure onset: numerical and experimental investigation of failure
criteria for manufacturing processes (e.g., forming limit diagrams for sheet metal
forming);

• Material response to loading: computation of stress–strain distribution and loads
in multistep forming operations (e.g., springback and residual stress evaluation);

• Multiscale modeling: approximations for strongly coupled scales, homogeniza-
tion strategies, and heterogeneous multiscale techniques (e.g., damage modeling,
cohesive failure, biomaterials applications, microstructure design, crystal plastic-
ity, and texture evolution);

• Anisotropic materials: modeling anisotropic behavior of materials (e.g., complex
yield criteria and its interaction with material failure);

• Nonlocal models: material modeling including nonlocal effects (e.g., new
weighted averages in nonlocal formulations and suitable gradients in gradient
approaches. Applications to nonhomogeneous materials);

• Deformation and failure under complex stress states: derivation of material
models and failure criteria able to describe plastic deformation under complex
stress–strain paths (e.g., failure criteria for tensile and compressive-dominant
processes);

• Parameter identification: identification of material parameters (e.g., identification
of elastic–plastic, damage, and fracture parameters using techniques for inverse
problems).

The aforementioned topics are not exhaustive and other aspects associated with
modeling of the ductile failure process could be added. Furthermore, some topics
can (σH/σeq) also be interrelated to each other, for example, deformation and failure
under complex stress states using nonlocal damage models. In order to illustrate
the challenges faced by researchers and perspectives eagerly awaited by industry,
some issues related to deformation and failure under complex stress states are
discussed in the following paragraphs.

The literature shows many attempts to describe the mechanical degradation
process and failure initiation based on postprocessed criteria owing to the simplicity
of modeling. The following summarizes only the most recent advancements in the
area. Wierzbicki and coworkers have extensively investigated the failure process for
compression, tension, shear, and combined loads [13]. These authors emphasize
that the failure mechanism plays an important role in failure onset of ductile materials
and report that a critical triaxiality factor, given by the ratio between the hydrostatic
and von Mises equivalent stresses, defines a limit between shear and void growth
fracture modes, as illustrated in Figure 1.1 Furthermore, even restricted to ductile
fracture, such differences in the failure mechanisms have prevented derivation of
a single postprocessed criterion able to successfully predict failure onset for both
tensile and compressive-dominant loads [14].

Many other works have attempted to predict ductile failure onset using postpro-
cessed ductile fracture criteria. Most approaches attempt to describe the microscopic
phenomena associated with mechanical degradation by either experimental anal-
ysis (empirical criteria) or mathematical and/or physical models (e.g., growth of
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1.2 Modeling Challenges and Perspectives 5

Fracture due to void
growth

Shear fracture

Shear tests Tensile tests
Compression

tests

ef

−1/3 0 Critical

Pure shear
sH
seq

sH
seq

Figure 1.1 Fracture locus in the equiva-
lent strain and stress triaxiality space: Bao
and Wierzbicki [10] presented the effect of
the stress triaxiality in fracture onset based
on three different tests, namely, compres-
sion, shear, and tensile tests. The authors
also postulate that a change of the fracture
mechanism provides a slope discontinuity in
the fracture locus. In the range of negative

stress triaxiality, the equivalent strain to
fracture decreases with the stress triaxi-
ality, reaching a minimum at σH/σeq = 0
(pure shear). The fracture strain increases
for low-stress triaxiality factors, reaching
a peak at a given (material-dependent)
stress triaxiality. For high-stress triaxiality,
the shear fracture decreases with the stress
triaxiality.

spherical voids, dissipation of plastic energy, etc.). In spite of greater modeling
difficulties, a coupled description of elastic–(visco)plastic deformation and me-
chanical degradation has proved to be the best approach to model the ductile
fracture process. In general, such formulations form what is currently known
as continuum damage mechanics (CDM). However, for years, accurate material
degradation and fracture prediction using damage mechanics were restricted to
tensile-dominant loading, since the material description was unable to distinguish
between tensile and compressive deformation. Its extension to deformation under
complex stress–strain paths is one of the most intensively studied topics in recent
years. For instance, Vaz et al. [15], on the basis of Ladèveze and Lemaitre’s [16]
and Lemaitre’s [17] considerations, proposed a general approach based on the total
damage work, WD,

WD =
∫ t

0
(−Y) Ḋdt =

∫ Dc

0
(−Y) dD (1.1)

where D is the damage variable, t is the time, Dc is the critical damage, and (−Y)

is the damage strain energy release rate,

(−Y) = (−Y)+ + (−Y)− − ν

E

[(−f ′)1/2

f
tr

[
σ+]] [(−f ′)1/2

f
tr

[
σ−]]

(1.2)
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6 1 Materials Modeling – Challenges and Perspectives

where (−Y)+ and (−Y)− are the individual contribution of tensile and compressive
stresses,

(−Y)+ =
(−f ′)

f 2

[
(1 + ν)

2E
σ+ : σ+ − ν

2E

(
tr

[
σ+])2

]

(−Y)− =
(−f ′)

f 2

[
(1 + ν)

2E
σ− : σ− − ν

2E

(
tr

[
σ−])2

]
(1.3)

f = f (D) is the damage function, and σ+ and σ− are the individual contri-
butions of tensile and compressive principal stresses to the loss of material
stiffness,

σ+ =
3∑

i=1

〈σi〉 ei ⊗ ei and σ− =
3∑

i=1

〈−σi〉 ei ⊗ ei (1.4)

in which, mathematically, {σi} and {ei} denote the eigenvalues and an orthonormal
basis of eigenvectors of σ.

In spite of the apparent success, local damage models suffer from dependence
on the finite element mesh. In classical plasticity theories, the state of any point
in a body depends only on the state of its infinitesimal neighborhood, thereby
excluding the internal characteristic lengths of the material from the local field
theory [18]. Therefore, in elastic–plastic formulations based on local approaches,
the element size defines the minimum dimension within which the plastic
deformation takes place, serving as an internal characteristic length of the material.
As a consequence, the subsequent mesh refinement in the critical zones causes
the damage process to become more concentrated in ever smaller volumes, leading
to physical–numerical inconsistencies (e.g., loss of ellipticity of the differential
equations in strain localization problems). In order to overcome such difficulties,
nonlocal formulations have been proposed. It is relevant to mention that nonlocal
approximations are not restricted to damage modeling. In general, nonlocal
models are formulated using two approaches: integral models and gradient-based
formulations. The former builds the nonlocal variable based on weighted and
averaged local variables in areas defined by the internal characteristic length.
Gradient-based formulations, divided into explicit and implicit schemes, include
the gradient of a collection of field variables linked to the inelastic deformation
process (e.g., equivalent plastic strain) into the material constitutive equations.

A survey in the recent published literature on the application of damage models
to the assessment of failure process shows increasing interest in the use of nonlocal
approaches. For instance, Meinders et al. [19] reported that, in the area of damage
and fracture behavior, a nonlocal damage model provided better predictions of sheet
failure than the conventional forming limit diagram. Velde et al. [20] presented
a nonlocal damage model for viscoelastic materials aiming at time-dependent
inelastic behavior of steel structures up to failure. These authors used a nonlocal
implicit gradient-based formulation coupled to a hybrid damage approach (Lemaitre
and Gurson type damage models), being verified in 3D-structural analysis of
Compact Tension (CT) specimens. Failure analysis of CT-specimens was also
discussed by Samal et al. [21], who presented a nonlocal damage formulation for
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1.2 Modeling Challenges and Perspectives 7

1 µm 1 µm 1 µm

(a) (b) (c)

Figure 1.2 Microscopy of the fractured re-
gion of a low-carbon V-notched specimen:
(a) stress concentration at the root of the
V-notch causes failure onset at the exter-
nal surface of the specimen; the microg-
raphy taken at this region shows dimples,
which represents the typical texture of ductile

fracture. (b) Transitional region: evolution of
the stress state caused by a reduction of the
resisting area leads to a change in the frac-
ture mechanism from ductile to brittle-type
fracture. (c) The end of the failure process
exhibits cleavage microplanes, which are typi-
cal structures of brittle fracture.

Rousselier’s damage model. The model was based on a nonlocal implicit gradient
formulation, in which a diffusion-type differential equation correlates the nonlocal
damage variable to the local void volume fraction. Finally, it is relevant to emphasize
that the considerable potential for model failure analysis in complex materials using
nonlocal damage approximations has stimulated research on purely computational
issues and modeling approaches, for example, hybrid-displacement finite-element
formulations [22], nonhomogeneous elasticity [23], consistent tangent matrix [24],
and two-field variational formulation [25].

When addressing the physics of the failure process, using either local or nonlocal
formulations as previously mentioned, the failure mechanism is fundamentally
important when modeling the deformation process leading to failure. For in-
stance, most, if not all, computational models discussed in the literature are
not able to properly describe the transition between the initial ductile failure
and the brittle-type fracture (catastrophic failure) that takes place at the end of
the failure process. Such difficulties are expressed even in the presence of pre-
dominantly uniform stress fields. For example, in a tensile test of a low-carbon
V-notched specimen, a comprehensive material model should describe the ini-
tial ductile failure at the external surface (Figure 1.2a) of the specimen, the
transition in the fracture mechanism (Figure 1.2b) as the fracture progresses,
and the brittle-type fracture which takes place at the center of the specimen
(Figure 1.2c).

1.2.1.1 Remarks
Material models able to account for elastic–plastic deformation and change
in failure mechanisms are still unavailable even for isotropic materials under
one-directional loading. Phenomenological approaches to material degradation
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8 1 Materials Modeling – Challenges and Perspectives

and failure progression based on macroscale models seem to lack essential phys-
ical tools to properly describe the phenomena involved. Therefore, the natural
research direction points to using physics-based failure modeling based upon
multiple scales (nano-, micro-, meso-, and macroscales)/nonlocal approximations
coupled to a macroscopic scheme of fracture progression.

1.2.2
Modeling of Cellular Structures

Development of manufacturing technologies has instigated investigation on the use
of cellular-type materials in many different areas. The literature shows applications
ranging from simple filters, as illustrated in Figure 1.3, to flow straighteners,
containment matrices and burn-rate enhancers for solid propellants, pneumatic
silencers/sound absorbers, catalytic surfaces for chemical reactions, core structures
for high-strength panels, crash energy absorbers, flame arresters, heat sinks, and
heat exchangers, in general [26–28]. This section summarizes some aspects of the
current discussions on modeling strategies and, more importantly, topology design
for some classes of problems.

Cellular topology can be generally classified into (i) regular or stochastic cel-
lular structures and (ii) open or closed cellular materials. Most authors agree
that stochastic metal foams with open cells have better thermal, acoustic, and
energy-absorption properties; however, their load-bearing capacity is significantly
inferior to periodic structures with the same weight [30]. Open cell materials have
also been regarded as one of the most promising materials for manufacturing
heat exchangers due to the high surface area density and strong mixing capability
for the fluid [28]. Ultralight structures, energy-absorption systems, and fuel cell
and battery subsystems are applications suited to purpose-tailored extruded metal
honeycombs or prismatic/periodical cellular materials [31]. A visual summary of
the application of cellular metallic materials was presented by Banhart [27], who
plotted purpose (functional or structural) against the recommended foam topology
(open, partially open, or closed), as illustrated in Figure 1.4.

Figure 1.3 Open cell structure: ceramic
foam filter used to remove impurities from
liquid metals in casting [26]. The materi-
als used in ceramic filters are silicon car-
bide, alumina, and zirconia. This application

requires not only mechanical strength to
withstand high-temperature flow but also to
yield low pressure loss, erosion resistance,
and chemical and thermal stability, to avoid
reaction with the molten metal being filtered.
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1.2 Modeling Challenges and Perspectives 9

Heat
exchangers

Filters Bearings

Sound
absorbers

Silencers

Biomedical
implants

Catalyst
supports

Load-bearing
components

Energy
absorbers

Type of porosity

Structural

Functional

Purpose of
application

Open Partially open Closed

Figure 1.4 Application of porous metals
or metal foams [24]. Combination between
more than one application poses the great-
est challenge when choosing cell topology.
For instance, in the automotive industry, the
goal is to design components able to com-
bine lightweight, high deformation (plastic)

energy absorption, and sound insulation
among other desired characteristics. Metal
foams, more than other materials, and
despite design challenges, have emerged
as a possible solution for different types of
car parts that require such combinations of
functionality.

A brief review on the potential application of cellular materials shows a wide va-
riety of approaches to recommended cellular topology. Furthermore, the modeling
strategy also varies according to the analysis of the desired behavior: structural,
thermal, or multifunctional formulations. The numerical techniques used to solve
the problem are also important when addressing this class of problems. Therefore,
modeling and simulation of cellular structures is an enormous research field, still
wide open to new developments and modeling strategies. In general, the following
aspects have been under intense research in the last few years:

• Constitutive modeling: development of global constitutive models for
elastic–plastic deformation and failure (e.g., induced anisotropy and yield
criteria);

• Structural and functional behavior: study of the behavior of a cellular struc-
ture under given physical conditions (e.g., deformation and densification and
dissipation of thermal energy);

• Material properties: material properties of cellular structures (e.g., parameter
identification of global mechanical and thermal properties, homogenization, and
global properties design);

• Morphology design: numerical design of cellular topology (e.g., design optimiza-
tion, lattice structure modeling, and multiobjective topology design).
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10 1 Materials Modeling – Challenges and Perspectives

The topics listed above represent only the mainstream research on modeling and
simulation of cellular materials. One can discern frontline research in each one of
those research areas; however, this section is not exhaustive in describing every
new approach or modeling technique, but highlights only some issues on topology
design of cellular materials using inverse modeling.

Cell topology design using inverse modeling consists of determining the best
configuration of material distribution according to given criteria. Development
of techniques using this strategy constitutes one of the greatest challenges in
the field of modeling cellular materials. This method, however, does not present
solution unicity, making possible to obtain different configurations for the same
structural and/or functional requirements. A specific class of inverse modeling
is concerned with finding the optimum cellular structure from basic known
geometries. Note that, in this case, the unit-cell geometrical shape does not
change (e.g., triangles and hexagons in 2D configurations), but the individual
cell size or other geometrical/material parameters can be determined according
to given optimization criteria. Inverse modeling contrasts with direct approaches,
which are concerned with studying the behavior of cellular structures with known
geometrical configuration. Direct strategies can by no means be underestimated,
since the target problems and applications may require complex formulations of
individual functional characteristics.

Direct approaches are by far the most common strategies used to design cellular
structures. The recent work of De Giorgi et al. [32] is an example of the use of such
modeling techniques to topology design of aluminum foams. The authors aimed
at finding the best structural response based on closed-cell configuration using
tetrakaidecahedron and ellipsoidal cells of different sizes associated with periodic
microstructures. The latter was found to be the best configuration to reproduce the
mechanical response of the AlSi10Mg commercial foam produced by Alulight

International GmbH. Inverse modeling using cells of predefined geometrical shapes
was presented by Kumar and McDowell [33], who used a homogenization-based
method to design cellular structures able to maximize heat dissipation and to
improve structural performance. Prismatic honeycombs with uniform and graded
cell sizes of known topologies (squares, equilateral triangles, and regular hexagons)
were used by these authors.

Owing to flexibility and generality, the application of inverse modeling techniques
to design the unit cell itself has gained increasing attention in the last few years.
Sigmund [34] was one of the pioneers in the application of inverse modeling based
on topology optimization to find the optimum unit-cell configuration. This strategy
was subsequently utilized to study different aspects of this class of problems.
Recently, application of inverse homogenization for designing two-phase periodic
materials under multiple load conditions was introduced by Guedes et al. [35]. The
technique also used topology optimization to determine the optimum material dis-
tribution within a unit cell. The problem considered by the authors corresponded to
finding the stiffest microstructure for a minimum compliance problem involving
multiple loads (tensile and shear loading conditions). Muñoz-Rojas et al. [36], in a
general discussion on the application of optimization to heat transfer in cellular
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1.2 Modeling Challenges and Perspectives 11

(a) (b)

(c) (d)

Figure 1.5 One-fourth of a unit-cell pseu-
dodensity distribution and corresponding
composite material matrix [33]. The prob-
lem consists of achieving the highest possi-
ble thermal conductivity for a given volume
fraction for an FGM. The figures illustrate
results for increasing gradient lengths – from
(a)–(b) almost no property gradation
to (c)–(d) high gradation. The gradient

control makes it possible to address the
influence of FGM gradation in the de-
sign of purpose-tailored, high-performance
materials. Further discussions on this
method, including detailed mathemat-
ical modeling aiming at structural ap-
plications, was presented by Paulino
et al. [34].

materials, presented some insights into the design of periodic cellular structures
using functionally graded materials (FGMs). The strategy uses the concept of the
relaxed problem in continuum topology optimization and maximizes the homoge-
nized thermal conductivity for a certain volume fraction. Figure 1.5 illustrates the
final material morphology for two different gradation parameters. Paulino et al. [37]
present a detailed description of the method, in which examples aiming at struc-
tural applications are discussed. The great potential of the strategy is illustrated by
designing extreme material topologies, such as structures presenting negative Pois-
son’s ratio and near-zero shear modulus. The most recent design techniques use
multiscale considerations based upon alternative approaches. For instance, Giusti
et al. [38] proposed a new numerical strategy that uses the mathematical concept
of topological derivative within a variational, multiscale constitutive framework.
Application of this method to microstructure design has been recently presented by
Giusti et al. [39] and Amstutz et al. [40], in which the final unit-cell morphology was
obtained by reaching the optimality condition defined as the function of a given
homogenized property (e.g., Poisson’s ratio, bulk modulus, and shear modulus).
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12 1 Materials Modeling – Challenges and Perspectives

A distinct class of cellular materials comprises the lattice/grid structures, which
are also known as lattice-block materials, lattice-truss structures, lattice-block structures,
and cellular lattices. Lattice materials with periodic unit-cell microstructures are
trusslike structures mainly conceived to maximize the load-bearing capacity at
minimum weight, with potential high energy absorption. Multifunctional applica-
tions may also combine heat transfer/thermal dissipation, sound absorption, or
other requirements. Industries have shown growing interest in truss microstruc-
tures aiming at high-performance applications, motivated by the development of
high-precision manufacturing processes, such as rapid prototyping (e.g., selective
laser sintering, digital light processing, and microstereolithography [41, 42]). Most
research works are concerned with either modeling the global behavior of the
lattice materials or determining their homogenized properties, all of which are
based on known unit-cell microarchitectures (similar to the direct approach dis-
cussed in the previous paragraphs). Luxner et al. [43], for instance, addressed the
macromechanical behavior of six different 3D base-cell geometries presenting cubic
material symmetry (simple cubic, Gibson Ashby, reinforced body-centered cubic,
body-centered cubic, Kelvin, and Weaire–Phelan structures). The authors’ current
research is focused on the effect of irregularities on elastic–plastic deformation
and localization. A similar approach was also used to address bonelike structures
using the simple cubic structure [44]. In all cases, a direct problem was solved, that
is, material properties and cell microarchitecture were known in advance.

Conceptually, application of inverse modeling to lattice-block materials is similar to
that discussed already, that is, (i) use of optimization techniques to design cellular
structures based on unit cells of predefined microarchitecture or (ii) designing of
the unit-cell lattice microstructure. The former is illustrated by Yan et al. [45], who
presented an optimization procedure for structural analyses of truss materials. The
authors adopted 2D quadrilateral unit cells and used two classes of design variables:
relative density and cell-size distribution, under a given total material volume
constraint. The technique was able to determine a cell distribution of different
sizes and cells with walls of different thickness based only on quadrilateral unit-cell
structures. However, the challenge posed to this class of materials is associated
with determining the optimum microarchitecture of the unit cell that is capable of
achieving maximum performance without predefining its basic geometry.

Studies using homogenization, sensitivity analysis, and optimization are in
progress aiming at finding the optimum morphology of lattice materials based
on general trusslike unit cells [46]. The combined homogenization–optimization
technique has been developed for multifunctional applications, that is, the op-
timum structure should achieve the best performance for both structural and
thermal applications. The method uses homogenization of the elasticity and con-
ductivity tensors, combined with analytical sensitivity analysis based on symbolic
computation.

Initially, a general unit cell with arbitrary microarchitecture is defined (which
contains an arbitrary number of interlocked struts). The first step corresponds to
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1.2 Modeling Challenges and Perspectives 13

computing the homogenized elasticity and conductivity tensors, respectively,

EH(x) = 1

|Y|
∫

Y
E · (I − ∂yχ)dy and kH(x) = 1

|Y|
∫

Y
k · (I − ∇yR)dy (1.5)

where I is the identity tensor, |Y| is the volume of the unit cell, E and k are the
elasticity and conductivity tensors, χ and R are the characteristic displacements
and temperatures of the unit cell, and ∂y and ∇y are the strain and heat flux
operators with respect to the unit cell.

The optimization procedure is based on sequential linear programming (SLP)
and uses an objective function defined according to the desired structural and
functional behavior. The initial studies adopt specific components of the homog-
enized elasticity and conductivity tensors to handle the structural and thermal

(a)

(b)

Figure 1.6 Two-dimensional lattice struc-
tures: initial and final unit-cell microstruc-
tures and the corresponding optimized lat-
tice material. Both examples account for
structural and functional (thermal) prop-
erties. The lattice microarchitectures were
obtained by maximizing the ratio between
the homogenized shear component of the
elasticity tensor and the normal (vertical in

the figure) component of the homogenized
conductivity tensor for a constant initial vol-
ume of the unit cell. The design variables
for each case are (a) strut areas and x and y
coordinates of the cell internal nodes and
(b) only the strut areas. It should be re-
marked that these results are not necessarily
unique, since the optimization problem does
not ensure existence of a global minimum.
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14 1 Materials Modeling – Challenges and Perspectives

Z

X

Y

Z

X Y

Figure 1.7 Three-dimensional lattice struc-
tures: initial and final unit cells and the
lattice material. The unit cell is divided into
3 × 3 × 3 subcells so that struts are initially
distributed following a pyramidal shape with
the vertex located in the center of each sub-
cell. Struts are placed only in the subcells

connected to an edge of the unit cell. The
design variables are the strut areas. The final
lattice material was obtained by maximizing
the product between the homogenized shear
component, EH

1212, of the elasticity tensor,
and the homogenized normal component,
kH

11, of the conductivity tensor.

response, respectively. The multifunctional approach is accounted for an ob-
jective function defined as a combination of both homogenized tensors. In the
homogenization–optimization process, the strut areas and nodal coordinates inside
the unit cell are modified following the direction provided by the structural and
thermal requirements. It is interesting to mention that the generality of this strategy
makes it possible to recover classical configurations, such as Kagomé and Diamond
lattice materials, depending on the structural and functional requirements. The
technique was applied to 2D and 3D structures, as illustrated in Figures 1.6 and 1.7.
Further aspects of the design technique, including detailed mathematical modeling,
is addressed elsewhere in a publication dedicated to lattice materials modeling.

1.2.2.1 Remarks
The benefits provided by cellular materials are undisputable. Low specific mass,
high energy absorption, and multipurpose thermal behavior are some character-
istics of this class of materials. The development of mathematical and numerical
tools, allied to the increasing viability of manufacturing complex microstruc-
tures, has encouraged investigation on this topic. It is also expected that great
advancements in numerical strategies for parameter identification of material
properties will be attained in the next few years, especially in the context of
hybrid schemes (gradient-based and evolutionary algorithms) and topological
derivative-based approaches. Microstructure design using homogenization and op-
timization techniques, encompassing both topology optimization and lattice-block
materials, has also evolved rapidly in the last few years. Although still in the nascent
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1.2 Modeling Challenges and Perspectives 15

stages, application of multiscale algorithms (e.g., those aiming at strongly coupled
scales) to designing the unit-cell microstructure is a welcome event.

1.2.3
Multiscale Constitutive Modeling

Over the last decade or so, the modeling of the dissipative behavior of solids by
means of so-called multiscale theories has been attracting increasing interest within
the applied and computational mechanics communities. The general concept
of multiscale modeling extends from quantum mechanics and particle physics,
molecular dynamics, and dislocation theory to macroscopic constitutive relations,
as illustrated in Figure 1.8. At present it is well accepted that classical, purely
phenomenological theories, in which the constitutive response is defined by a set
of ordinary differential equations, possess stringent restrictions on the complexity

Process design and
engineering simulation

Macroscopic constitutive
relations

Hogenization principles

Modeling elementary
behaviour features

Modeling crystal
imperfections

Dislocation movement and
interaction

Molecular dynamics
modeling
Intermolecular forces and
adhesion

Quantum mechanics
principles

Particle physics

Quantum
mechanics

∼1 Å

Atomistic scale
∼1 nm

Micro scale
∼100 nm

Meso scale
∼10 µm

Macro scale
∼100 µm

Figure 1.8 Length scales for most metal
materials. Classification of physical phe-
nomena in different time and length scales
is not an easy task. The concept of scales
often differs over the spectrum of nature
of materials and microstructures. For in-
stance, biological tissues, such as ten-
dons, frequently present scale classes based
upon structural/hierarchical characteristics
(from tropocollagen molecules and mi-
crofibril structures to the endotendon and
tendon itself, the length scale spans from

∼1.5 nm to ∼3000 µm) [44]. Computational
modeling of engineering materials requires
also careful considerations owing to dif-
ferent natures and structures: the typical
length scales for geotechnical and build-
ing materials are significantly different from
those characteristic of metal materials, for
example, the former can handle macroscales
measured in meters, whereas the latter can
be modeled using phenomenological ap-
proaches with macroscales measured in
micrometers.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



16 1 Materials Modeling – Challenges and Perspectives

of strain paths for which reasonable predictions can be obtained. This is particularly
true when more intricate micromechanically related phenomena such as damaging,
microcracking, or phase debonding are present.

Tackling the problem by the classical approach consists usually in introducing
new internal state variables to capture finer details of the phenomenological effects
of such mechanisms on the overall response of the material [48]. In many cases,
this approach can be very successful but its main side effect is the fact that the
greater number of internal variables requires the identification and definition of
their corresponding evolution laws with the associated material parameters. Such
identification is by no means trivial and may become particularly challenging in
situations where phenomena such as, for instance, anisotropy evolution is present.

One possible alternative to address the problem is the adoption of multiscale
theories, where the macroscopic stress and strain tensors are defined as volume
averages of their microscopic counterparts over a representative volume element (RVE)
of material. The foundations for this family of constitutive theories in the dissipative
range are laid by Germain et al. [49]. Owing to their suitability for implementation
within nonlinear finite element frameworks, such theories are particularly attractive
for the description of complex constitutive response by means of finite element
approximations. In such cases, complex macroscopic response can be obtained
from the volume averaging of a finite element-discretized RVE containing a
relatively accurate representation of the morphology of the microstructure and
whose constituents are modeled by simple phenomenological constitutive theories,
with possible added nonlinear phase interaction laws. Methodologies of this type
are normally used in the following main contexts:

1) determination of the material parameters of an assumed canonical macroscopic
constitutive model by fitting the homogenized response produced by finite
element solutions of a single RVE under prescribed macroscopic strain paths
[50, 51];

2) development of new macroscopic constitutive laws capable of capturing the
homogenized response of a finite element-discretized RVE [52–54];

3) fully coupled two-scale finite element analyses where the macroscopic equi-
librium problem is solved simultaneously with one RVE equilibrium problem
for each Gauss quadrature point of the macroscopic mesh. In this case, the
constitutive law at each Gauss point is defined by the homogenized response
of the corresponding discretized RVE [55–58].

Items (1) and (2) above are very closely related. In some situations of practical in-
terest, the microstructural features of the material may be such that its macroscopic
behavior can be reasonably modeled by means of an existing constitutive law. One
such typical situation arises in the modeling of strongly directional fiber-reinforced
composites for which macroscopic hyperelastic constitutive models are available
to some extent. In Ref. [51], for instance, approach (1) was used to determine
the macroscopic material parameters of a suitably chosen hyperelastic model for
arterial wall tissue. The idea (generally referred to as numerical material testing in
Ref. [50]) involves the numerical determination of the homogenized response of

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1.2 Modeling Challenges and Perspectives 17

the RVE (whose topology and material properties are assumed known) followed
by a curve-fitting exercise whereby the material parameters are chosen so as to
minimize, in some sense, the error between the homogenized response and the
response predicted by the macroscopic model for the range of strains under con-
sideration. The main advantage of such procedures lies in the computing times
required for the solution of macroscopic boundary value problems involving only
conventional (macroscopic) constitutive models are bound to be far lower than
those of similar simulations based on the fully coupled approach of item (3).
Hence, whenever it is possible to describe the homogenized behavior of the mi-
crostructure by means of an existing macroscopic model with acceptable accuracy,
preference should be given to such models. Potential drawbacks of this approach,
however, are as follows:

• The set of macroscopic parameters that minimize the errors may not be unique
and the selection procedure (based on optimization in Ref. [51]) needs to be
sufficiently robust.

• The behavior of the constituents of the RVE needs to be known and appropriate
models need to be selected together with their corresponding material parame-
ters. This can often be a problem as, in many realistic situations, it is not possible
or practical to test the behavior of the individual constituents of a composite
material. Note that this particular issue affects approach (3) equally.

Another important fact here is that, in the presence of dissipative phenomena,
the issue of parameter identification in the present context appears to remain
largely open, as the fitting of the macroscopic response for a range of strain
paths is by no means trivial. Experience shows, however, that observations made
during numerical materials testing often lead to significant insights into the (possibly
dissipative) behavior of the tested material. Such insights, in turn, may point to
improvements to existing constitutive laws and/or definition of completely new
ones – item (2) above. In Refs [52–54], for example, macroscopic yield surfaces
are obtained as a result of numerical material testing of elastic, perfectly plastic
RVEs. In Ref. [54], macroscopic functional forms of macroscopic yield surfaces
are proposed as an alternative to the classical Gurson model [59]. We believe that
further studies of the dissipative and nondissipative behavior of materials with a
microstructure within the present multiscale framework should lead to the much
needed development of new macroscopic models with an ability to capture the
material behavior more accurately over a wider range of strain histories of greater
complexity. In our view, this is a very interesting research topic with a potential to
bring substantial benefits to the field of constitutive modeling of solids.

Finally, in spite of the physical appeal of item (3), this approach remains of
relatively limited use in large-scale simulations of industrial problems mainly due
to the massive computing costs associated with the fully coupled two-scale analysis.
Needless to say, in the case of dissipative RVEs undergoing finite straining, for
instance, the solution of one RVE equilibrium problem per macroscopic Gauss
quadrature point is a formidable task even for reasonably small macroscopic
problems running in high-performance machines. The use of parallel algorithms
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18 1 Materials Modeling – Challenges and Perspectives

appears then to be a natural course of action and is discussed by Matsui et al.
[57] and Kuramae et al. [60]. Algorithmic techniques aiming the improvement of
solution times [61] are also welcome in this context and should be further pursued
in order to make fully coupled analyses a realistic option in the future.

1.3
Concluding Remarks

The role and importance of materials modeling has long been established by the
seminal works of Tresca [1], Huber [4], von Mises [5], and Hencky [6], among
others, who developed the modern theoretical basis of stress and strain analysis.
In the last two decades, computational materials modeling has consolidated its
importance and has become one of the fastest-growing research areas.

Materials modeling encompasses developments associated with materials as
diverse as biological tissues, composite materials for aeronautical and aerospace
applications, polymeric materials for technical components and ordinary house-
hold objects, and heterogeneous geotechnical materials. Furthermore, physical
aspects are also as vast as the nature of the materials: structural and thermal
behavior under different physical loading, material degradation and failure, and
microstructure design, are some examples of applications under intense investi-
gation. Computational issues have been equally relevant and advancements in a
wide range of modeling strategies have been introduced in recent years, among
which solution techniques for multiphysics problems, strongly coupled multiscale
(or multiple scales) and stable cross-scale formulations, and homogenization and
optimization techniques have experienced extraordinary growth. Such variety of
materials, physical aspects, and computational issues render the task of reviewing
the recent advances almost impossible. However, despite the almost boundless
research field, it is possible to discern common directions and challenges faced by
scientists across research domains:

• derivation of strong physically based constitutive models;
• numerical and experimental procedures to determine the corresponding material

parameters;
• multiphysics and multiple scale formulations, ranging from nano- to meso- and

macroscales;
• development of robust solution algorithms able to handle complex materials

descriptions;
• Application of homogenization and optimization to new materials design.
• Development of new numerical methods aiming at improving handling of

discontinuities and heterogeneities typical of some class of materials.

Most modeling issues are strongly related to one or more of the aforemen-
tioned aspects. The brief reviews discussed in Sections 1.2.1–1.2.3 highlight the
multidisciplinary character of materials modeling: (i) the failure process under
general stress–strain paths requires a multiphysics degradation model based on
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References 19

nonlocal formulation, in which multiscale approximations coupled to macrofrac-
ture algorithms are the expected advancements; (ii) modeling of multifunctional
cellular materials require cross-scale formulations based on homogenization of
local properties and microstructure design using optimization procedures; and
(iii) multiscale computational modeling techniques. In particular, advancements
are expected in multiple scale formulations coupled to multiphysics approaches able
to model individual requirements (structural, plastic energy absorption, thermal
dissipation, etc.). Finally, it has been observed that an increasing move toward the
application of complex material models in industry or, in cases such as geotechnical
and civil materials, more realistic analyses have been used by building companies
to improve construction design.
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2
Local and Nonlocal Modeling of Ductile Damage
José Manuel de Almeida César de Sá, Francisco Manuel Andrade Pires, and Filipe Xavier
Costa Andrade

2.1
Introduction

The gradual internal deterioration at the microscopic level which may eventually
lead to the occurrence of macroscopic failure in ductile metals undergoing plastic
deformations, has been subjected to a detail study over the last decades. As ex-
perimentally verified for many ductile polycrystalline metals, initially throughout
metallographic observations [1–3], the nucleation and growth of voids and mi-
crocracks that accompany plastic flow causes considerable reduction of stiffness
and strength, and is highly influenced by the triaxiality of the stress state [4].
The understanding of the fundamental mechanisms that govern the material’s
internal deterioration is growing rapidly and it is becoming feasible to formulate
continuum constitutive models capable of accounting for the evolution of internal
deterioration. In fact, a considerable body of the literature on applied mechanics
has been devoted to the formulation of constitutive models to describe internal
degradation of solids within the framework of continuum mechanics.

Pioneering work on the formulation of constitutive equations for ductile metals,
which include internal deterioration, was carried out by Lemaitre [5]. Using the
method of local state and internal variables, Lemaitre has proposed a phenomeno-
logical model that includes the strong coupling between elastoplasticity and damage
at the constitutive level. The original isotropic model was then further elaborated
[3] and later extended by Lemaitre et al. [6] to account for the anisotropy of damage
as well as for partial closure of microcracks under compressive stresses. Computa-
tional aspects have been addressed by several authors. The numerical integration
of the Lemaitre constitutive equations by means of a return mapping-type scheme
has been originally proposed by Benallal et al. [7] in the infinitesimal strain context
and later exploited by De Souza Neto et al. [8–10] with finite strain extensions of
the model.

Although Lemaitre’s ductile damage continuum models have been successful
in describing the macroscopic stress and strain fields in the presence of internal
degradation, they fall within the category of local formulations. Classical local

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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24 2 Local and Nonlocal Modeling of Ductile Damage

continuum theories are based on the assumption that the stress at a given point
uniquely depends on the current values (and possibly also the previous history)
of deformation and temperature at that point. Moreover, this theory inherently
assumes that the material is continuous at any size scale and explicitly ignores
the influence of the microstructure on the global behavior. These hypotheses are
reasonable for a large number of engineering materials and applications, since
the major concern is usually the behavior of the material at the macroscale. Nev-
ertheless, a different approach has to be pursued when deformation mechanisms
governed by microscopic phenomena as well as scale effects have to be considered
in order to predict certain phenomena. Nonlocal theories have emerged as an
alternative constitutive framework on the continuum level, that is, used to bridge
the gap between the micromechanical level and the classical continuum level. This
is achieved through the incorporation of intrinsic material length parameters in
the material constitutive model and by using spatially weighted averages in the
evolution equations of the respective internal state variables describing plastic and
damage growth.

The first nonlocal developments can be traced back to the 1960s with the
pioneering works of Rogula [11] and Eringen [12]. These authors were the first ones
trying to incorporate the influence of the microstructure into traditional (local)
continuum theory by means of a nonlocal formulation. However, they limited
their approach to the elastic domain and the first nonlocal formulations within
an elastoplastic framework only appeared in the beginning of the 1980s [13–15].
After these works, significant developments have been made by several authors
who addressed theoretical and computational issues on both integral-type and
gradient-dependent nonlocal enrichments [16–25].

This chapter is devoted to the constitutive modeling and computational aspects of
continuum damage mechanics (CDMs) based on Lemaitre’s elastoplastic damage
theory. Our intention here is to provide an overview to this promising approach,
which has been gaining widespread acceptance over the last three decades. This
chapter is organized as follows. In Section 2.2, a brief historical review of CDM is
given and particular emphasis is given to the phenomenon of ductile plastic damage.
The description of Lemaitre’s elastoplastic damage theory [26] is undertaken in
Section 2.3. Here, the underlying thermodynamical formulation together with
its main assumptions is described in detail. The following section, Section 2.4,
describes two modifications of the original constitutive model that yield extremely
efficient computational algorithms. In Section 2.5, the topic of modeling the
material behavior within a nonlocal framework is addressed in detail. Starting
with the description of the main hypothesis behind nonlocal formulations together
with an overview of the key approaches, several extensions of Lemaitre’s ductile
damage model into a nonlocal integral approach are investigated. To illustrate the
applicability of the models, three numerical examples are presented in Section 2.6.
The final section presents some concluding remarks. Although the text is based on
the authors’ own research, and inevitably emphasizes the authors’ point of view,
we attempt to offer a balanced review of the main advances in the field of ductile
damage modeling that have taken place within the last two decades or so.
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Figure 2.1 Damaged element.

2.2
Continuum Damage Mechanics

Since the pioneering work by Kachanov [27], significant progress has been achieved
in the modeling of internal degradation of materials within the theory of continuum
mechanics. By incorporating new state variables into the constitutive model, CDM
has emerged, over the last decades, as a very effective theory to describe material
deformability and predict failure onset.

2.2.1
Basic Concepts of CDM

The first modern damage formulations were initially proposed by Kachanov [27]
and Rabotnov [28]. Generalizing the concepts proposed by these authors, the
damage variable, D, can be physically seen as the corrected area of cracks and
cavities per unit surface cut by a plane perpendicular to a normal vector, n, as

D = S − S̃

S
(2.1)

where S is the overall area of the element defined by its normal n and S̃ is the
effective resisting area (see Figure 2.1).

The definition of damage1) by means of an effective resisting area has allowed
Kachanov [27] to define the so-called effective stress:

σ̃ = σ

1 − D
(2.2)

The equation above can be straightforwardly obtained by considering the effective
area S̃ in the measurement of the uniaxial stress (see Ref. [26] for further details).

These basic concepts, very briefly reviewed above, were the cornerstone for
further important developments not only for creep rupture but also for describing
the phenomenon of internal degradation in other areas of solid mechanics,
including elastic–brittle materials [29, 30], brittle materials [31–33], and fatigue
[34, 35], among others. A comprehensive discussion on these models can be found
elsewhere [26, 36, 37].

1) A rigorous and more general formulation
naturally leads to the definition of a damage
tensor [26, 68].
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26 2 Local and Nonlocal Modeling of Ductile Damage

2.2.2
Ductile Plastic Damage

Over the last decades, much effort has been made to model the behavior and predict
failure of ductile materials. Two main general approaches have been extensively
considered: (i) constitutive theories based on porous material models, such as
Gurson plasticity-based models [38–40]; (ii) phenomenological theories motivated
by CDM as Lemaitre-based models. In this chapter, we concentrate on the latter
approach and, in this section, we shed some light on the basic concepts and
assumptions underlying Lemaitre’s theory.

The starting point of Lemaitre’s original developments was the consideration of
a scalar damage variable [5] in the definition of a purely phenomenological model
for ductile isotropic damage in metals. By appealing to the hypothesis of strain
equivalence2) which assumes that ‘‘the strain associated with a damage state under
the applied stress is equivalent to the strain associated with its undamaged state
under the effective stress,’’ the model postulates the following elastic constitutive
law for a damaged material:

σ̃ = Eε (2.3)

or, equivalently,

σ = Ẽε (2.4)

where E and Ẽ = (1 − D)E are the Young’s moduli of the virgin (undamaged)
and damaged materials, respectively. As a consequence, the standard definition of
damage in terms of reduction of the (neither well defined nor easily measurable)
load-carrying area is replaced in Lemaitre’s model by the reduction of the Young’s
modulus in the ideally isotropic case. The damage variable from Eq. (2.1) is then
redefined as

D = E − Ẽ

E
(2.5)

Within the standard local continuum theory, computational aspects have been
addressed by several authors where some of these contributions are mentioned
below. Simo and Ju [41] used the operator split methodology to derive algo-
rithms for the numerical integration of the elastoplastic damage equations of
evolution. Doghri [42], Johansson et al. [43], and Lee and Fenves [44] have nu-
merically implemented damage kinetic equations, in a small strain format. De
Souza Neto et al. [8] presented a comprehensive finite element formulation and
error assessment for elastoplastic damage at finite strains, in which isotropic
and kinematic hardening and Lemaitre’s damage model were accounted for.
Steinmann et al. [45] formulated Lemaitre’s and Gurson’s isotropic damage models

2) It is worth to mentioning that other ap-
proaches have also been proposed, namely,

the hypothesis of equivalent energy [42] and
equivalent stress [43].
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2.3 Lemaitre’s Ductile Damage Model 27

in the framework of finite multiplicative elastoplasticity, where issues on numerical
implementation of the models were specially emphasized. More recently, de Souza
Neto [46] proposed an extremely efficient integration algorithm for a simplified
version of Lemaitre’s model. Moreover, Andrade Pires and et al. [47] presented
the numerical implementation of an improved damage model, which includes
the distinction between tensile and compressive stress states in the evolution of
damage.

2.3
Lemaitre’s Ductile Damage Model

As mentioned earlier, in this chapter, we focus on Lemaitre-based models for the
description and modeling of the ductile damage phenomenon. Therefore, we first
present the original constitutive model proposed by Lemaitre where some assump-
tions and features of the model are discussed. In subsequent sections, we provide
the description of modified elastoplastic damage models based on Lemaitre’s theory
where the details of their numerical implementation are addressed.

2.3.1
Original Model

The original Lemaitre’s ductile damage model is based on CDM concepts and in
the framework of thermodynamics of irreversible processes. The thermodynamic
(or state) potential, ψ , is assumed to be a function of a set of state variables

ψ = ψ
(
ε, T , εe, εp, R, α, D

)
(2.6)

where ε and T respectively represent the strain tensor and the temperature, which
are observable state variables. The other state variables in Eq. (2.6) are internal
variables: εe and εp are respectively the elastic and the plastic strain tensors,
R and D are scalar variables, associated with isotropic hardening and isotropic
damage respectively, and the second-order tensor α is the variable associated with
kinematic hardening.

In elastoplasticity, due to the relation ε = εe + εp, it is possible to express the
specific free energy as a function of only one strain tensor as internal variable and,
therefore,

ψ = ψ
(
ε − εp, T , R, α, D

) = ψ
(
εe, T , R, α, D

)
(2.7)

Assuming a constant density ρ, the state laws are defined, from the state potential,
as

σ = ρ
∂ψ

∂ε
= ρ

∂ψ

∂εe
= −ρ

∂ψ

∂εp
; S = ∂ψ

∂T
(2.8)

where σ is the Cauchy stress tensor and S is the entropy density.
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28 2 Local and Nonlocal Modeling of Ductile Damage

The following derivatives define the thermodynamic forces associated with the
state variables, that is, with which they are power conjugated, as

χ = ρ
∂ψ

∂R
; β = ρ

∂ψ

∂α
; −Y = −ρ

∂ψ

∂D
(2.9)

where χ is the thermodynamic force associated with the isotropic hardening
variable and β is the backstress tensor, which is a deviator tensor associated with
kinematic hardening. The thermodynamic force associated with damage is denoted
as −Y and is called energy release rate.

Since elasticity-damage and plasticity-hardening processes are assumed to be
decoupled, the state potential is given by the sum

ψ = ψed (εe, D, T
)+ ψp (R, α, T) (2.10)

where ψed and ψp are, respectively, the elastic-damage and plastic contribution to
the state potential.

2.3.1.1 The Elastic State Potential
On the basis of the hypothesis of strain equivalence for an isothermal process,
Lemaitre’s model postulates ψed such that

ρψed = 1

2
εe : (1 − D) De : εe (2.11)

where De is the standard isotropic elasticity tensor.
For this potential, the elasticity state law is given by

σ = ρ
∂ψed

∂εe
= (1 − D) De : εe (2.12)

or, equivalently in terms of the effective stress tensor:

σ̃ = De : εe (2.13)

The thermodynamic force associated with damage, −Y , is then given by

−Y = −ρ
∂ψed

∂D
= 1

2
εe : De : εe (2.14)

which can also be expressed by

−Y = − 1

2 (1 − D)2σ : [De]−1 : σ

= − 1

2 (1 − D)2

[
(1 + ν)σ : σ − ν (trσ)2]

= q2

2E (1 − D)2

[
2

3
(1 + ν) + 3 (1 − 2ν)

(
p

q

)2
]

= q2

6G (1 − D)2 + p2

2K (1 − D)2 (2.15)

where E and ν are the Young’s modulus and the Poisson ratio, respectively, G and
K are the shear modulus and the bulk modulus, p is the hydrostatic pressure, and q
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2.3 Lemaitre’s Ductile Damage Model 29

is the von Mises equivalent stress. It is noteworthy that the damage energy release
rate, −Y , represents the variation of internal energy density due to damage growth
at constant stress [26].

2.3.1.2 The Plastic State Potential
The plastic state potential is selected as a sum of two terms associated, respectively,
to isotropic and kinematic hardening. Considering an isothermal process, it may
be expressed as

ρψp(R, α) = ρψ I(R) + a

2
α : α (2.16)

where a is material parameter and ψ I (R) is the isotropic hardening contribution.
The thermodynamic force related with isotropic hardening is therefore expressed

as

χ = ρ
∂ψp

∂R
= ρ

∂ψ I(R)

∂R
= χ(R) (2.17)

while the thermodynamic force associated with kinematic hardening (i.e., the
backstress tensor) is expressed as

β = ρ
∂ψp

∂α
= aα (2.18)

2.3.1.3 The Dissipation Potential
A second potential, complementary to the state potential, written in terms of
the thermodynamic forces, is used to establish evolution laws for the dissipative
state variables. Later, we will depart slightly from the original work of Lemaitre
and establish these kinematic laws of evolution from a constrained maximization
problem and then verify some assumptions and limitations behind Lemaitre’s
theory.

The complementary potential, ψ∗, here termed as dissipation potential, may then
be written, for an isothermal process, as

ψ∗ = ψ∗(χ , β, −Y) = ψ∗p(χ , β) + ψ∗d (−Y) (2.19)

which may be separated in two terms, respectively, the contributions of the
associated dissipative phenomena, that is, plasticity and damage.

For associated plasticity, the dissipation potential due to plasticity, ψ∗p, may be
related to the particular yield (limit) function adopted. In the case of the von Mises
yield function, coupled with the principle of strain equivalence, the potential of
plastic dissipation takes the following form:

ψ∗p (χ , β) = Fp =
√

3J2 (s − β)

(1 − D)
− [

σyo + χ(R)
]+ b

2a
β : β (2.20)

where s̃ is the deviatoric stress tensor, σyo is the initial yield stress, R is the excess
of yield function due to isotropic hardening, and a and b are material parameters
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30 2 Local and Nonlocal Modeling of Ductile Damage

associated with kinematic hardening which may be obtained from cyclic loading
experiments [48].

Similarly, it is possible to define the dissipation potential for ductile damage in
the form of a threshold (limit) function, that is,

ψ∗d(−Y) = Fd = (1 − D)s r

(s + 1)

[( −Y

(1 − D) r

)s+1

−
(

we
th

r

)s+1
]

(2.21)

where r is a material parameter representing the energy strength of damage, s
is a nondimensional material parameter which is a function of the temperature,
and we

th is a threshold value for the elastic strain energy which is required for the
development of defects.

2.3.1.4 Evolution of Internal Variables
The behavior of ductile materials is described by Lemaitre’s theory by means of
the evolution equations of ε̇p, Ṙ, α̇, and Ḋ. In Lemaitre’s original model, these
equations are obtained through the so-called normality rule of generalized standard
materials, which states that

ε̇p = γ̇
∂ψ∗

∂σ
; Ṙ = −γ̇

∂ψ∗

∂χ
; α̇ = −γ̇

∂ψ∗

∂β
; Ḋ = γ̇

∂ψ∗

∂ (−Y)
(2.22)

The derivatives above yield on the following evolution equations

ε̇p =
√

3

2

γ̇

(1 − D)

s − β

‖s − β‖ (2.23)

Ṙ = γ̇ (2.24)

α̇ = γ̇

[√
3
2

s − β

‖s − β‖ − b

a
β

]
(2.25)

Ḋ = γ̇

(1 − D)

(−Y

r

)s

H
(
εp

ac − ε
p
D

)
(2.26)

where H is an added Heaviside function of the equivalent plastic strain ε
p
ac and ε

p
D

is its critical value which triggers the onset of damage.
It is important to remark that from a numerical implementation point of view,

it is more useful to replace the evolution law of the back strain tensor, α̇, by the
evolution law of its associated variable, the backstress tensor, β̇. This may be done
by taking into account the constitutive equation relating those two tensors and
obtained from the state potential, which may be written as [26]

β̇ = aα̇ (2.27)

Thus, Eq. (2.25) becomes

β̇ = γ̇

[
a

√
3

2

s − β

‖s − β‖ − bβ

]
(2.28)
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2.3 Lemaitre’s Ductile Damage Model 31

Table 2.1 Lemaitre’s ductile damage model.

Strain tensor additive split ε = εe + εp

Elastic law (coupled with damage) σ = (1 − D) De : εe

Yield criterion Fp =
√

3
2

‖s−β‖
1−D − [

σyo + χ (R)
]+ b

2a β : β

Plastic flow ε̇p =
√

3
2

γ̇

(1−D)

s−β
‖s−β‖

Evolution of isotropic hardening Ṙ = γ̇

Evolution of kinematic hardening β̇ = γ̇

[
a
√

3
2

s−β
‖s−β‖ − bβ

]
Evolution of damage Ḋ = γ̇

(1−D)

(−Y
r

)s
H
(
ε

p
ac − ε

p
D

)
Kuhn–Tucker conditions γ̇ ≥ 0; Fp ≤ 0; γ̇ Fp = 0

Like many other elastoplastic models, the equations above must consider the
Kuhn–Tucker conditions (also commonly referred to as loading/unloading conditions),
given by

γ̇ ≥ 0; Fp ≤ 0; γ̇ Fp = 0 (2.29)

For convenience, the equations for Lemaitre’s original ductile damage model are
summarized in Table 2.1.

2.3.2
Principle of Maximum Inelastic Dissipation

An alternative manner to obtain the evolution of the internal variables is by
generalizing the principle of maximum plastic dissipation [49]. In the present case,
we apply such a principle for a constitutive model composed of both plastic and
damage mechanisms, which is the case in Lemaitre’s model. In fact, we consider
the assumption that, among all possible stress states that satisfy both the plastic
and damage threshold (limit) functions, the solution of the constitutive problem is
the one associated with the maximum energy of dissipation. In turn, this energy is
directly associated with the inelastic (dissipative) process, characterized by plastic
deformation, hardening (both isotropic and kinematic), and damage. Therefore, by
defining the energy of the dissipative process as

ϕ(σ, χ , β, −Y) = σ : ε̇p − χṘ − β : α̇ − YḊ (2.30)

the solution may be obtained by maximizing ϕ(σ , χ , β, −Y) taking as constraints
the threshold-limiting functions for plasticity and damage, respectively written in
Eqs (2.20) and (2.21). In the present case, we impose these constraints by recurring
to Lagrange multipliers; thus,

Lϕ

(
σ, χ , β, −Y , γ̇p, γ̇d

) = σ : ε̇p − χṘ − β : α̇ − YḊ

−γ̇pFp (χ , β) − γ̇dFd (−Y) (2.31)

The evolution laws for the internal state variables are then obtained at the maximum,
that is, the critical point at which the derivatives of the Lagrangian, Lϕ , with respect
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32 2 Local and Nonlocal Modeling of Ductile Damage

to the thermodynamic forces, vanish:

∂Lϕ

∂σ
= 0 ⇐⇒ ε̇p = γ̇p

∂Fp

∂σ
⇐⇒ ε̇p =

√
3

2

γ̇p

(1 − D)

s − β

‖s − β‖ (2.32)

∂Lϕ

∂χ
= 0 ⇐⇒ Ṙ = −γ̇p

∂Fp

∂R
⇐⇒ Ṙ = γ̇p (2.33)

∂Lϕ

∂β
= 0 ⇐⇒ α̇ = γ̇p

∂Fp

∂β
⇐⇒ α̇ = γ̇p

[√
3
2

s − β

‖s − β‖ − b

a
β

]
(2.34)

∂Lϕ

∂(−Y)
= 0 ⇐⇒ Ḋ = γ̇d

∂Fd

∂(−Y)
⇐⇒ Ḋ = γ̇d

(1 − D)

(−Y

r

)s

(2.35)

Moreover, the derivatives of the Lagrangian with respect to the multipliers lead to
the plastic and damage limit functions that must be satisfied, that is,

∂Lϕ

∂γ̇p
= 0 ⇐⇒ Fp = 0 ⇐⇒

√
3
2

‖s − β‖
1 − D

− [
σyo + χ(R)

]+ b

2a
β : β = 0 (2.36)

∂Lϕ

∂γ̇d
= 0 ⇐⇒ Fd = 0 ⇐⇒ −Y = (1 − D) we

th (2.37)

Additionally, the Kuhn–Tucker conditions (or, in this case, the optimality condi-
tions), must hold for any deformation:

γ̇p ≥ 0; Fp ≤ 0; γ̇pFp = 0;
γ̇d ≥ 0; Fp ≤ 0; γ̇dFd = 0

(2.38)

Finally, the multipliers may be determined by the consistency conditions:

γ̇pFp = 0; γ̇dFd = 0 (2.39)

2.3.3
Assumptions Behind Lemaitre’s Model

In the above section, we have derived the evolution equations for the internal vari-
ables from a maximization problem. Plasticity and damage have been considered
as uncoupled mechanisms, each one possessing a specific Lagrange multiplier
(respectively, γ̇p and γ̇d). In turn, these multipliers must be determined by two
different consistency conditions, a restriction imposed by Eq. (2.39). However, in
the original Lemaitre’s model, the evolution of the internal variables considers only
one (plastic) multiplier, simply denoted by γ̇ (with no additional subscript). This
corresponds to assuming that in Eq. (2.31) both multipliers, γ̇p and γ̇d, are the same.
This fact can be, to some extent, seen as a limitation of Lemaitre’s model since
this assumption automatically implies that damage can take place if, and only if,
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2.4 Modified Local Damage Models 33

plasticity occurs. On the other hand, this is a reasonable hypothesis in the case
of ductile metals since experimental evidence has already shown that damage is
generally induced by plasticity [1–3, 26].

Another important conclusion is the fact that the hydrostatic pressure, p, plays
no role in the damage threshold function in Lemaitre’s original model. As a
matter of fact, the hydrostatic stress only has influence on the rate of damage
(i.e., on how much damage will grow), but the mechanism that triggers damage
evolution is uniquely dependent of the von Mises equivalent stress, q, which in
turn is computed from a purely deviatoric stress measure. In other words, these
underlying assumptions state that once damage is triggered, the loading/unloading
conditions for damage are considered fulfilled and, therefore, are not checked. As a
consequence, the evolution equations in Lemaitre’s model take the form previously
summarized in Table 2.1.

2.4
Modified Local Damage Models

In this section, two modifications of Lemaitre’s original damage model are pre-
sented. However, it is important to remark that such modifications are performed
within the standard local theory. The improvements achieved by nonlocal formula-
tions of integral type as well as the issues on their numerical implementation are
addressed in Section 2.5.

2.4.1
Lemaitre’s Simplified Damage Model

One of the possible modifications for Lemaitre’s damage model is achieved by
disregarding the effects of kinematic hardening. As shown by de Souza Neto [46],
the consideration only of isotropic hardening leads to a remarkably simple and
efficient numerical algorithm. Therefore, the simplified damage model is, in fact,
appealing from the numerical point of view. Nevertheless, one should bear in mind
that the use of such a model is exclusively suitable for situations where load reversal
is inexistent or negligible, a condition met in several practical applications in metal
forming.

2.4.1.1 Constitutive Model
The only difference between the original and the simplified version of Lemaitre’s
damage model is that the latter disregards kinematic hardening [46, 50, 51]. Thus,
the equations are rewritten without the terms related to kinematic hardening effects
where the main differences are addressed as follows. First, the yield function is
simply given by

Fp = q

1 − D
− σy(R) (2.40)
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34 2 Local and Nonlocal Modeling of Ductile Damage

Table 2.2 Lemaitre’s simplified damage model.

Strain tensor additive split ε = εe + εp

Elastic law (coupled with damage) σ = (1 − D) De : εe

Yield criterion Fp = q̃ − σy(R)

Plastic flow ε̇p = 3
2

γ̇

(1−D)
s
q

Evolution of isotropic hardening Ṙ = γ̇

Evolution of damage Ḋ = γ̇

1−D

(−Y
r

)s
Kuhn–Tucker conditions γ̇ ≥ 0; Fp ≤ 0; γ̇ Fp = 0

or, alternatively,

Fp = q̃ − σy(R) (2.41)

where the backstress tensor, β, has been simply ignored from the original equation.
Furthermore, the evolution of the plastic strain tensor is expressed by

ε̇p = 3
2

γ̇

(1 − D)

s
q

(2.42)

The model is complete with the definition of the evolution equations for the
isotropic hardening and the damage variables, respectively, given by

Ṙ = γ̇ (2.43a)

Ḋ = γ̇

1 − D

(−Y

r

)s

(2.43b)

for which the loading/unloading conditions γ̇ ≥ 0, Fp ≤ 0, and γ̇ Fp = 0 must hold.
The equations of the simplified constitutive model are grouped in Table 2.2.

2.4.1.2 Numerical Implementation
The numerical implementation of Lemaitre’s simplified damage model has been
proposed by de Souza Neto [46] and is briefly reviewed in this section. The
efficiency is attained by numerically integrating the material model by means of a
conventional fully implicit elastic predictor/return mapping scheme, typically adopted
in a finite element framework (see Ref. [49] for more details on return mapping
schemes).

The algorithm for the numerical integration of the constitutive model starts with
the definition of the so-called elastic trial state. Notice that the constitutive behavior
is meant to be locally computed at every material point within a generic time interval
[tn, tn+1], where the constitutive variables ε

p
n , σn, Rn, and Dn are known ‘‘a prori.’’

The goal of the algorithm is to find the updated values of ε
p
n+1, σn+1, Rn+1, and Dn+1

for a given strain increment 
ε within [tn, tn+1]. Considering a typical finite element
framework, the material points correspond to the Gauss integration points.

In the elastic trial state, the solution of the material problem is assumed to be
purely elastic; hence, neither damage nor hardening evolution takes place at this

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



2.4 Modified Local Damage Models 35

stage. Therefore, the elastic trial strain tensor is given by

εe trial
n+1 = εe

n + 
ε (2.44)

from which it is possible to compute the effective elastic trial stress tensor, written
as

σ̃e trial
n+1 = De : εe trial

n+1 (2.45)

Considering now the deviatoric/hydrostatic split of the stress tensor, the undamaged
elastic trial stress tensor is alternatively written as

σ̃e trial
n+1 = s̃trial

n+1 + p̃trial
n+1I (2.46)

where strial
n+1 and ptrial

n+1 are the effective trial deviatoric and hydrostatic stresses,
respectively given by

s̃trial
n+1 = 2Gεe trial

d n+1; p̃trial
n+1 = Kεe trial

v n+1 (2.47)

where

εe trial
d n+1 = εe

dn + 
εd; εe trial
v n+1 = εe

v n + 
εv (2.48)

in which the strain deviator and the volumetric strain have been denoted, respec-
tively, by εd and εv.

Finally, with Eq. (2.47) it is possible to compute the elastic trial von Mises
equivalent stress from the effective deviatoric stress as

q̃trial
n+1 =

√
3

2

∥∥∥s̃trial
n+1

∥∥∥ (2.49)

where q̃trial
n+1 is necessary for the proper evaluation of the yield function and to check

whether the pseudoincrement is elastic or plastic.
Following standard procedures of elastic predictor/return mapping schemes,

Lemaitre’s constitutive model can be written in its (pseudo)time-discretized version
by the following system of equations



εe
n+1 = εe trial

n+1 − 3
2


γ

(1−Dn+1)
s̃n+1
qn+1

Rn+1 = Rn + 
γ

Dn+1 = Dn + 
γ

1−Dn+1

(−Yn+1
r

)s

qn+1
1−Dn+1

− σy (Rn+1) = 0

(2.50)

where εe
n+1, Rn+1, 
γ , and Dn+1 are the unknowns of the incremental initial

boundary value constitutive problem. It is important to remark that the last equation
of the system is the consistency condition which, in practice, acts as a constraint for
the constitutive problem.

The above system of equations is unattractive from the numerical point of
view due to the high computational burden if compared to simpler elastoplastic
models (e.g., von Mises isotropic plasticity). However, by performing some rela-
tively straightforward operations, it is possible to reduce the system of equations
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36 2 Local and Nonlocal Modeling of Ductile Damage

(Eq. (2.50)) to a single scalar nonlinear equation, which is written as

F (
γ ) = 3G
γ

q̃trial
n+1 − σy (Rn + 
γ )

− (1 − Dn)

+
(
q̃trial

n+1 − σy (Rn + 
γ )
)

3G

(−Y (
γ )

r

)s

= 0 (2.51)

where 
γ is now the only unknown. In fact, the scalar equation above is much
simpler to be worked out, significantly reducing the computational cost per Gauss
point. The derivation of Eq. (2.51) is omitted here for convenience and the reader
is referred to Ref. [46] for further details. The complete stress update algorithm for
the efficient numerical integration of Lemaitre’s simplified model by means of a
fully implicit elastic predictor/return mapping scheme is summarized in Box 2.1
in pseudocode format.

Box 2.1: Stress Update Algorithm for Lemaitre’s Simplified Model

(i) Define elastic trial state

εe trial
n+1 = εe

n + 
ε; s̃trial
n+1 = 2Gεe trial

d n+1

Rtrial
n+1 = Rn; q̃trial

n+1 =
√

3
2

∥∥∥s̃trial
n+1

∥∥∥
p̃trial

n+1 = Kεe trial
v n+1;

(ii) Check plastic admissibility
IF q̃trial

n+1 − σy
(
Rtrial

n+1

) ≤ 0 THEN
SET (·)n+1 = (·)trial

n+1 and EXIT
ENDIF

(iii) Solve the single residual equation

F(
γ ) ≡ 3G
γ

q̃trial
n+1 − σy (Rn + 
γ )

− (1 − Dn)

+
(
q̃trial

n+1 − σy(Rn + 
γ )
)

3G

(−Y (
γ )

r

)s

= 0

for 
γ with the Newton–Raphson method where

−Y(
γ ) =
(
σy(Rn + 
γ )

)2

6G
+
(
p̃trial

n+1

)2

2K

(iv) Update stress and internal variables

Dn+1 = 1 −
(

3G
γ

q̃trial
n+1−σy(Rn+1)

)
; sn+1 = qn+1

q̃trial
n+1

s̃trial
n+1 ;

pn+1 = (1 − Dn+1) p̃trial
n+1 ; σn+1 = sn+1 + pn+1I ;

qn+1 = (1 − Dn+1) σy (Rn+1) ; εe
n+1 = 1

2G sn+1 + 1
3 εe trial

v n+1I

(v) EXIT

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



2.4 Modified Local Damage Models 37

2.4.2
Damage Model with Crack Closure Effect

Even though the model presented in the preceding section of this chapter is
able to predict damage growth with reasonable accuracy over simple strain paths,
increasing deviations from experimental observations should be expected as strain
paths become more complex. In fact, this is true not only for damage models but
also for inelastic models of continua in general and, at present, it can be said that
constitutive refinement in inelasticity remains largely an open issue.

One important feature of Lemaitre’s original model is the fact that the state
of stress triaxiality has a strong influence on the rate of damage growth. This
experimentally observed phenomenon is accounted for through the definition of
the damage energy release rate, −Y , rewritten here as

−Y = −q2

2E(1 − D)2

[
2

3
(1 + ν) + 3(1 − 2ν)

(
p

q

)2
]

(2.52)

which takes part in the damage evolution equation, Ḋ, in Eq. (2.43b).
The inclusion of the hydrostatic component of σ in the definition of −Y implies

that Ḋ increases (decreases) with increasing (decreasing) triaxiality ratio. This is
in sharp contrast with the standard von Mises plasticity model where only the
stress deviator has an influence on the dissipative mechanisms. However, one
important aspect of damage growth is not considered by evolution law (Eqs (2.43b)
and (2.52)): the clear distinction between rates of damage growth observed for
states of stress with identical triaxiality but stresses of opposite sign (tension and
compression). This phenomenon can be crucially important in the simulation of
forming operations, particularly under extreme strains [47]. It is often the case
that, in such operations, the solid (or parts of it) undergoes extreme compressive
straining followed by extension or vice versa.

2.4.2.1 Constitutive Model
In order to introduce the distinction between tension and compression, let us first
consider a uniaxial stress state. When the stress normal to the crack is compressive,
even though the cross section still contains physical cracks, the ability of the material
to carry load increases. The crucial point in the definition of the crack closure model
is the assumption that the standard elastic relationship σ1 = (1 − D)Eε is valid only
under tensile stresses (σ1 ≥ 0). Under compressive stresses (σ1 < 0), the uniaxial
stress–strain relation is assumed to take the form

σ1 = (1 − hD)Eε (2.53)

or

σ̃1 = σ1

1 − hD
(2.54)

where h is an experimentally determined coefficient which satisfies 0 ≤ h ≤ 1.
This coefficient characterizes the closure of microcracks and microcavities and

depends upon the density and the shape of the defects. It is material dependent
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38 2 Local and Nonlocal Modeling of Ductile Damage

and, as a first approximation for simplicity, h is considered as constant. The effect
of damage itself on closure is neglected. A value h ≈ 0.2 is typically observed in
many experiments [26]. Note that for h = 1, crack closure effects are completely
neglected (as in Lemaitre’s original model), whereas the other extreme value, h = 0,
represents full crack closure under compression. Any other value of h describes a
partial crack closure effect.

Despite the relative easiness of establishing a piecewise linear-damaged elastic
model capable of accounting for crack closure effects in the uniaxial case, the
extension of such a simple model to the general three-dimensional situation is,
however, not trivial.

In the present model, such a distinction is made on the basis of a tensile/
compressive split of the stress tensor. That is, any stress tensor σ can be written as

σ =
3∑

i=1

σiei ⊗ ei (2.55)

where σi are the principal stresses and {e1, e2, e3} is an orthonormal basis of vectors
along the principal directions.

The tensile/compressive split of the stress tensor consists in splittingσ additively
as

σ = σ+ + σ− (2.56)

where σ+ and σ− are, respectively, the tensile and compressive component of σ
defined as

σ+ =
3∑

i=1

〈σi〉ei ⊗ ei (2.57)

and

σ− =
3∑

i=1

〈−σi〉ei ⊗ ei (2.58)

The symbol 〈〉 represents the Macauley bracket, that is, for any scalar, a,

〈a〉 =
{
a if a ≥ 0
0 if a < 0

(2.59)

An interesting alternative to include the crack closure effect was provided by
the damage evolution law proposed by Ladevèze et al. [52, 53] (described in Ref.
[26] in more detail). Their approach consists in modifying the damage energy
release rate, −Y , of the original Lemaitre ductile damage model by including the
tensile/compressive split of the stress tensor. Thus, the original expression (2.52)
is replaced by

−Y = 1

2E(1 − D)2

[
(1 + ν)σ+ : σ+ − ν 〈trσ〉2]

+ h

2E
(
1 − hD

)2

[
(1 + ν)σ− : σ− − ν 〈−trσ〉2] (2.60)
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2.4 Modified Local Damage Models 39

and the elastoplastic damage evolution equation keeps the same format as in the
original model, that is, as in Eq. (2.43b). The model proposed by Ladevèze and
Lemaitre [53] considered the above equation together with the damaged isotropic
elasticity law with crack closure effects and the standard plasticity equations of the
original Lemaitre model.

However, in the present improved model, elasticity and damage are assumed to
be decoupled. This can be justified given the fact that the elastic strain remains truly
infinitesimal in many practical processes. Also, kinematic hardening is once again
removed in order to obtain a simplified version of the model whose numerical
implementation assumes a simpler and more efficient form. Thus, the main
differences from Lemaitre’s original damage model are described below.

First, the yield function is rephrased to be given by

Fp = q − (1 − D)
[
σyo + χ (εp

ac)
]

(2.61)

Here, the material parameter σyo is the initial uniaxial yield stress of an undamaged
and unstrained (or virgin) material, and χ is the isotropic hardening thermody-
namical force, now assumed to be a function of the accumulated plastic strain, ε

p
ac.

Furthermore, elasticity is assumed to be decoupled from damage; thus, the elastic
law is simply given by

σ = De : εe (2.62)

In accordance with the above definitions and assuming associative plasticity, the
plastic flow is also decoupled from damage:

ε̇p = γ̇
3

2

s
q

(2.63)

Finally, the evolution equations for the accumulated plastic strain and damage are
respectively given by

ε̇p
ac = γ̇ (2.64a)

Ḋ = γ̇

1 − D

(−Y

r

)s

(2.64b)

for which the plastic multiplier, γ̇ , satisfies the Kuhn–Tucker conditions, that is,
γ̇ ≥ 0, Fp ≤ 0, γ̇ Fp = 0. The constitutive model is conveniently summarized in
Table 2.3.

It is important to remark here, that the choice of the accumulated plastic strain
as the isotropic hardening internal variable is at variance with the original model
proposed by Lemaitre [54]. In the present case, the original potential structure of the
model is lost. However, this choice can be justified on experimental grounds since
the measurement of accumulated plastic strain can be carried out experimentally
in a straightforward manner allowing the determination of hardening and damage
parameters from relatively simple microhardness measurements [55]. A direct
consequence of this assumption is the fact that the hardening and damage
parameters calibrated for this model will, in general, be different from the ones
employed in Lemaitre’s original model.
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40 2 Local and Nonlocal Modeling of Ductile Damage

Table 2.3 Lemaitre’s simplified damage model with crack closure effect.

Strain tensor additive split ε = εe + εp

Elastic law (uncoupled from damage) σ = De : εe

Yield criterion Fp = q − (1 − D)
[
σyo + χ (εp

ac)
]

Plastic flow ε̇p = γ̇ 3
2

s
q

Evolution of equivalent plastic strain ε̇
p
ac = γ̇

Evolution of damage
Ḋ = γ̇

1−D

(−Y
r

)s
with −Y given by

−Y = 1

2E (1 − D)2

[
(1 + v)σ+ : σ+ − v 〈trσ〉2]

+ h

2E
(
1 − hD

)2 [(1 + v)σ− : σ− − v 〈−trσ〉2]
Kuhn–Tucker conditions γ̇ ≥ 0; Fp ≤ 0; γ̇ Fp = 0

2.4.2.2 Numerical Implementation
This section proceeds to describe an algorithm for the numerical integration
of the elastoplastic damage constitutive equations, including the effect of crack
closure. Here, we focus only on the particularization of the fully implicit elastic
predictor/return mapping method to the above proposed model.

Let us consider what happens to a typical Gauss point of the finite element mesh
within a (pseudo)time interval [tn, tn+1]. Given the incremental strain


ε = εn+1 − εn (2.65)

and the values σn, ε
p
n , ε

p
ac n, and Dn at tn, the numerical integration algorithm

should obtain the updated values at the end of the interval, σn+1, ε
p
n+1, ε

p
ac n+1, and

Dn+1 in a manner consistent with the constitutive equations of the model.
The first step in the algorithm is the evaluation of the elastic trial state where

the increment is assumed purely elastic with no evolution of internal variables
(internal variables frozen at tn). The elastic trial strain and trial-accumulated plastic
strain are given by

εe trial
n+1 = εe

n + 
ε; ε
p trial
ac n+1 = ε

p
ac n (2.66)

The corresponding elastic trial stress tensor is computed:

σtrial
n+1 = De : εe trial

n+1 (2.67)

Equivalently, in terms of stress deviator and hydrostatic pressure, we have

strial
n+1 = 2Gεe trial

d n+1; ptrial
n+1 = Kεe trial

v n+1 (2.68)

The trial yield stress is simply

σ trial
y n+1 = σy (χn) (2.69)
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2.4 Modified Local Damage Models 41

The next step of the algorithm is to check whether σtrial
n+1 lies inside or outside of

the trial yield surface. With variables ε
p
ac and D frozen at time tn we compute

Ftrial
p := qtrial

n+1 −(1 − Dn) σy (χn)

=
√

3
2

∥∥strial
n+1

∥∥−(1 − Dn)
[
σyo + χ (εp trial

ac n+1)
] (2.70)

If Ftrial
p ≤ 0, the process is indeed elastic within the interval and the elastic trial

state coincides with the updated state at tn+1. In other words, there is no plastic
flow or damage evolution within the interval and

εe
n+1 = εe trial

n+1 ; σn+1 = σtrial
n+1; ε

p
ac n+1 = ε

p trial
ac n+1;

σy n+1 = σ trial
y n+1; Dn+1 = Dtrial

n+1
(2.71)

Otherwise, we apply the plastic corrector (or plastic return mapping algorithm), that
is, we integrate numerically the evolution equations for εe, ε

p
ac, and D having the

trial state as the initial condition. Using a standard backward Euler approximation,
the discrete equations read as follows:

εe
n+1 = εe trial

n+1 − 
γ

√
3

2

sn+1

‖sn+1‖; (2.72a)

ε
p
ac n+1 = ε

p
ac n + 
γ ; (2.72b)

Dn+1 =
{

0 ifεp
ac n+1 ≤ ε

p
D

Dn + 
γ

1−Dn+1

(−Yn+1
r

)s
ifεp

ac n+1 >ε
p
D

(2.72c)

The above equations must be complemented by the so-called consistency condition
that guarantees that the stress state at the end of a plastic step lies on the updated
yield surface

Fpn+1 = qn+1 −(1 − Dn+1) σy (χn+1) = 0 (2.73)

From standard arguments used in the derivation of return mapping algorithms,
the plastic corrector can be reduced to the solution of single nonlinear scalar equation
for the incremental plastic multiplier 
γ (the reader is referred to Andrade Pires
et al. [47] for further details in the derivation):

Dn+1 = D (
γ ) ≡ 1 −
√

3
2

∥∥strial
n+1

∥∥− 3G
γ

σyo + χ
(
ε

p
ac n + 
γ

) (2.74)

which expresses Dn+1 as an explicit function of 
γ . Finally, with the introduction
of Eq. (2.74) into the discretized damage evolution equation (2.72c), the return
mapping algorithm is reduced to the solution of a single equation for the unknown

γ :

F(
γ ) ≡
{

D (
γ ) = 0 if ε
p
ac n+1 ≤ ε

p
D

D (
γ ) − Dn − 
γ

1−D(
γ )

(
−Y(
γ )

r

)s
= 0 if ε

p
ac n+1 > ε

p
D

(2.75)

The single-equation plastic-damage corrector comprises the solution of the above
equation for 
γ followed by the straightforward update of εe, ε

p
ac, and D according
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42 2 Local and Nonlocal Modeling of Ductile Damage

to the relevant formulae. For convenience, the resulting algorithm for numerical
integration of the elastoplastic damage model with crack closure effects is listed in
Box 2.2 in pseudocode format.

Box 2.2: Stress Update Algorithm for Lemaitre’s Model with Crack Closure Effect

(i) Define elastic trial state

εe trial
n+1 = εe

n + 
ε ; strial
n+1 = 2Gεe trial

d n+1 ;

ε
p trial
ac n+1 = ε

p
ac n ; qtrial

n+1 =
√

3
2

∥∥strial
n+1

∥∥
ptrial

n+1 = Kεe trial
v n+1 ;

(ii) Check plastic admissibility

IF qtrial
n+1 −(1 − Dn)

⌊
σyo + χ (εp trial

ac n+1)
⌋

≤ 0 THEN

SET (·)n+1 = (·)trial
n+1 and EXIT

ENDIF
(iii) Solve the nonlinear residual equation

F (
γ ) ≡
{

D (
γ ) = 0 if ε
p
ac n+1 ≤ ε

p
D

D (
γ ) − Dn − 
γ

1−D(
γ )

(
−Y(
γ )

r

)s
= 0 if ε

p
ac n+1 > ε

p
D

for 
γ with the Newton–Raphson method.
(iv) Update stress and internal variables

pn+1 = ptrial
n+1 ; sn+1 =

(
1 − 3G
γ

qtrial
n+1

)
strial

n+1 ;

σn+1 = sn+1 + pn+1I ; ε
p
ac n+1 = ε

p
ac n + 
γ ;

Dn+1 = D(
γ ) ; εe
n+1 = 1

2G sn+1 + 1
3K pn+1I

(v) EXIT

In the computational implementation of the model, Eq. (2.75) is solved by the
Newton–Raphson algorithm. Therefore, it is necessary to ensure that, throughout
the Newton iterations, we remain within the domain where Eq. (2.75) is physically
sound, that is, where the damage variable value remains between 0 and 1.

2.5
Nonlocal Formulations

The constitutive models described in the preceding sections have already proved
very effective in modeling material internal degradation and predicting failure
within a reasonable range of applications. They are, however, based on the
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2.5 Nonlocal Formulations 43

standard (local) continuum theory, which inherently assumes that the material is
homogeneous and continuous at any size scale.

However, this is not valid when deformation reaches a critical level. At this point,
the internal degradation of the material, mainly characterized by the nucleation,
growth, and coalescence of microcavities, has an important influence on the
macrostructural response to external loads. Moreover, plastic strain tends to
concentrate in a localized zone while the body experiences a softening regime.
At this phase, heterogeneities in the microstructure play a crucial role, being
responsible for the onset of the failure phenomenon that will lead, eventually, to
the appearance of a macrocrack.

Since classical local theories disregard important effects of the microstructure
of the material, they cannot correctly describe the aforementioned localized fail-
ure process. Likewise, the mathematical description of the failure phenomenon
using the local theory is inappropriate since it inherently suffers from spurious
instabilities. This can be explained as follows. In classical multivariable calculus,
the partial differential equilibrium equations that govern static (dynamic) prob-
lems are classified as elliptic (hyperbolic). As long as these equations remain
elliptic (hyperbolic), the solution of the static (dynamic) IBVP is guaranteed to
be unique. However, when the material tangent modulus becomes negative (i.e.,
under softening regimes), the ellipticity (hyperbolicity) is lost and uniqueness of
solution no longer exists. This lack of ellipticity (hyperbolicity) manifests itself
through a pathological dependence of solution on the spatial discretization when
using numerical methods. Within a typical finite element framework, for instance,
the localized zone will have the size of the elements at the critical zone. As the
mesh is infinitely refined, plastic strain concentrates in an infinitely small layer of
elements and, in this case, the total dissipated energy of the process unrealistically
vanishes. In fact, it can be concluded that the problem of the local theory lies on
its lack of information about the size of the localized zone. Thus, the mathematical
interpretation of the problem implies that this missing information should be, in
some manner, incorporated into the continuum theory in order to obtain objective
descriptions of the localized failure process. Looking at the problem from the
physical point of view, it becomes quite clear that the actual size of the localized
zone is related to the heterogeneous microstructure of the material. Therefore,
both mathematical and physical interpretations imply that the standard continuum
theory must be enriched in order to describe the strain localization correctly.

Among several possible strategies to obtain enriched continua, an attractive
theory is the so-called nonlocal approach. This incorporates an intrinsic length
into the classical continuum by employing spatially weighted averages through
an integral operator. As pointed out at the beginning of this chapter, the first
nonlocal models were proposed in the elasticity context in the 1960s [11, 12].
Such models aimed to improve the description of microstructural interactions in
elastic-wave-dominated problems. The first extension of the theory in the plastic
domain has been done by Eringen [13, 14]. In his formulation, the total strain
tensor was replaced by its nonlocal average; however, the model was not intended
to act as localization limiter.
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44 2 Local and Nonlocal Modeling of Ductile Damage

In the context of CDM, the first nonlocal damage model was proposed by
Pijaudier-Cabot and Bažant [16] where they applied a nonlocal averaging operator
only to variables that were related to the inelastic process and that could only grow
or remain constant. This choice stemmed from the fact that the average of the total
strain tensor as in Eringen’s model could still lead to spurious instabilities in the
IBVP, as previously shown by Bažant and Chang [15]. In the late 1980s, the first
nonlocal plasticity model intended to serve as a localization limiter was proposed
by Bažant and Lin [56]. After these initial developments, a comprehensive number
of relevant contributions have then rapidly emerged (e.g., [19–23, 57–62]).

Another class of nonlocal approaches is the enhanced constitutive theories that
incorporate the gradients of one or more variables into originally local models.
The gradient-enhanced models are the differential counterparts of the nonlocal
integral-type theory and have been developed as an alternative to the classical
nonlocal theory. Over the last years, several researchers have brought significant
developments comprising gradient-enhanced constitutive theories, many of them
with detailed contributions on effective and efficient numerical implementations
[17, 18, 24, 25, 63, 64]. However, this particular kind of nonlocal theory has not
been addressed in this chapter.

2.5.1
Aspects of Nonlocal Averaging

The cornerstone of any nonlocal theory is the definition of a nonlocal variable
through a weighted integral average. Basically, any generic scalar field g(x) can be
rewritten in its nonlocal form as

g(x) =
∫

v
β(x, ξ)g(ξ)dV(ξ) (2.76)

in which the superimposed bar denotes a nonlocal variable. Equation (2.76)
spatially averages the local variable using the weighted averaging operator β(x, ξ).
The nonlocal average can be interpreted as the incorporation of a diffusive effect
into the constitutive model.

2.5.1.1 The Averaging Operator
Any nonlocal enhancement must consider some basic requirements in order to
provide physically coherent formulations. Among these, the following normalizing
condition∫

v
β(x, ξ)dV(ξ) = 1 (2.77)

must hold in order to keep uniform fields. Usually, β(x, ξ) is rescaled as in

β(x, ξ) = α(x, ξ)∫
v α(x, ξ)dV(ξ)

(2.78)

and α(x, ξ) is a prescribed weight function. The disadvantage of this strategy is that
the resulting averaging operator is not symmetric (i.e., β(x, ξ) �= β(ξ, x)) even for
symmetric weight functions α(x, ξ).
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2.5 Nonlocal Formulations 45

2.5.1.2 Weight Functions
The definition of the weight function is, to some extent, arbitrary. However, in
order to obtain the diffusive effect expected from the nonlocal theory, it should
satisfy some basic characteristics. For an instance, the function should have its
maximum at the central point and then smoothly decrease around it as the distance
of neighboring points increases. Moreover, it must contain at least one length
parameter associated with the intrinsic length of the material.

A commonly adopted weight function is the Gaussian distribution, written as

α(x, ξ) = exp
(

−‖x − ξ‖2

2
2
o

)
(2.79)

where the parameter 
o is called the internal length. A main feature of this function
is that it is unbounded, that is, nonlocal interactions can theoretically occur even
for infinitely distant points. In practice, the function can be truncated at reasonable
finite distances.

Another possibility often adopted is the bell-shaped truncated quartic polynomial
function, given by

α(x, ξ) =


(

1 − ‖x−ξ‖2


2
r

)2
if ‖x − ξ‖ ≤ 
r

0 if ‖x − ξ‖ ≥ 
r

(2.80)

where 
r will be referred hereinafter to as nonlocal characteristic length. Contrasting
with the Gaussian distribution, the bell-shaped function has a bounded support
and vanishes for points for which the distance is larger than 
r. Thus, 
r composes
a bounded influence area (or volume in 3D) and therefore is also often called
interaction radius (usually denoted by the letter R).

2.5.2
Classical Nonlocal Models of Integral Type

Classical nonlocal models are the most commonly adopted type of nonlocal approach.
The main characteristic of these models is that they are ‘‘ad hoc’’ formulated, that
is, this kind of strategy consists in enhancing a previously existing local model by
simply replacing one or more constitutive variables by their nonlocal counterparts.
Therefore, they are neither based on thermodynamic considerations nor derived
from thermodynamic potentials. In fact, these models are merely supported by the
physical (and mathematical) evidence that an intrinsic length should be, in some
manner, incorporated into the standard (local) continuum theory. However, the
nomenclature ‘‘classical nonlocal models’’ is not mentioned in the literature, being
probably first suggested here in this publication.

Another class of nonlocal models, fully based on thermodynamic potentials, has
recently emerged [20, 21, 23]. The thermodynamical consistency has indeed made
such models very appealing from the theoretical point of view and is, in fact,
the main motivation for classifying the nonlocal models of the current section as
‘‘classical.’’ However, nonlocal models derived from thermodynamic potentials are
not addressed here.
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46 2 Local and Nonlocal Modeling of Ductile Damage

In the following subsection, the procedures to extend a local model into a
classical nonlocal one are described. For the sake of simplicity, the derivations will
be applied to the simplified version of Lemaitre’s model only. Nonetheless, the
nonlocal extension of other elastoplastic damage models follows the same concepts.

2.5.2.1 Nonlocal Formulations for Lemaitre’s Simplified Model
The first step of the nonlocal extension is the choice of the nonlocal variable. At
first glance, this choice seems to be quite arbitrary. However, some few previous
contributions have already shown that some options may lead to inappropriate or
spurious formulations under certain conditions [15, 22, 61].

Therefore, in this chapter, Lemaitre’s simplified model is enriched by employing
three different classical nonlocal formulations. The chosen nonlocal variables are
the isotropic hardening variable, R, the damage, D, and the energy release rate, −Y .
One must bear in mind that each nonlocal formulation leads to a new constitutive
model, different from the local one, with the singular particularity that the local
model is retrieved if the length parameter is set to zero. Thus, when a variable is
chosen to be nonlocal, its nonlocal counterpart is, in fact, the constitutive variable
to be actually considered.

Let us first consider the choice of damage as the nonlocal variable. The
elastic-damage constitutive relation can then be expressed as

σ(x) = (
1 − D(x)

)
De(x) : εe(x) (2.81)

The yield function, the plastic flow rule, and the evolution of isotropic hardening
are also rewritten, respectively, given by

Fp(x) = q(x)

1 − D(x)
− σy(R(x)) (2.82)

ε̇p(x) = 3

2

γ̇ (x)(
1 − D(x)

) s(x)

q(x)
(2.83)

and

Ṙ(x) = γ̇ (x) (2.84)

In contrast to the model of Section 2.4.1, all constitutive variables have been
explicitly written as a function of their spatial location, generically represented by
x (Table 2.4). This stems from the fact that the nonlocal formulation yields on
an enriched continuum theory for which the position of the material point in the
body is essential for the determination of its constitutive behavior. Moreover, since
nonlocal damage, D(x), is now the actual state variable, its rate should play the role
of damage evolution. Therefore, it is assumed that

Ḋ(x) =
∫

v
β(x, ξ)Ḋ(ξ)dV(ξ) (2.85)

where

Ḋ(ξ) = γ̇ (ξ)

1 − D(ξ)

(−Y(ξ)

r

)s

(2.86)
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2.5 Nonlocal Formulations 47

Table 2.4 Classical nonlocal damage model with D.

Strain tensor additive split ε(x) = εe(x) + εp(x)
Elastic law σ(x) = (

1 − D(x)
)

De(x) : εe(x)
Yield criterion Fp(x) = q(x)

1−D(x)
− σy(R(x))

Plastic flow ε̇p(x) = 3
2

γ̇ (x)

(1−D(x))
s(x)
q(x)

Evolution of isotropic hardening Ṙ(x) = γ̇ (x)
Evolution of damage

Ḋ(x) = ∫v β(x, ξ)Ḋ(ξ)dV(ξ)

where

Ḋ(ξ) = γ̇ (ξ)
1−D(ξ)

(−Y(ξ)
r

)s

Kuhn–Tucker conditions γ̇ (x) ≥ 0; Fp(x) ≤ 0; γ̇ (x)Fp(x) = 0

Table 2.5 Classical nonlocal damage model with −Y.

Strain tensor additive split ε(x) = εe(x) + εp(x)
Elastic law σ(x) = (1 − D(x))De(x) : εe(x)
Yield criterion Fp(x) = q(x)

1−D(x) − σy(R(x))

Plastic flow ε̇p(x) = 3
2

γ̇ (x)
(1−D(x))

s(x)
q(x)

Evolution of isotropic hardening Ṙ(x) = γ̇ (x)
Evolution of damage

Ḋ(x) = γ̇ (x)
1−D(x)

(−Y(x)
r

)s

where

−Y(x) = ∫v β(x, ξ)
(−Y(ξ)

)
dV(ξ)

Kuhn–Tucker conditions γ̇ (x) ≥ 0; Fp(x) ≤ 0; γ̇ (x)Fp(x) = 0

where ξ corresponds to the global coordinate of a given surrounding point in the
vicinity of x.

Finally, the Kuhn–Tucker conditions (γ̇ (x) ≥ 0, Fp(x) ≤ 0, and γ̇ (x)Fp(x) = 0)
must be fulfilled. It is important to remark that, since every material point depends
on its neighborhood, the Kuhn–Tucker conditions must, in practice, simultane-
ously hold for all points of the whole body. As a matter of fact, the integral character
of the nonlocal model yields on a substantially more complicated constitutive prob-
lem for which analytical solutions are difficult to obtain. Nonetheless, a strategy to
numerically solve the nonlocal material problem is addressed in Section 2.5.3. The
choices of −Y and R as nonlocal also lead to other different constitutive models
that are directly summarized in Tables 2.5 and 2.6 for convenience.

2.5.3
Numerical Implementation of Nonlocal Integral Models

Notwithstanding the relative simplicity in defining a nonlocal elastoplastic damage
model, its incorporation into a nonlinear finite element framework is, in general,
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48 2 Local and Nonlocal Modeling of Ductile Damage

Table 2.6 Classical nonlocal damage model with R.

Strain tensor additive split ε(x) = εe(x) + εp(x)
Elastic law σ(x) = (1 − D (x)) De(x) : εe(x)
Yield criterion Fp(x) = q(x)

1−D(x) − σy(R(x))

Plastic flow ε̇p(x) = 3
2

γ̇ (x)
(1−D(x))

s(x)
q(x)

Evolution of isotropic hardening Ṙ(x) = ∫vβ(x, ξ)Ṙ(ξ)dV(ξ)

where Ṙ(ξ) = γ̇ (ξ)

Evolution of damage Ḋ(x) = γ̇ (x)
1−D(x)

(−Y(x)
r

)s

Kuhn–Tucker conditions γ̇ (x) ≥ 0; Fp(x) ≤ 0; γ̇ (x)Fp(x) = 0

not straightforward. The main difficulty is the need to fulfill the consistency
condition.

One could think of resolving all material points using a conventional local
algorithm and, afterward, performing a nonlocal averaging on the chosen nonlocal
variable. However, the new computed stress state may not satisfy the consistency
condition, invalidating the solution found. A new constitutive integration procedure
should therefore be performed in order to return, if necessary, one or more
stress states to the yield surface. Moreover, the nonlocal counterpart of the
chosen constitutive variable should be recomputed again. Such procedure should
be performed iteratively, using some numerical strategy, until the consistency
condition is fulfilled for all material points of the body.

In the present section, a numerical strategy is presented in order to overcome
this adversity. As shown in detail, the methodology is based on an extension
of the conventional local elastic predictor/return mapping algorithm [49] into
a global framework where all material points are integrated simultaneously.
The strategy allows the fulfillment of the consistency condition for the whole
body.

2.5.3.1 Numerical Evaluation of the Averaging Integral
Before proceeding with the numerical implementation of the nonlocal model, let us
first rewrite the averaging integral from Eq. (2.76) in a discrete form. Following the
standard procedures employed within the framework of the finite element method
(FEM), the evaluation of the averaging integral can be conveniently approximated
by the well-established Gaussian quadrature [62]. Therefore,

g(x) =
∫

v
β(x, ξ)g(ξ)dV(ξ) (2.87)

is replaced by

gi =
ngpi∑
j=1

wjJjβijgj (2.88)
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2.5 Nonlocal Formulations 49

where the parameter βij is the averaging factor, defined in Eq. (2.78), relating the
points i and j which represent the Gauss points at the global coordinates x and ξ,
respectively. The quantities wj and Jj are, respectively, the Gaussian weight and the
Jacobian at the Gauss point j.

2.5.3.2 Global Version of the Elastic Predictor/Return Mapping Algorithm
As stressed before, the main obstacle in the numerical implementation of nonlocal
models is the fulfillment of the consistency condition. This difficulty stems from
the fact that the local solution for the constitutive problem is altered by subsequent
nonlocal spatial averaging, and hence does not satisfy the Kuhn–Tucker condi-
tions. Thus, the first inspection of the problem suggests that the solution of the
material problem should be somehow pursued in a global manner. Moreover, the
(pseudo)time discretization of the nonlocal problem using the standard procedures
of an elastic predictor/return mapping scheme utterly reveals the global character
of the nonlocal constitutive problem.

In the following, we shed some light on the numerical integration of the
enhanced constitutive model aiming to clearly illustrate such global characteristics.
In order to facilitate comprehension, only the nonlocal formulation for Lemaitre’s
simplified model with the nonlocal damage variable, D, is considered. Nevertheless,
the concepts described below hold for other nonlocal elastoplastic damage models
as well.

To start with, let us consider a set of Gauss points in a generic finite element
mesh, as shown in Figure 2.2. As schematically depicted, Gauss point 1 is dependent
on a certain set of surrounding points within an interaction radius (representing
the intrinsic length). Following now the same procedures used in Section 2.4.2 for
the local model, the nonlocal constitutive problem for Gauss point 1 is expressed,
in its time-discretized version, as

1

2
l r

l r

Figure 2.2 Nonlocal influence area in a
finite element mesh.
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50 2 Local and Nonlocal Modeling of Ductile Damage




εe
1n+1

= εe trial
1n+1

− 3
2


γ1(
1−D1n+1

) s1n+1
q1n+1

(2.89a)

R1n+1 = R1n + 
γ1 (2.89b)

D1n+1 = D1n +
npg1∑
j=1

[
wjJjβ1j


γj
1−Djn+1

(−Yjn+1
r

)s]
(2.89c)

q1n+1
1−D1n+1

− σy
(
R1n+1

) = 0 (2.89d)

In contrast with the local case, every constitutive variable needs to be written with
an additional subscript corresponding to the Gauss point for which it stands for.
This is necessary since some quantities in the system belong to other Gauss points
of the mesh.

Likewise, the discretized constitutive problem for Gauss point 2 is written as




εe
2n+1

= εe trial
2n+1

− 3
2


γ2(
1−D2n+1

) s2n+1
q2n+1

(2.90a)

R2n+1 = R2n + 
γ2 (2.90b)

D2n+1 = D2n +
npg2∑
j=1

[
wjJjβ2j


γj
1−Djn+1

(−Yjn+1
r

)s]
(2.90c)

q2n+1
1−D2n+1

− σy
(
R2n+1

) = 0 (2.90d)

We can expand some terms of Eqs (2.89c) and (2.90c) to obtain

D1n+1 = D1n + w1J1β11

γ1

1 − D1n+1

(−Y1n+1

r

)s

+ w2J2β12

γ2

1 − D2n+1

(−Y2n+1

r

)s

+ . . . (2.91)

and

D2n+1 = D2n + w1J1β21

γ1

1 − D1n+1

(−Y1n+1

r

)s

+ w2J2β22

γ2

1 − D2n+1

(−Y2n+1

r

)s

+ . . . (2.92)

Clearly, D1n+1 depends on the updated values of 
γ , D, and −Y from all Gauss
points that lie inside the circular area defined by 
r from point 1, also including
point 2. Moreover, if the nonlocal influence area is drawn from point 2, different
Gauss points now affect the pointwise constitutive problem; among them, point
1. However, the contributions of point 1 and point 2 in Eqs (2.89) and (2.90) are
distinct due to the different weighted averaging factors β11, β12, β21, and β22.

In fact, the constitutive problem of every Gauss point is coupled with many others
of the finite element mesh, each one providing different contributions due to the
weighted averaging factors. Thus, the actual problem to be solved is composed of
a large system of equations containing several ‘‘pointwise systems.’’ This global
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2.5 Nonlocal Formulations 51

system could be written as





εe
1n+1

= εe trial
1n+1

− 3
2


γ1(
1−D1n+1

) s1n+1
q1n+1

R1n+1 = R1n + 
γ1

D1n+1 = D1n +
npg1∑
j=1

[
wjJjβ1j


γj
1−Djn+1

(−Yjn+1
r

)s]
q1n+1

1−D1n+1
− σy

(
R1n+1

) = 0

...




εe
ngpn+1

= εe trial
ngpn+1

− 3
2


γngp(
1−Dngpn+1

) sngpn+1
qngpn+1

Rngpn+1 = Rngpn + 
γngp

Dngpn+1 = Dngpn +
npgngp∑

j=1

[
wjJjβngpj


γj
1−Djn+1

(−Yjn+1
r

)s]
qngpn+1

1−Dngpn+1
− σy

(
Rngpn+1

) = 0
(2.93)

where ngp is the total number of Gauss points of the body.
Of course, the constitutive problem for every Gauss point in its time-discretized

version can, without loss of generality, more shortly (and conveniently) be written
as 



εe
in+1

= εe trial
in+1

− 3
2


γi(
1−Din+1

) sin+1
qin+1

Rin+1 = Rin + 
γi

Din+1 = Din +
npgi∑
j=1

[
wjJjβij


γj
1−Djn+1

(−Yjn+1
r

)s]
qin+1

1−Din+1
− σy

(
Rin+1

) = 0

(2.94)

where εe
in+1

, Rin+1 , 
γi, and Din+1 are the unknowns associated with the generic
ith Gauss point of the body. One should bear in mind, however, that the actual
unknowns of the nonlocal problem are not only those associated with the ith Gauss
point but also the updated values of εe, R, 
γ , and D corresponding to several other
points of the mesh. This coupling among several pointwise incremental problems
makes clear the aforementioned global character of the nonlocal material problem
for which the solution must be, somehow, globally found.

Before proceeding with the description of the solution to the global constitutive
problem, some algebraic manipulations may be performed in the constitutive
equations in order to facilitate the numerical implementation. In Section 2.4.2,
it has been mentioned that the simplified version of Lemaitre’s model has the
particularity of providing a remarkably efficient integration algorithm when the
system of equations is reduced to a single scalar nonlinear equation. In a similar
manner, it is possible to reduce from one system of equations per Gauss point to
one equation per Gauss point when adopting the nonlocal version of Lemaitre’s
simplified model. The procedure very closely follows the steps necessary for the
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52 2 Local and Nonlocal Modeling of Ductile Damage

system reduction in the local model and is omitted here for convenience. The reader
is again referred to Refs [46, 51] for more details in the derivations. Therefore, the
single residual scalar equation, associated with the generic Gauss point i, for the
nonlocal formulations with D, −Y , and R are respectively given by

Fi = 3G
γi − (
1 − Din

) (
q̃trial

in+1
− σ k+1

yi

)
+
(

q̃trial
in+1

− σ k+1
yi

)

×
npgi∑
j=1


wjJjβij

(
q̃trial

jn+1
− σ k+1

yj

)
3G

(−Yk+1
j

r

)s

 = 0 (2.95)

Fi = 3G
γi − (
1 − Din

) (
q̃trial

in+1
− σ k+1

yi

)

+
(

q̃trial
in+1

− σ k+1
yi

)2

3G




npgi∑
j=1

wjJjβij

(
−Yk+1

j

)
r




s

= 0 (2.96)

and

Fi = 3G
γi − (
1 − Din

) (
q̃trial

in+1
− σ k+1

yi

)

+
(

q̃trial
in+1

− σ k+1
yi

)2

3G

(
−Yk+1

i

r

)s

= 0 (2.97)

where

−Yk+1
i =

(
σ k+1

yi

)2

6G
+
(

p̃trial
in+1

)2

2K
(2.98)

For the sake of simplicity, the dependency of σ k+1
yi

on Rk+1
in+1

has been omitted in
the equations above.

Despite the reduction to a single equation per Gauss point, the solution of the
nonlocal constitutive problem still must be sought globally. The main advantage
of the aforementioned algebraic manipulations is that now one needs to solve an
ordinary system of scalar equations instead of a system which contains equations
with both scalar and tensorial quantities.

After the aforementioned reduction, only a single equation (Fi) and a single
unknown (
γi) are now associated with every ith Gauss point of the mesh. For
notation convenience, one can define 
γ as a vector that contains the values of
the incremental plastic multipliers of all Gauss points of the body. Likewise, the
residual function of every point can also be represented by a vector denoted by
F. With this notation at hand, the nonlinear constitutive problem is solved herein
using the Newton–Raphson method, that is,
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2.5 Nonlocal Formulations 53


γ k+1 = 
γ k −

 ∂F

∂
γ

∣∣∣∣∣

γ κ




−1

F
(

γ k

)
(2.99)

which can be more conveniently written as
 ∂F

∂
γ

∣∣∣∣∣

γ κ


 δγ = −F

(

γ k

)
(2.100)

where

δγ = 
γ k+1 − 
γ k (2.101)

and

∂F
∂
γ

=




∂F1

∂
γ1

∂F1

∂
γ2
. . .

∂F1

∂
γngp

∂F2

∂
γ1

∂F2

∂
γ2
. . .

∂F2

∂
γngp
...

...
. . .

...

∂Fngp

∂
γ1

∂Fngp

∂
γ2
. . .

∂Fngp

∂
γngp




(2.102)

It is important to remark that ∂F/∂
γ is unsymmetric in the general case and
that a diagonal matrix is obtained if the local case is considered. In order to avoid
significant computational effort, the matrix above can be simplified by disregarding
its off-diagonal terms, yielding in a modified Newton–Raphson strategy. Thus, the
update at every material point is given by


γ k+1
i = 
γ k

i − F
k
i

F
′k
i

(2.103)

where F
′
i is the derivative of the corresponding residual function with respect

to 
γi, expressed for the nonlocal formulations with D, −Y , and R respectively
as

F
′
i = 3G + (

1 − Din

)
Hi − Hi

npgi∑
j=1


wjJjβij

(
q̃trial

jn+1
− σ k+1

yj

)
3G

(−Yk+1
j

r

)s



+
(

q̃trial
in+1

− σ k+1
yi

)
wiJiβiiHi

3G
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54 2 Local and Nonlocal Modeling of Ductile Damage

×


(

q̃trial
in+1

− σ k+1
yi

)
σ k+1

yi

3G

s

r

(
−Yk+1

i

r

)s−1

−
(

−Yk+1
i

r

)s

 (2.104)

F
′
i = 3G + (

1 − Din

)
Hi −

2Hi

(
q̃trial

in+1
− σ k+1

yi

)
3G




npgi∑
j=1

wjJjβij

(
−Yk+1

j

)
r




s

+
(

q̃trial
in+1

− σ k+1
yi

)2
wiJiβiiHiσ

k+1
yi

9G2

s

r




npgi∑
j=1

wjJjβij

(
−Yk+1

j

)
r




s−1

(2.105)

and

F
′
i = 3G + (

1 − Din

)
HiwiJiβii −

2HiwiJiβii

(
q̃trial

in+1
− σ k+1

yi

)
3G

(
−Yk+1

i

r

)s

+
(

q̃trial
in+1

− σ k+1
yi

)2
wiJiβiiHiσ

k+1
yi

9G2

s

r

(
−Yk+1

i

r

)s−1

(2.106)

A general algorithm for the nonlocal constitutive state update can now be defined
(see Box 2.3). However, since a fully implicit elastic predictor/return mapping
scheme has been adopted, Eqs (2.95–2.97) are only conceptually valid for plastic
points. Otherwise, the material point is elastic and no return mapping is necessary.
The question that arises is how to determine which points are elastic and which are
plastic, since the solution must be sought globally. This shortcoming can be over-
come with a strategy that checks the yield condition (i.e., plastic admissibility) for
each material point at every Newton–Raphson iteration.3) Within this methodology,
when Fk+1

p < 0 and 
γ k+1
i = 0, the point is elastic and Fi is set to 0. Otherwise, the

point is plastic and the residual function corresponding to the adopted nonlocal
formulation is evaluated.

It is important to remark that it is not (usually) possible to know ‘‘a priori’’ which
points are elastic and which are plastic. However, with the present algorithm, a
point initially elastic can turn plastic and then elastic again as iterations evolve until
final convergence is attained.

Finally, the specific algorithms for the solution of the nonlocal problem for the
formulations with D, −Y , and R and are summarized in Boxes 2.4 and 2.5 in
pseudocode format.

3) The strategy of checking the yield condition
during the solution of the material problem
has been firstly proposed by Strömberg and

Ristinmaa [19] for the solution of a mixed
local/nonlocal problem within the classical
elastoplasticity framework.
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2.5 Nonlocal Formulations 55

Box 2.3: General Nonlocal Stress Update Procedure

(i) Define and store the elastic trial state for every Gauss point as

εe trial
in+1

= εe
in

+ 
εi ; s̃trial
in+1

= 2Gεe trial
din+1

Rtrial
in+1

= Rin ; q̃trial
in+1

=
√

3
2

∥∥∥s̃trial
in+1

∥∥∥
p̃trial

in+1
= Kεe trial

vin+1
;

(ii) GOTO Boxes 2.4 or 2.5 to solve

F (
γ ) = 0

for 
γ with a modified Newton–Raphson method.
(iii) Update stress state and internal variable for every Gauss point as

Din+1 = 1 −
(

3G
γi
q̃trial
in+1

−σy
(

Rin+1

)
)

; sin+1 = qin+1
q̃trial
in+1

s̃trial
in+1

pin+1 = (
1 − Din+1

)
p̃trial

in+1
; σin+1 = sin+1 + pin+1 I

qin+1 = (
1 − Din+1

)
σy
(
Rin+1

) ; εe
in+1

= 1
2G sin+1 + 1

3εe trial
vin+1

I

(iv) EXIT

Box 2.4: Algorithm for the Solution of the Nonlocal Damage Model with D or −Y

(i) Set k = 0 and 
γ k+1
i = 0

(ii) Update hardening variable, yield stress, and damage energy release rate
for all Gauss points

Rk+1
i = Rin + 
γ k+1

i

σ k+1
yi

= σy(R
k+1
i )

IF q̃trial
i − σ k+1

yi
≤ 0 THEN

−Yk+1
i = 0

ELSE

−Yk+1
i =

σ k+1
yi

6G
+ p̃2

i

2K
ENDIF

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



56 2 Local and Nonlocal Modeling of Ductile Damage

(iii) Evaluate residual and derivative for every Gauss point as

IF q̃trial
i − σ k+1

yi
≤ 0 AND 
γ k+1

i = 0 THEN

Fi = 0 ; F
′
i = 1

ELSE

For the nonlocal model with D

Fi = Eq. (2.95) ; F
′
i = Eq. (2.104)

For the nonlocal model with −Y

Fi = Eq. (2.96) ; F′
i = Eq. (2.105)

ENDIF

(iv) Check convergence

IF
∥∥∥F
∥∥∥ < TOL EXIT

(v) Switch and update incremental plastic multiplier for every Gauss point as


γ k
i = 
γ k+1

i


γ k+1
i = 
γ k

i − Fi

F
′
i

(vi) GOTO (ii)

Box 2.5: Algorithm for the Solution of the Nonlocal Damage Model with R

(i) Set k = 0 and 
γk
i = 0

(ii) Evaluate initial residual and derivative for every Gauss point as

IF qtrial
i − σ k

yi
≤ 0 THEN

Fi = 0 ; F′
i = 1

ELSE

Fi = Eq. (2.97) ; F
′
i = Eq. (2.106)

ENDIF

(iii) Update incremental plastic multiplier for every point as


γ k+1
i = 
γ k

i − Fi

F
′
i
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2.6 Numerical Analysis 57

(iv) Update isotropic hardening variable and yield stress for every Gauss
point as

R
k+1
i = R

(0)
i +

npgi∑
j=1

wjJjβij
γ k
j

σ k+1
yi

= σy(R
k+1
i )

(v) Evaluate residual and derivative for every Gauss point as

IF q̃trial
i − σ k+1

yi
≤ 0 AND 
γ k+1

i = 0 THEN

Fi = 0 ; F
′
i = 1

ELSE

Fi = Eq. (2.97) ; F
′
i = Eq. (2.106)

ENDIF
(vi) Check convergence

IF
∥∥∥F
∥∥∥ < TOL THEN

EXIT
ELSE


γ k
i = 
γ k+1

i

GOTO (iii)
ENDIF

2.6
Numerical Analysis

2.6.1
Axisymmetric Analysis of a Notched Specimen

This example is based on a similar analysis carried out in Ref. [50]. It consists of the
simulation of the fracturing of a cylindrical notched specimen when subjected to a
tensile test (see Figure 2.3). Since there is no load reversal, the simplified version
of Lemaitre’s ductile damage model is perfectly suitable for this analysis. The
material properties employed are summarized in Table 2.7. Owing to symmetry,
only one-quarter of the specimen has been analyzed4) where a prescribed vertical
displacement

∥∥uy

∥∥ = 0.43 mm has been applied at its extremities.

4) All meshes and contour results have been
mirrored for the ease of visualization.
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58 2 Local and Nonlocal Modeling of Ductile Damage

R 4 mm40 mm

d 18 mm

(a) (b) (c) (d) 

Figure 2.3 Problem geometry and different mesh refinements for the notched specimen.

Table 2.7 Material properties for the notched specimen.

Property Symbol Value

Young’s modulus E 69 000 MPa
Poisson’s ratio ν 0.3
Damage exponent s 1.0
Damage denominator r 1.25 MPa

Yield stress σy 589 · (10−4 + R
)0.216

MPa
Characteristic length 
r 0.6325 mm

In order to assess the effectiveness of the nonlocal models presented in Section 2.5
as well as the efficiency of their numerical implementation, different mesh refine-
ments have been considered as shown in Figure 2.3. All meshes contain eight-node
quadratic elements with a reduced 2 × 2 integration scheme.

Figure 2.4 shows the damage contours when the standard local theory is used.
If a critical damage value [37, 50], for instance, is used as fracture criterion, it is
observed that the spot where failure takes place is correctly predicted by Lemaitre’s
model. According to the experimental results obtained by Hancock and Mackenzie
[1], failure onset occurs at the center of the specimen due to the high triaxiality
ratio at that point. As shown by Vaz Jr. and Owen [50], if the criterion of maximum
plastic work is adopted, fracture is predicted at the notch root, which is incorrect.

However, due to the softening regime inherently induced by damage in
Lemaitre’s model, a high mesh dependency is observed in the local solution.
Indeed, the damage distribution shrinks at the central region of the specimen
upon mesh refinement. As a consequence of the localization effect, the quality of
the numerical result dramatically diminishes. In order to alleviate the pathological
dependency on spatial discretization, the nonlocal extensions of Lemaitre’s model
with D, −Y , and R have been employed. Considering Figures 2.5 and 2.6, the
results show that the formulations with D and −Y have significantly attenuated
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2.6 Numerical Analysis 59

0.545
0.477
0.409
0.341
0.273
0.205
0.136
0.068
0.000

0.687
0.601
0.515
0.429
0.344
0.258
0.172
0.086
0.000

0.913
0.799
0.685
0.571
0.456
0.342
0.228
0.114
0.000

(a) (b)

(c)

Figure 2.4 Damage contours for the local model.

0.507
0.444
0.380
0.317
0.254
0.190
0.127
0.063
0.000

(a) (b)

(c)

0.368
0.322
0.276
0.230
0.184
0.138
0.092
0.046
0.000

0.348
0.305
0.261
0.218
0.174
0.131
0.087
0.044
0.000

Figure 2.5 Damage contours for the nonlocal model with D.

mesh dependency, thus improving the reliability on the damage values obtained
numerically. On the other hand, the choice of R still resulted in a localized solution
(see Figure 2.7). This is due to the fact that the isotropic hardening variable does
not influence the softening regime since the prescribed curve for the yield stress
induces only hardening in the present example.
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60 2 Local and Nonlocal Modeling of Ductile Damage

0.531
0.465
0.398
0.332
0.266
0.199
0.133
0.066
0.000

(a) (b)

(c)

0.435
0.380
0.326
0.272
0.217
0.163
0.109
0.054
0.000

0.424
0.371
0.318
0.265
0.212
0.159
0.106
0.053
0.000

Figure 2.6 Damage contours for the nonlocal model with −Y.

0.595
0.521
0.446
0.372
0.298
0.223
0.149
0.074
0.000

0.817
0.714
0.612
0.510
0.408
0.306
0.204
0.102
0.000

(a)

0.930
0.814
0.697
0.581
0.465
0.349
0.232
0.116
0.000

(c)

(b)

Figure 2.7 Damage contours for the nonlocal model with R.

Moreover, the damage distribution along the central section of the specimen
(on plane X–X) is plotted in Figure 2.8 for the different nonlocal formulations
simulated with the finest mesh (Figure 2.3d). It is observed that the choice of D
yields on a slightly higher diffusive effect than −Y . Nevertheless, unlike the choice
of R, both nonlocal formulations provided regularized solutions.
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2.6 Numerical Analysis 61

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

−5.0 −4.0 −3.0 −2.0 −1.0 0.0 1.0 2.0 3.0 4.0 5.0

D
am

ag
e

X-Coordinate (mm)

Non local model with D
Non local model with -Y
Non local model with R

Figure 2.8 Damage distribution along the central section (results for the finest mesh).

The efficiency of the nonlocal stress update algorithms has also been assessed

for the current example. Table 2.8 shows typical convergences of the different

formulations. Although the off-diagonal terms in Eq. (2.102) have been dropped,

both nonlocal formulations with D and −Y have exhibited remarkably high

convergence rates. This was not the case of the nonlocal model with R for which

convergence was very poor. Nonetheless, as previously pointed out, R is not a valid

choice to obtain regularized solutions in the present case.

Table 2.8 Typical convergences of the nonlocal stress update
algorithms.

Residual norm

Iteration D −Y R

1 1.65E+08 3.55E+03 1.08E+02
2 1.53E+04 1.36E+00 5.44E+00
3 1.31E–02 1.39E–04 1.54E+00
4 4.47E–11 2.78E–08 6.62E–01
5 – 6.02E–12 3.19E–01
6 – – 1.57E–01
.
.
. – –

.

.

.

30 – – 1.07E–08
31 – – 5.40E–09
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62 2 Local and Nonlocal Modeling of Ductile Damage

Table 2.9 Material properties for the flat grooved plate specimen.

Property Symbol Value

Young’s modulus E 71150 MPa
Poisson’s ratio ν 0.3
Damage exponent s 1.0
Damage denominator r 1.7 MPa
Yield stress σy 908 · (0.0058 + R)0.1742 MPa
Characteristic length 
r 0.35 mm

10 mm

5 mm

1.6 mm R 2.38 mm

(a) (b) (c) (d)

Figure 2.9 Flat grooved specimen’s geometry and different mesh refinements.

2.6.2
Flat Grooved Plate in Plane Strain

In this example, a flat grooved plate [65] made of an aluminum alloy (see Table 2.9)
is simulated under a tensile loading, in plane strain conditions. Similar to the
previous example, the loading is monotonic and therefore Lemaitre’s simplified
model may be employed. The geometry of the specimen is depicted in Figure 2.9. A
prescribed vertical displacement

∥∥uy

∥∥ = 0.055 mm has been applied at both ending
edges. In order to further illustrate the attenuation of mesh dependency achieved
by the nonlocal theory, three different mesh refinements (see Figure 2.9) have
been employed in this simulation. Eight-noded quadratic elements with reduced
integration have been used in all analyses.

Figure 2.10 shows the results of the local model when the prescribed displacement
is applied. Noticeably, the solution obtained is highly mesh dependent since
different spatial discretization leads to very different damage distributions and
values. Clearly, damage tends to concentrate in narrow bands as the average element
size decreases. However, when the nonlocal characteristic length 
r = 0.35 mm
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2.6 Numerical Analysis 63

0.341
0.298
0.256
0.213
0.170
0.128
0.085
0.042
0.000

0.601
0.526
0.451
0.376
0.301
0.225
0.150
0.075
0.000

0.871
0.762
0.653
0.544
0.435
0.327
0.218
0.109
0.000

(a) (b)

(c)

Figure 2.10 Damage contours for the local model.

is considered through the nonlocal formulation with D, the pathological mesh
dependency is eliminated since the damage distribution is almost constant upon
mesh refinement (see Figure 2.11).

2.6.3
Upsetting of a Tapered Specimen

The upsetting test of axisymmetric specimens is one of the most used tests to study
bulk metal-forming processes, since it is able to reproduce stress/strain states that
are similar to the ones observed in these processes. This test presents interesting
results regarding the fracture initiation site. In general, fracture initiation occurs
either at the specimen center or external surface near the equator.

This example has been drawn from Gouveia et al. [66] where the experimental
procedure is described: upsetting of a tapered specimen for a UNS L52905 (Unified
Numbering System ASTM-SAE) lead alloy. The geometry of the problem, boundary
conditions, and the finite element mesh adopted are given in Figure 2.12.

The mesh discretizes one symmetric quarter of the problem with the appropriate
symmetric boundary conditions imposed on the relevant edges. The simulation was
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64 2 Local and Nonlocal Modeling of Ductile Damage

0.207
0.181
0.155
0.129
0.103
0.077
0.051
0.025
0.000

0.205
0.180
0.154
0.128
0.103
0.077
0.051
0.026
0.000

(a) (b)

(c)

0.211
0.185
0.159
0.132
0.106
0.079
0.053
0.026
0.000

Figure 2.11 Damage contours for the nonlocal model with D.

(a) (b)

10
 m

m
37

.5
 m

m 5 
m

m

∅ 50 mm

∅15 mm

∅25 mm

Figure 2.12 Tapered specimen: (a) problem geometry and (b) mesh.
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2.6 Numerical Analysis 65

Table 2.10 Material data for UNS l52905 lead alloy and other simulation parameters.

Property Symbol Value

Specific mass ρ 11 340 kg m−3

Young’s modulus E 18 000 MPa
Poisson’s ratio ν 0.4

Yield stress σy 66.656
(
ε

p
acc
)0.10158

MPa
Initial yield stress σyo 43 MPa
Friction m 0.35

executed until a reduction of 65% on the total height was achieved. A total number
of 220 four-noded axisymmetric quadrilaterals is used in the discretization of the
tapered specimen amounting to a total of 252 nodes. The matrix was discretized
with the same type of elements (the total number of elements is 105, resulting in
144 nodes). Boundary frictional conditions are modeled through the utilization of
linear friction elements with zero thickness. Friction is characterized by a model
that assumes a constant interface friction factor, m (adhesive law type). The material
properties adopted are listed in Table 2.10.

2.6.3.1 Damage Prediction Using the Lemaitre’s Simplified Model
Since experimental material coefficients associated with the damage evolution
are not available, arbitrary values were assigned. As reported by Lemaitre [4],
the exponent used in the damage evolution law, s ≈ 1.0, almost does not change.
Therefore, five different damage evolution parameters were initially considered: r =
1.0 MPa; r = 1.5 MPa; r = 3.5 MPa; r = 5.0 MPa; and r = 10.0 MPa. The results
for r = ∞ correspond to the situation where there is no damage evolution, that
is, only plasticity is present. In Figures 2.13 and 2.14, it is possible to observe the
damage contours plots obtained by the finite element analysis when r = 1.5 MPa.

It can be observed that during the initial stages of the upsetting process,
maximum damage is detected at the external surface near the contact regions.
This is due to the displacement restriction of the contact surfaces. The results are
coherent with Zhu et al. [67], who simulated the compression of a cylindrical bar
under plane strain.

As the compression of the specimen increases (see Figure 2.14), the stress
triaxiality ratio ‘‘moves’’ the maximum damage area toward the specimen center
and localizes there. This means that fracture initiation should be expected in this
region. At the final stage, with a reduction of 65%, damage is highly localized around
the center. This result is not in agreement with the experimental observations of
Gouveia et al. [66], which predicts fracture initiation on the external surface near
the equator.

The different simulations executed for the denominator of the damage evolution
law, r, did not show significant differences in the way that the damage contours
change with the specimen reduction, although the numerical value obtained for
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66 2 Local and Nonlocal Modeling of Ductile Damage

00 06 09 13 16 19 22 00 09 15 20 26 31 35

(a) (b)

Figure 2.13 Damage contours for the tapered specimen:
(a) reduction of 15% and (b) reduction of 30%.

00 09 15 20 26 32 35 00 09 15 21 27 33 36

(a) (b)

Figure 2.14 Damage contours for the tapered specimen:
(a) reduction of 55% and (b) reduction of 65%.

the damage field varies. In Table 2.11, we present the maximum value obtained at
the center of the specimen at the final stage (reduction of 65%) for different values
of the damage parameter, r.

It can be concluded that Lemaitre’s simplified model is not able to correctly
predict the fracture site. For any value of the damage parameter, r, the fracture
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2.6 Numerical Analysis 67

Table 2.11 Maximum damage value at the center of the specimen.

r Damage value

1.0 0.75a

1.5 0.36
3.5 0.12
5.0 0.074
10.0 0.036

aTotal reduction not achieved.

00 00 00 01 01 01 01 00 00 01 01 01 01 02

(a) (b)

Figure 2.15 Damage contours for the tapered specimen:
(a) reduction of 15% and (b) reduction of 30%.

onset always takes place at the specimen’s center, which is not in agreement with
the experimental observations made by Gouveia et al. [66].

2.6.3.2 Damage Prediction Using the Lemaitre’s Model with Crack Closure Effect
As remarked before, the damage experimental parameters necessary for the
simulation are not known. We proceed in a similar way as in the previous section,
which means that different values will be attributed for the damage parameters. The
only additional parameter that this model needs, when compared with the previous
one, is the crack closure effect, h. Again, five different values are initially tested:
h = 0.01; h = 0.05; h = 0.1; h = 0.2; and h = 0.5. The other material parameters
for the damage evolution used in this simulation are s = 1.0 and r = 1.5 MPa
(same as in the previous section). In Figures 2.15 and 2.16, it is possible to observe
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68 2 Local and Nonlocal Modeling of Ductile Damage

00 00 01 01 01 01 02 00 01 01 01 02 02 02

(a) (b)

Figure 2.16 Damage contours for the tapered specimen:
(a) reduction of 55% and (b) reduction of 65%.

the damage variable field obtained with finite element analysis. In this simulation,
the crack closure parameter was set to h = 0.05.

In the early stages of the loading process (see Figure 2.15), the maximum value
of damage is detected at the external surface near the contact regions because of the
displacement restriction of the contact surfaces. This specific area of the specimen
was already the one where the standard model had the maximum value of damage.
However, as shown in Figure 2.15b, the damage numerical value is much smaller
(compare the damage values of Figure 2.13b with Figure 2.15b).

At the final stages of the upsetting process, we can observe a clear distinction
between the two damage models. In the damage model with the inclusion of the
crack closure effect, the maximum value of damage at the final steps is highly
localized at the external surface near the equator, whereas the simplified version
of Lemaitre’s model predicted the maximum value of damage at the center of the
specimen. The introduction of the crack closure effect allows the damage value on
the Gauss points, which are under tensile stress state, to grow faster than the points
where the stress state is compressive. For this reason, the fracture is predicted at
the external surface, near the equator, which is in full accordance to experimental
evidence reported by Gouveia et al. [66].

2.7
Concluding Remarks

Some advances in the area of continuum constitutive modeling and finite ele-
ment prediction of ductile plastic damage following Lemaitre’s theory have been
presented, indicating the progress that has been made both in the theoretical
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formulation and the associated numerical implementation. In particular, a con-
cise description of Lemaitre’s elastoplastic damage theory was carried out and
a discussion of the main assumptions of the model, based on the principle of
maximum inelastic dissipation, was undertaken. The integration algorithm of two
modified models, which results in extremely efficient numerical implementations,
was presented. The enhancement of Lemaitre’s model into a nonlocal integral
constitutive framework was also described and several examples were shown to
illustrate the applicability of the models. While the state of knowledge in some
areas is relatively mature, considerable further understanding and development is
required in others. For example, issues related to the modeling of complex strain
paths are far from settled and a more comprehensive treatment of the material
intrinsic length may necessitate the integration of micromechanical studies with
computational approaches.
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Owen, D.R.J. (1998) Continuum mod-
elling and numerical simulation of
material damage at finite strains. Archive
for Computer Methods in Engineering, 5,
311–384.

11. Rogula D. (1965) Influence of spatial
acoustic dispersion on dynamical prop-
erties of dislocations. I. Bulletin de l
Academie Polonaise des Sciences-Serie des
Sciences Techniques, 13, 337–343.

12. Eringen, A.C. (1966) A unified theory
of thermomechanical materials. Interna-
tional Journal of Engineering Science, 4,
179–202.

13. Eringen, A.C. (1981) On nonlocal plas-
ticity. International Journal of Engineering
Science, 19, 1461–1474.

14. Eringen, A.C. (1983) Theories of non-
local plasticity. International Journal of
Engineering Science, 21, 741–751.
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25. César de Sá, J.M.A., Areias, P.M.A., and
Zheng, C. (2006) Damage modelling
in metal forming problems using an
implicit non-local gradient model. Com-
puter Methods in Applied Mechanics and
Engineering, 195, 6646–6660.

26. Lemaitre, J. (1996) A Course on Damage
Mechanics, Springer, New York.

27. Kachanov, L.M. (1958) Time of the
rupture process under creep condition.
Izvestiya Akademii Nauk Sssr Otdelenie
Tekhnicheskikh Nauk, 8, 26–31.

28. Rabotnov, Y.N. (1963) Progress in Ap-
plied Mechanics, Prager Anniversary
VOLUME, MacMillan, New York,
p. 307.

29. Murakami, S. (1988) Mechanical mod-
eling of material damage. Journal of
Applied Mechanics, 55, 280–286.

30. Murakami, S. and Kamiya, K. (1997)
Constitutive and damage evolution
equations of elastic-brittle materials on
irreversible thermodynamics. Interna-
tional Journal of Mechanical Sciences, 39,
473–486.
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33. Krajčinović, D. (1983) Constitutive
equations for damaging materials. Jour-
nal of Applied Mechanics, 50, 355–360.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



References 71

34. Janson, J. (1978) A continuous dam-
age approach to the fatigue process.
Engineering Fracture Mechanics, 10,
651–657.

35. Chaboche, J.L. (1988) Continuum dam-
age mechanics: part I – general concepts
and part II – damage growth, crack
initiation and crack growth. Journal of
Applied Mechanics, 55, 59–72.

36. Lemaitre, J. (1990) Micro-mechanics of
crack initiation. International Journal of
Fracture, 42, 87–99.

37. Lemaitre, J. and Desmorat, R. (2005)
Engineering Damage Mechanics,
Springer-Verlag.

38. Gurson, A.L. (1977) Continuum theory
of ductile rupture by void nucleation
and growth – part I: yield criteria and
flow rule for porous media. Journal
of Engineering Material Technology, 99,
2–15.

39. Tvergaard, V. (1982) Material failure
by void coalescence in localized shear
bands. International Journal of Solids and
Structures, 18, 659–672.

40. Tvergaard, V. and Needleman, A. (1984)
Analysis of the cup-cone fracture in a
round tensile bar. Acta Metallurgica, 32,
157–169.

41. Simo, J.C. and Ju, J.W. (1987) Strain-
and stress-based continuum damage
models – I. Formulation and II. Compu-
tational aspects. International Journal of
Solids and Structures, 23, 821–869.

42. Doghri, I. (1995) Numerical imple-
mentation and analysis of a class of
metal plasticity models coupled with
ductile damage. International Journal of
Numerical Methods in Engineering, 38,
3403–3431.

43. Johansson, M., Mahnken, R., and
Runesson, K. (1999) Efficient integration
technique for generalized viscoplasticity
coupled with damage. International Jour-
nal of Numerical Methods in Engineering,
44, 1727–1747.

44. Lee, J. and Fenves, G.L. (2001)
A return-mapping algorithm for
plastic-damage models: 3d and plane
stress formulation. International Journal
of Numerical Methods in Engineering, 50,
487–506.

45. Steinmann, P., Miehe, C., and Stein, E.
(1994) Comparison of different finite

deformation inelastic damage models
within multiplicative elastoplasticity for
ductile metals. Computational Mechanics,
13, 458–474.

46. De Souza Neto, E.A. (2002) A fast,
one-equation integration algorithm for
the Lemaitre ductile damage model.
Communications in Numerical Methods in
Engineering, 18, 541–554.

47. Andrade Pires, F.M., de Souza Neto,
E.A., and Owen, D.R.J. (2004) On the
finite element prediction of damage
growth and fracture initiation in finitely
deforming ductile materials. Computer
Methods in Applied Mechanics, 193,
5223–5256.

48. Lemaitre, J. and Chaboche, J.L. (1990)
Mechanics of Solid Materials, Cambridge
University Press.

49. Simo, J.C. and Hughes, T.J.R. (1998)
Computational Inelasticity, Springer, New
York.

50. Vaz, M. Jr. and Owen, D.R.J. (2001)
Aspects of ductile fracture and adap-
tive mesh refinement in damaged
elasto-plastic materials. International
Journal for Numerical Methods in Engi-
neering, 50, 29–54.

51. De Souza Neto, E.A., Péric, D., and
Owen, D.R.J. (2008) Computational
Methods for Plasticity: Theory and Applica-
tion, John Wiley & Sons, Inc.
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58. Jirásek, M. (1998) Nonlocal models for
damage and fracture: comparison of ap-
proaches. International Journal of Solids
and Structures, 35, 4133–4145.
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3
Recent Advances in the Prediction of the Thermal Properties of
Metallic Hollow Sphere Structures
Thomas Fiedler, Irina V. Belova, Graeme E. Murch, and Andreas Öchsner

3.1
Introduction

Porous metals are characterized by high specific stiffness, the ability to absorb
high amounts of energy, and the potential for noise control, mechanical damping,
and thermal insulation [1]. However, classical cellular metals such as aluminum
metallic foams often exhibit inconstant material parameters [2] because of their
stochastic geometry. Local density inhomogeneities [3, 4] yield a scattering of
macroscopic properties. This problem is decreased in metallic hollow sphere
structures (HSSs) that are assembled by spheres with a defined geometry and
possess a more homogeneous structure, which results in optimized properties, as
illustrated in Figure 3.1. HSSs exhibit a low thermal conductivity in comparison to
their metallic sphere wall materials. In particular, adhesively bonded HSSs show
very low thermal conductivities, because of the insulating effect of the adhesive
matrix between the metallic shells of the spheres. Consequently, HSSs are of
interest as thermal insulators.

Earlier research on the thermal properties of cellular metals mainly focused
on open-celled structures (e.g., [5, 6]). Owing to their interconnected porosity,
open-celled metal foams can be used in heat exchangers [7, 8] or resistance heaters
[9]. The investigated HSSs exhibit no or little interconnected porosity and can
be considered closed-cell structures. Lu and Chen [10] investigated the thermal
transport and fire-inhibiting properties of closed-cell aluminum alloys. They found
a strong dependence of the thermal conductivity of the cellular metals on the
cell shape, connectivity, and topology. Furthermore, they noted a decrease of the
thermal conductivity in the presence of geometrical imperfections. Baumeister
et al. [11] investigated the thermal properties of syntactic hollow sphere composites.
Corundum-based hollow spheres were embedded in an epoxy matrix and the ther-
mal expansion coefficient was determined. It was found that the thermal behavior
of these composites was mainly governed by the epoxy resin used. The effective
thermal conductivity of adhesively bonded and sintered HSS was numerically
investigated in Refs [12, 13]. As a result of these finite element (FE) analyses,
a strong dependence of the thermal properties on the joining technology and
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(a) (b)

Figure 3.1 Metallic hollow sphere structures: (a) partial
morphology and (b) syntactic morphology.

morphology of the structures was found. In Ref. [14], FE and experimental analyses
of the effective thermal conductivity of adhesively bonded HSS were conducted.

An alternative to the classical finite element method (FEM) has recently been
developed, that is, a particularly flexible one for addressing complex phenomeno-
logical mass and thermal diffusion problems. It is based on a lattice model and
is addressed using Monte Carlo methods where it is often called the lattice Monte
Carlo (LMC ) method (see the recent review [15]). Although Monte Carlo methods
traditionally have gained the reputation for being especially demanding of computer
time, this is generally no longer a major consideration in their implementation:
contemporary PCs can readily and accurately cope with the computational demands
often in less than several hours of computational time. In this study, the LMC
method is used to determine the effective conductivity in a model of HSS.

In Section 3.2, the methodology of the two numerical approaches is given.
Section 3.2.1 addresses the LMC approach, Sections 3.2.2 and 3.2.3 focus on
the FEM and FE modeling, respectively. Sections 3.3–3.6 deal with the numer-
ical analysis of various models of HSSs with increasing geometric complexity:
Section 3.3 introduces FE analysis on simple porous structures with cubic sym-
metry. In Section 3.4, these model structures are refined and metallic shells are
introduced to account for the contribution of the hollow spheres. The influence of
the sphere wall thickness and different cubic-symmetric sphere arrangements on
the effective thermal conductivity is investigated. In Section 3.5, the transition to
randomly distributed hollow spheres is described. Models of cross sections of HSSs
are used for thermal LMC analysis. Section 3.6 addresses numerical analyses of
real HSS geometries obtained by computed tomography (CT) scanning. Section 3.7
contains a conclusion of the analysis techniques and obtained results.

3.2
Methodology

Within this chapter, two different numerical methods are used. The FEM is
industrial standard and allows the approximate solution of partial differential
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3.2 Methodology 75

equations, that is, describing a temperature field. However, FE analysis puts high
demands on computer memory and restricts geometric resolution to relatively low
values. In contrast, a recently formulated LMC method allows the use of large
high-resolution models for thermal analysis.

3.2.1
Lattice Monte Carlo Method

In the following, the use of the LMC method toward the calculation of the effective
thermal conductivity (λeff ) of materials will be elucidated. The effective thermal
conductivity of a composite is the equivalent of the thermal conductivity of a single
phase as long as a sufficiently large volume is considered. The effective thermal
conductivity can then, for example, be used in Fourier’s law to characterize the
thermal behavior of this composite. The LMC method is based on the fact that
thermal diffusion is a random process that can be represented by random walks
of particles on a discrete lattice. In thermal LMC, these virtual particles represent
small energy quantities that increase internal energy and temperature of small
volumes represented by lattice sites.

The particle diffusivity D in an anisotropic material is presented as a tensor:

D =

 Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz


 (3.1)

where the Einstein equation describes the diffusivities Dkl in the long-time
limit:

Dkl = 〈RkRl〉
2t

(3.2)

where Rk, Rl (k, l = x, y, z) are components of the vector displacement R of a
particle in time t and the Dirac brackets refer to a large number of particle histories.
In the case of isotropic material and an orthogonal coordinate system, D can be
reduced to

D = D


 1 0 0

1 0
sym. 1


 (3.3)

with one component D given by

Dkk = D = 〈R2〉
2dt

(3.4)

where d is the geometric dimension of the problem (i.e., d = 2 for a two-dimensional
analysis or d = 3 for a three-dimensional analysis). Equation (3.2) applies to
both the thermal diffusivity K and the self particle diffusivity when isolated
heat entities and particles are considered. The thermal conductivity λi in a
phase i is related to the thermal diffusivity Ki in that phase by the expres-
sion Ki = λi/(ρi Ci) where ρi is the density of phase i and Ci is the specific
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heat of phase i. It is then possible to make use of the Einstein equation in
a Monte Carlo simulation for calculating the relative effective thermal conduc-
tivity λeff /λi (λi is, for convenience, the maximum thermal conductivity of the
individual phases present) by simply assigning the densities and the specific
heats the value of unity in all phases. Then λeff /λi equals the relative effective
thermal diffusivity Keff /Ki. Particles are released, one at a time, from randomly
chosen sites within the lattice and each is permitted to explore the lattice on
a random walk for the same time t. A time step is an attempt for the par-
ticle to jump at a given site. The conductivities (strictly diffusivities) of each
phase are represented by different jump frequencies � (strictly jump prob-
abilities) noting that the diffusion coefficient can be written for an isotropic
material as

D = �s2/2d (3.5)

where s is the jump distance in the lattice. The partitioning of D in Eq. (3.5)
contains no correlation effects in the random walks because the particles here
are independent. The highest jump frequency is scaled to unity for efficiency. For
example, consider the thermal conductivities of three phases designated as the
matrix (M) λM = 0.0214 W m−1 K−1 [14], the inclusions (I) λI = 0 W m−1 K−1,
and the shells (S), (a shell coats each inclusion) λS = 51.9 W m−1 K−1 [16]. The
corresponding jump frequencies are �M = 0.00041, �I = 0, and �S = 1.0.

The LMC algorithm follows the following basic steps: prior to the simulation,
a large population of thermal particles (N is approximately 106) is dispersed in
the lattice model. The larger the number of particles N, the higher the accuracy
of the calculation (the accuracy can be approximated by N−1/2) but the computa-
tional load is of course higher at the same time. Accordingly, a balance between
accuracy and computation time must be found. Next, a particle is randomly
chosen and its position in the lattice is determined. A random jump direction
is obtained and based on the thermal conductivities of origin and destination
node, a jump frequency � is calculated. This jump frequency is compared to a
uniformly distributed random number 0 ≤ χ < 1, and if � >χ is valid, the
jump attempt is successful, that is, the particle coordinated is updated before
the calculation time t is incremented. This procedure is repeated until the final
calculation tf time is reached. Time tf must be chosen large enough in order
to ensure the numerical convergence of the results to the steady-state solution.
Time tf can be approximated using the following random walk upper bound es-
timate for the average distance traveled by a particle in time tf : d = (λi tf )1/2;
d should be of the order of the linear dimension of the computational box that
represents the composite material. The result of the random walk simulation is
particle displacements R, which can be used to calculate the effective thermal dif-
fusivity/conductivity according to Eq. (3.4). Further information on thermal LMC
simulation and other computationally more efficient algorithms can be found in
Ref. [17].
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3.2 Methodology 77

3.2.2
Finite Element Method

3.2.2.1 Basics of Heat Transfer
Heat conduction analysis is based on Fourier’s law:

q = −k∇T (3.6)

where q = {qx qy qz}T is the heat flux vector and ∇T = {∂T/∂x ∂T/∂y ∂T/∂z}T

is the temperature gradient vector which is generated by the Nabla operator
∇T = {∂/∂x ∂/∂y ∂/∂z}T. The continuum conductivity matrix k is given for an
anisotropic material as

k =

 kxx kxy kxz

kyx kyy kyz

kzx kzy kzz


 (3.7)

which reduces for isotropic materials to

k = k


 1 0 0

1 0
sym. 1


 (3.8)

To solve a heat conduction problem means to determine the temperature field
T = T(x, y, z, t) in its spatial (Cartesian coordinates: x, y, z) and temporal (time: t)
dependency. Then, the heat flux field q = q(x, y, z, t) can be determined according
to Fourier’s law (Eq. (3.6)).

The unknown temperature field is obtained by solving a partial differential
equation, the so-called heat diffusion equation (HDE) [18, 19]

ρc
∂T

∂t
= ∇T(k∇T) + η̇ (3.9)

where ρ is the mass density, c is the specific heat, t is the time, and η̇ is the energy
rate per unit volume that accounts for heat sources or sinks.

3.2.2.2 Weighted Residual Method
Let us consider the special case of the steady-state HDE (∂T/∂t = 0) where no
sources or sinks are present (η̇ = 0):

∇T(k∇T0) = 0 (3.10)

The basic idea of the weighted residual method [20] consists of multiplying the
partial differential Eq. (3.10) with a weighting function w and to demand that
the entire integral vanishes over the whole domain. For the true solution T0,
this expression is independent of the weighting function and always fulfilled.
Substituting the exact solution T0 by an approximate solution1) T produces a

1) For simplicity, the variable T will be used
in the following for the approximate solu-
tion. This variable should not be confused

with the real continuum temperature T of
Section 3.2.2.1.
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78 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

‘‘residual’’ function R such that

R = ∇T (k∇T) �= 0 (3.11)

This error will be distributed according to the scalar weighting function w =
w(x, y, z) and the integral over the entire three-dimensional domain � = (x, y, z)
will be forced to be zero in a certain average sense:

∫
�

w
(∇T(k∇T)

)
d� =

∫
�

wRd� = 0 (3.12)

Equation (3.12) is known as the so-called inner product while the original statement,
that is, Eq. (3.10), is referred to as the strong formulation or classical form. The
so-called weak formulation, that is, where the order2) of the differential operator (∇)
is the same for w and T, can be derived by the application of the Green–Gauss
theorem [21]:

∫
�

w∇T (k∇T) d�=
∫

�

w (k∇T)
T nd� −

∫
�

(∇Tw
)
(k∇T) d� = 0 (3.13)

∫
�

(∇Tw
)
(k∇T) d� =

∫
�

w (k∇T)
T nd� (3.14)

The weak formulation (3.14) forms the basis for the derivation of the principal FE
equation. Other numerical methods, for example, the boundary element method,
require further integration of the weak formulation, which results in the so-called
inverse formulation where the differential operator is completely shifted to the
weighting function. All classical approximation methods can be derived based on
the weighted residual method. The degree of integration and the choice of the
weighting function w define finally which method is obtained [20].

3.2.2.3 Discretization and Principal Finite Element Equation
The basic idea of the FEM is to approximate the unknown temperature T not in the
entire domain � as given in Eq. (3.14) but in a subdomain �e, that is, a so-called
FE (cf. Figure 3.2), by an expansion:

Te = NT
e Te,8 = {N1 N2 . . . N8}




Te,1

Te,2

...

Te,8




(3.15)

where N8 are the shape functions3) prescribed in terms of independent variables
(such as the special coordinates) and all or most of the nodal temperatures Te,8

are unknown. The index 8 denotes the number of nodes. To derive the FEM, the

2) For k = const., the second-order derivative
is obtained in the temperature: ∇2T .

3) Let us assume for the derivations a
three-dimensional element with 8 nodes.
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3.2 Methodology 79

Γ

W Γe

We

Figure 3.2 Finite element approximation of a
spatial domain �.

weighting function w is approximated within an element in a similar manner as
the temperature (this approach is also known as the Galerkin method).

w = δTT
e,8

Ne = {
δTe,1 δTe,2 . . . δTe,8

}




N1

N2

...

N8




(3.16)

where δTe,8 are arbitrary temperatures and 8 is the number of unknowns entering
the system. Using these two field approximations, the left-hand side (LHS) of Eq.
(3.14) can be written as

∫
�e

(∇T (
δTT

e,8Ne
)) (

k∇ (
NT

e Te,8
))

d�e (3.17)

where the vectors δTe,8 and Te,8 are not a function of the spatial coordinates,
and thus, can be considered as constants with respect to the Nabla operator
∇. Consequently, these temperature vectors can be taken out of the brackets to
give

δTT
e,8

∫
�e

(∇TNe
) (

k∇NT
e

)
d�eTe,8 = δTT

e,8KeTe,8 (3.18)

The matrix Ke is the thermal conductivity matrix and is of dimension [8 × 8].
Application of the Nabla operator to the vector of the shape functions gives the
following statement:

Ke =
∫

�e

{
∂Ne

∂x

∂Ne

∂y

∂Ne

∂z

}
k




∂NT
e

∂x

∂NT
e

∂y

∂NT
e

∂z




d�e (3.19)

or with the single shape functions in more detail as

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



80 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

Ke =
∫

�e







∂N1

∂x
∂N2

∂x
...

∂N8

∂x







∂N1

∂y
∂N2

∂y
...

∂N8

∂y







∂N1

∂z
∂N2

∂z
...

∂N8

∂z







× k




{
∂N1

∂x

∂N2

∂x
· · · ∂N8

∂x

}
{

∂N1

∂y

∂N2

∂y
· · · ∂N8

∂y

}
{

∂N1

∂z

∂N2

∂z
· · · ∂N8

∂z

}




d�e (3.20)

The integration over the subdomain �e is approximated by numerical integration.
To this end, the coordinates (x, y, z) are transformed to the unit space (ξ , η, ζ ) where
each coordinate ranges from −1 to 1. In the scope of the coordinate transformation,
attention must be paid to the derivatives. For example, the derivative of the shape
functions with respect to the x-coordinate is transformed in the following way:

∂Ni

∂x
→ ∂Ni

∂ξ

∂ξ

∂x
+ ∂Ni

∂η

∂η

∂x
+ ∂Ni

∂ζ

∂ζ

∂x
, i = 1, . . . , 8 (3.21)

Introducing these new derivatives gives the element conductivity matrix:

Ke =
∫

�′
e

{
∂Ne

∂ξ

∂Ne

∂η

∂Ne

∂ζ

}



∂ξ

∂x

∂ξ

∂y

∂ξ

∂z
∂η

∂x

∂η

∂y

∂η

∂z
∂ζ

∂x

∂ζ

∂y

∂ζ

∂z




× k




∂ξ

∂x

∂ξ

∂y

∂ξ

∂z
∂η

∂x

∂η

∂y

∂η

∂z
∂ζ

∂x

∂ζ

∂y

∂ζ

∂z







∂NT
e

∂ξ

∂NT
e

∂η

∂NT
e

∂ζ




d�′
e (3.22)

where d�′
e = Jdξdηdζ . The last equation can be written in the following compact

form:

Ke =
∫

�′
e

BkBTd�′
e (3.23)

where B =
{

∂Ne
∂ξ

∂Ne
∂η

∂Ne
∂ζ

}
J = ∇′NT

e J is the temperature gradient matrix. Multi-

plying the gradient vector of the shape functions, ∇′NT
e , with the matrix of the

geometrical derivatives, J, gives the row vector of dimension [1 × 3]. However, each
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3.2 Methodology 81

of the elements of this vector is again a column vector with eight elements and the
product can finally be regarded as a matrix of dimension [8 × 3]:

B =




∂N1

∂ξ

∂ξ

∂x
+ ∂N1

∂η

∂η

∂x
+ ∂N1

∂ζ

∂ζ

∂x

∂N2

∂ξ

∂ξ

∂x
+ ∂N2

∂η

∂η

∂x
+ ∂N2

∂ζ

∂ζ

∂x
...

∂N8

∂ξ

∂ξ

∂x
+ ∂N8

∂η

∂η

∂x
+ ∂N8

∂ζ

∂ζ

∂x

∂N1

∂ξ

∂ξ

∂y
+ ∂N1

∂η

∂η

∂y
+ ∂N1

∂ζ

∂ζ

∂y

∂N2

∂ξ

∂ξ

∂y
+ ∂N2

∂η

∂η

∂y
+ ∂N2

∂ζ

∂ζ

∂y
...

∂N8

∂ξ

∂ξ

∂y
+ ∂N8

∂η

∂η

∂y
+ ∂N8

∂ζ

∂ζ

∂y

∂N1

∂ξ

∂ξ

∂z
+ ∂N1

∂η

∂η

∂z
+ ∂N1

∂ζ

∂ζ

∂z

∂N2

∂ξ

∂ξ

∂z
+ ∂N2

∂η

∂η

∂z
+ ∂N2

∂ζ

∂ζ

∂z
...

∂N8

∂ξ

∂ξ

∂z
+ ∂N8

∂η

∂η

∂z
+ ∂N8

∂ζ

∂ζ

∂z




(3.24)

Multiplying B with BT or kBT gives finally the element conductivity matrix, which
is of dimension [8 × 8]. Summarizing, we can conclude that the evaluation of the
element conductivity matrix Ke comprises the following steps:

• Determination of the temperature gradient matrix B
• triple matrix product BkBT and
• numerical integration.

To evaluate the right-hand side (RHS) of the weak statement according to
Eq. (3.14), we introduce the field approximation of the weighting function according
to w = δTT

e,8Ne:∫
�e

(
δTT

e,8Ne
) (

k∇T
)T

nd�e (3.25)

Since δTT
e,8 can be canceled with the LHS of Eq. (3.18), we get

Fe =
∫

�e

Ne (k∇T)
T nd�e (3.26)

which needs to be evaluated for each node along the element boundary �e.
The vector Fe is the element vector of externally applied equivalent nodal loads.
Equations (3.23) and (3.26) can be combined on the elemental level to the so-called
principal FE equation:

KeTe,8 = Fe (3.27)

The simplest representative of a three-dimensional FE is an eight-node hexahedron
as shown in Figure 3.2 This element uses trilinear interpolation functions and
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82 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

the thermal gradients tend to be constant throughout the element. Let us derive
the element formulation from the assumption that a trilinear temperature field is
given in parametric space:

Te (ξ , η, ζ ) = a1 + a2ξ + a3η + a4ζ + a5ξη + a6ηζ + a7ξζ + a8ξηζ (3.28)

or in vector notation:

Te (ξ , η, ζ ) = χTa = {1 ξ η ζ ξ η η ζ ξ ζ ξηζ }




a1

a2

a3

a4

a5

a6

a7

a8




(3.29)

Evaluating Eq. (3.29) for all eight nodes of the quadrilateral element (cf. Figure 3.3)
gives

Node 1: Te,1 = T(−1, −1, −1) = a1 − a2 − a3 − a4 + a5 + a6 + a7 − a8

Node 2: Te,2 = T(1, −1, −1) = a1 + a2 − a3 − a4 − a5 + a6 − a7 + a8

...
...

Node 3: Te,8 = T(−1, 1, 1) = a1 − a2 + a3 + a4 − a5 + a6 − a7 − a8 (3.30)

or in matrix notation:


Te,1

Te,2

Te,3

Te,4

Te,5

Te,6

Te,7

Te,8




=




1 −1 −1 −1 1 1 1 −1
1 1 −1 −1 −1 1 −1 1
1 1 1 −1 1 −1 −1 −1
1 −1 1 −1 −1 −1 1 1
1 −1 −1 1 1 −1 −1 1
1 1 −1 1 −1 −1 1 −1
1 1 1 1 1 1 1 1
1 −1 1 1 −1 1 −1 −1







a1

a2

a3

a4

a5

a6

a7

a8




(3.31)

Solving for a gives


a1

a2

a3

a4

a5

a6

a7

a8




= 1

8




1 1 1 1 1 1 1 1
−1 1 1 −1 −1 1 1 −1
−1 −1 1 1 −1 −1 1 1
−1 −1 −1 −1 1 1 1 1

1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1

−1 1 −1 1 1 −1 1 −1







Te,1

Te,2

Te,3

Te,4

Te,5

Te,6

Te,7

Te,8




(3.32)

or

a = ATe,8 = X−1Te,8 (3.33)
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3.2 Methodology 83

The vector of shape functions results as

NT
e = {N1 N2 N3 N4 N5 N6 N7 N8} = χTA (3.34)

or

N1 = 1

8
(1 − ξ) · (1 − η) · (1 − ζ ) (3.35)

N2 = 1
8

(1 + ξ) · (1 − η) · (1 − ζ ) (3.36)

N3 = 1
8

(1 + ξ) · (1 + η) · (1 − ζ ) (3.37)

N4 = 1

8
(1 − ξ) · (1 + η) · (1 − ζ ) (3.38)

N5 = 1

8
(−1 + ξ) · (−1 + η) · (1 + ζ ) (3.39)

N6 = 1
8

(1 + ξ) · (1 − η) · (1 + ζ ) (3.40)

N7 = 1

8
(1 + ξ) · (1 + η) · (1 + ζ ) (3.41)

N8 = 1

8
(1 − ξ) · (1 + η) · (1 + ζ ) (3.42)

or in a more compact form as

Ni = 1

8
(1 + ξξi) · (1 + ηηi) · (1 + ζ ζi) (3.43)

where ξi, ηi, and ζi are the coordinates of the nodes in unit space (i = 1, . . . , 8)
(cf. Figure 3.3). The derivatives with respect to the parametric coordinates can
easily be obtained as

∂Ni

∂ξ
= 1

8
· (ξi) · (1 + ηηi) · (1 + ζ ζi) (3.44)

∂Ni

∂η
= 1

8
· (1 + ξξi) · (ηi) · (1 + ζ ζi) (3.45)

(1, 1, 1)

(−1, −1, −1)

6
h

(0, 0, 0)

4

2

3

1

5

8 7

z

x

Figure 3.3 Three-dimensional eight-node
hexahedron in parametric space.
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84 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

∂Ni

∂ζ
= 1

8
· (1 + ξξi) · (1 + ηηi) · (ζi) (3.46)

The geometrical derivatives in Eq. (3.22), for example, ∂ξ

∂x , ∂ξ

∂y , ∂ξ

∂y , can be calculated
on the basis of



∂ξ

∂x

∂ξ

∂y

∂ξ

∂z
∂η

∂x

∂η

∂y

∂η

∂z
∂ζ

∂x

∂ζ

∂y

∂ζ

∂z




= 1

J
·




∂y

∂η

∂z

∂ζ
− ∂y

∂ζ

∂z

∂η
−∂x

∂η

∂z

∂ζ
+ ∂x

∂ζ

∂z

∂η

∂x

∂η

∂y

∂ζ
− ∂x

∂ζ

∂y

∂η

− ∂y

∂ξ

∂z

∂ζ
+ ∂y

∂ζ

∂z

∂ξ

∂x

∂ξ

∂z

∂ζ
− ∂x

∂ζ

∂z

∂ξ
−∂x

∂ξ

∂y

∂ζ
+ ∂x

∂ζ

∂y

∂ξ

∂y

∂ξ

∂z

∂η
− ∂y

∂η

∂z

∂ξ
−∂x

∂ξ

∂z

∂η
+ ∂x

∂η

∂z

∂ξ

∂x

∂ξ

∂zy

∂η
− ∂x

∂η

∂y

∂ξ




(3.47)

where the Jacobian J is the determinant as given by

J =
∣∣∣∣∣
∂

(
x, y, z

)
∂ (ξ , η, ζ )

∣∣∣∣∣ = xξ yηzζ + xηyζ zξ + xζ yξ zη − xηyξ zζ − xζ yηzξ − xξ yζ zη

(3.48)
In Eq. (3.48), abbreviations of the form, for example, xξ = ∂x

∂ξ
, and so on were used.

Let us assume the same interpolation for the global x, y, and z coordinates as for
the temperature:

x(ξ , η, ζ ) =
8∑

i=1

Ni(ξ , η, ζ ) · xi (3.49)

y(ξ , η, ζ ) =
8∑

i=1

Ni(ξ , η, ζ ) · yi (3.50)

z(ξ , η, ζ ) =
8∑

i=1

Ni(ξ , η, ζ ) · zi (3.51)

where the global coordinates of the nodes 1, . . . , 8 can be used for x1, . . . , x8, and
so on. Thus, the derivatives can easily be obtained as

∂x

∂ξ
=

8∑
i=1

∂Ni

∂ξ
· xi =

8∑
i=1

1

8
· (ξi) · (1 + ηηi) · (1 + ζ ζi) · xi (3.52)

∂x

∂η
=

8∑
i=1

∂Ni

∂η
· xi =

8∑
i=1

1

8
· (1 + ξξi) · (ηi) · (1 + ζ ζi) · xi (3.53)

∂x

∂ζ
=

8∑
i=1

∂Ni

∂ζ
· xi =

8∑
i=1

1

8
· (1 + ξξi) · (1 + ηηi) · (ζi) · xi (3.54)
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3.2 Methodology 85

∂y

∂ξ
=

8∑
i=1

∂Ni

∂ξ
· yi =

8∑
i=1

1

8
· (ξi) · (1 + ηηi) · (1 + ζ ζi) · yi (3.55)

∂y

∂η
=

8∑
i=1

∂Ni

∂η
· yi =

8∑
i=1

1

8
· (1 + ξξi) · (ηi) · (1 + ζ ζi) · yi (3.56)

∂y

∂ζ
=

8∑
i=1

∂Ni

∂ζ
· yi =

8∑
i=1

1
8

· (1 + ξξi) · (1 + ηηi) · (ζi) · yi (3.57)

∂z

∂ξ
=

8∑
i=1

∂Ni

∂ξ
· zi =

8∑
i=1

1

8
· (ξi) · (1 + ηηi) · (1 + ζ ζi) · zi (3.58)

∂z

∂η
=

8∑
i=1

∂Ni

∂η
· zi =

8∑
i=1

1

8
· (1 + ξξi) · (ηi) · (1 + ζ ζi) · zi (3.59)

∂z

∂ζ
=

8∑
i=1

∂Ni

∂ζ
· zi =

8∑
i=1

1

8
· (1 + ξξi) · (1 + ηηi) · (ζi) · zi (3.60)

The derivatives of the shape functions with respect to the coordinates in parametric
space are summarized in Table 3.1. Note that the derivatives (3.52–3.60) are simple
constants and independent of ξ , η, and ζ for a cuboid or a parallelepiped (cf.
Figure 3.4).

Looking at the example of a cube with edge length 2a (cf. Figure 3.4a), one can
derive that ∂x

∂ξ
= ∂y

∂η
= ∂z

∂ζ
= a, whereas all other geometrical derivatives are zero.

For a cuboid with edge lengths 2a, 2b, and 2c (cf. Figure 3.4b), similar derivation
gives ∂x

∂ξ
= a, ∂y

∂η
= b, and ∂z

∂ζ
= c.

Table 3.1 Derivatives of the shape functions in parametric space.

Node
∂Ni

∂ξ

∂Ni

∂η

∂Ni

∂ζ

1 1
8 (−1) (1 − η) (1 − ζ ) 1

8 (1 − ξ) (−1) (1 − ζ ) 1
8 (1 − ξ) (1 − η) (−1)

2 1
8 (1) (1 − η) (1 − ζ ) 1

8 (1 + ξ) (−1) (1 − ζ ) 1
8 (1 + ξ) (1 − η) (−1)

3 1
8 (1) (1 + η) (1 − ζ ) 1

8 (1 + ξ) (1) (1 − ζ ) 1
8 (1 + ξ) (1 + η) (−1)

4 1
8 (−1) (1 + η) (1 − ζ ) 1

8 (1 − ξ) (1) (1 − ζ ) 1
8 (1 − ξ) (1 + η) (−1)

5 1
8 (−1) (1 − η) (1 + ζ ) 1

8 (1 − ξ) (−1) (1 + ζ ) 1
8 (1 − ξ) (1 − η) (1)

6 1
8 (1) (1 − η) (1 + ζ ) 1

8 (1 + ξ) (−1) (1 + ζ ) 1
8 (1 + ξ) (1 − η) (1)

7 1
8 (1) (1 + η) (1 + ζ ) 1

8 (1 + ξ) (1) (1 + ζ ) 1
8 (1 + ξ) (1 + η) (1)

8 1
8 (−1) (1 + η) (1 + ζ ) 1

8 (1 − ξ) (1) (1 + ζ ) 1
8 (1 − ξ) (1 + η) (1)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense
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2a

2c

2a
2a

5

8 7
z

z

y
6

34

2
1

1

x

x

2c

2a

2b

5

8

3

7
z

y
6

4

21
1

x

2c

2a + d

2b

5

8 7
z

y
6

34

2
1

x

2a

4

5

8

6

7

3

2b2

y

2a

(a)

(c)

(b)

(d)

Figure 3.4 Different shapes of an eight-node hexahedron in
(x, y, z)-space: (a) cube; (b) cuboid; (c) parallelepiped; and
(d) distorted cuboid.

Considering the parallelepiped shown in Figure 3.4c where the lower nodes are
moved by –d in the negative x-direction and the upper nodes by +d in the positive
x-direction, one obtains ∂x

∂ξ
= a, ∂y

∂η
= b, ∂z

∂ζ
= c, and ∂x

∂ζ
= d (other derivatives are

zero). For other cases, the geometrical derivatives become dependent on the unit
coordinates. For example, Figure 3.4d shows a distorted cuboid where node 1 is
translated by d along the x-direction. For this case, one obtains

∂x

∂ξ
= a + 1

8
d − 1

8
ζd − 1

8
ηd + 1

8
ηζd (3.61)

∂x

∂η
= 1

8
d − 1

8
ζd − 1

8
ξd + 1

8
ξζd (3.62)

∂x

∂ζ
= 1

8
d − 1

8
ηd − 1

8
ξd + 1

8
ξηd (3.63)

∂y

∂η
= b (3.64)

∂z

∂ζ
= c (3.65)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



3.2 Methodology 87

On the basis of the derived equations, the triple matrix product BkBT can now be
numerically calculated.

Numerical Integration Elementary integration formulas, such as the trapezoidal
or Simpson rule, often assume equally spaced data and can become somewhat
limited in accuracy and efficiency when used in FE analysis. Gauss quadrature or
integration has become the accepted numerical integration scheme in the majority
of FE applications. The Gauss–Legendre quadrature locates sampling points and
assigns weights so as to minimize integration error when the integrand is a general
polynomial. Thus, for a given level of accuracy, Gauss quadrature uses fewer
sampling points than other integration rules. Using Gauss–Legendre integration,
one can write that

∫
�e

f (x, y, z)d�e =
∫

�′
e

f ′(ξ , η, ζ )d�e =
∫ 1

−1

∫ 1

−1

∫ 1

−1
f ′(ξ , η, ζ )Jdξdηdζ

=
∑

g

f ′(ξ , η, ζ )gJgWg (3.66)

where the Jacobian J is given in Eq. (3.48) and (ξ , η, ζ )g are the coordinates of the
integration or Gauss points and Wg are the corresponding weighting factors. The
locations of the integration points and values of associated weights are given in
Table 3.2.

RHS of the Weak Statement The RHS of the weak statement (3.26) needs to
be evaluated for each node along the element boundary �e. For node 1, the
shape function N1 is equal to one and identically zero for all other nodes. In
addition, all other shape functions are identically zero for node 1. The expression

Table 3.2 Integration rules for hexahedral elements [22].

Points ξg ηg ζg Weight Wg Error

1 0 0 0 8 O(ξ 2)

8 ±1/
√

3 ±1/
√

3 ±1/
√

3 1 O(ξ 4)

27 0 0 0
( 8

9

)3
–

– ±√
0.6 0 0

( 5
9

) ( 8
9

)2
–

– 0 ±√
0.6 0

( 5
9

) ( 8
9

)2
O(ξ 6)

– 0 0 ±√
0.6

( 5
9

) ( 8
9

)2
–

– ±√
0.6 ±√

0.6 0
( 8

9

) ( 5
9

)2
–

– ±√
0.6 0 ±√

0.6
( 8

9

) ( 5
9

)2
–

– 0 ±√
0.6 ±√

0.6
( 8

9

) ( 5
9

)2
–

– ±√
0.6 ±√

0.6 ±√
0.6

( 5
9

)3
–
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88 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

{−1 0 0}T

{0 −1 0}T
{0 0 −1}T

Node 1
z y

x

Figure 3.5 Normal vectors for RHS evaluation of
Eq. (3.26) at node 1.

(∇T)Tn = (gradT)Tn = ∂T/∂n is equal to the projection of the gradient vector of
the temperature in the direction of the boundary normal vector.

Since we have three different normal vectors at each node, one may calculate this
expression for node 1 as (cf. Figure 3.5):

k

{
∂T

∂x

∂T

∂z

∂T

∂z

}


−1
0
0


 + k

{
∂T

∂x

∂T

∂z

∂T

∂z

}


0
−1

0




+ k

{
∂T

∂x

∂T

∂z

∂T

∂z

}


0
0

−1


 =

(
−k

∂T

∂x
− k

∂T

∂y
− k

∂T

∂z

)
node 1

(3.67)

which is equal to the heat flux entering the element at node 1. Similar results can
be obtained for all other nodes and the RHS of the weak statement can be written
as

∫
�e

Ne (k∇T)
T nd�e =




(
−k

∂T

∂x
− k

∂T

∂y
− k

∂T

∂z

)
node 1(

+k
∂T

∂x
− k

∂T

∂y
− k

∂T

∂z

)
node 2(

+k
∂T

∂x
+ k

∂T

∂y
− k

∂T

∂z

)
node 3(

−k
∂T

∂x
+ k

∂T

∂y
− k

∂T

∂z

)
node 4(

−k
∂T

∂x
− k

∂T

∂y
+ k

∂T

∂z

)
node 5(

+k
∂T

∂x
− k

∂T

∂y
+ k

∂T

∂z

)
node 6(

+k
∂T

∂x
+ k

∂T

∂y
+ k

∂T

∂z

)
node 7(

−k
∂T

∂x
+ k

∂T

∂y
+ k

∂T

∂z

)
node 8




(3.68)

From Eq. (3.68), one can see that only the magnitude and the sign of a heat flux can
be applied at a node as a boundary condition. However, a component in a specific
coordinate direction (e.g., only a heat flux in x-direction) cannot be applied since
only the sum of all three components is applied at a node.
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3.2 Methodology 89

3.2.3
Numerical Calculation Models

The FE analysis first requires the generation of a calculation model (a so-called FE
mesh) that represents the geometry of the investigated structure. In general, HSSs
exhibit a quasi-stochastic arrangement of spheres. However, the complexity of FE
models required for their geometric characterization fast exceeds the capacity of
modern computers. As a solution, simplified cubic-symmetric model structures
can be generated (cf. Sections 3.3 and 3.4). The definition of appropriate symmetric
boundary conditions allows for a reduction of the model size to one-eighth of a unit
cell (UC) while, in fact, simulating an infinite structure. The FE meshes of metallic
HSSs in Section 3.4 are based on the geometric dimensions of the experimental
samples (outer sphere radius R of 1.5 mm, sphere wall thickness t of 0.1 mm,
Figure 3.1). The averaged minimum distance amin between two neighboring
spheres varies with the morphology and is 0.09 mm for partial and 0.18 mm for
syntactic HSS. The thermal conductivity of the metallic shell (sintered steel) is λSt =
50 W m−1 K−1 [23] if not mentioned differently, and experimental measurements
on the thermal conductivity by the transient plane source (TPS) method for
the adhesive epoxy resin gave as result λEp = 0.214 (± 0.001) W m−1 K−1. The
numerical model of the partial HSS incorporating the boundary conditions is
shown in Figure 3.6. Two constant temperature boundary conditions T1 and T2 are
prescribed at the upper and lower surface nodes in order to initiate a heat flux Q̇
through the structure. According to the geometry and boundary conditions of the

R
z

x

y

amin / 2
T1

A

∆y

Metallic sphere

Connective element

t

T2

Figure 3.6 Boundary conditions of the finite element calculation.
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90 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

FE model shown in Figure 3.6, a primitive cubic (pc) arrangement of the spheres
is defined. This simplification contradicts the random arrangement of the spheres
observed in the experimental samples, but allows for a significant reduction of the
complexity of the numerical model.

Within the considered temperature range, the phenomenon of thermal radiation
is negligible [24]. Also, owing to either absence (syntactic structure) or low volume
fraction of interconnected porosity (partial structure) the contribution of convection
to the overall thermal conductivity can be disregarded [25]. On the basis of
these assumptions, the effective thermal conductivity λ is defined by Fourier’s
law:

λ = Q̇

A
· �y

�T
(3.69)

where the area A and spatial distance �y are given by the geometry and �T = T2 −
T1 is defined by the boundary conditions (cf. Figure 3.6). Variable Q̇ is denoted to
be the total heat flux through one of the two surfaces where a temperature boundary
condition is prescribed and is the result of the FE analysis. It is obtained by summing
up the nodal values of the heat flux of all nodes that lie within one of these
surfaces.

In the FE analysis, the real HSS geometry, characterized by a pseudorandom
arrangement of hollow spheres, is often substituted by cubic-symmetric model
geometries. In contrast, the LMC method allows the utilization of large calculation
models with high geometric resolution. In Section 3.5, two-dimensional calculation
models representing random cross sections of syntactic HSS were used in thermal
LMC analyses. In Section 3.6, this idea is taken one step further by using CT
images as geometrical input data. As a consequence, more accurate results can be
obtained. Furthermore, FE meshes are used in Section 3.6 on the basis of CT data
of decreased geometric resolution (cf. Figure 3.7c).

T2 = const.

T1 = const.

y

x
z

(a) (b) (c)

Figure 3.7 Geometry of HSS: (a) three-dimensional recon-
struction of CT data; (b) CT cross section used for model
generation; and (c) FE calculation model.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



3.3 Finite Element Analysis on Regular Structures 91

3.3
Finite Element Analysis on Regular Structures

First, two- and three-dimensional model structures are addressed. These simplified
models do not account for the contribution of the metallic hollow spheres to
the effective thermal conductivity but represent porous materials with spherical
inclusions.

The numerical investigation of the relative thermal conductivity λrel = λ/λs (λ
is the effective conductivity of the porous material and λs the conductivity of the
solid material) is performed with the commercial FE code MSC.Marc. Within the
compass of this study, different porous 2D and 3D structures are investigated (cf.
Figure 3.8). As mentioned in Section 3.2.3, the contribution of thermal radiation
inside the pores to the overall heat transfer is small and can therefore be disre-
garded. Furthermore, the thermal conductivity of included media (e.g., air, λ1 ≈
0.025 W−1 m−1K−1, [26]) is several orders of magnitude smaller than that of the
cell-wall material (e.g., aluminum λs = 221 W−1m−1K−1 [26]), and in compliance
with Ref. [27] heat transfer due to convection in the small-sized pores of closed-cell
foams can also be disregarded. Accordingly, inclusions can be approximated as
voids with no contribution to the thermal conductivity of the structure (λ1 = 0).

Cellular material can often be characterized on the basis of its relative density ρrel.
This value is defined as the volume of the matrix divided by the total volume (i.e., the
volume of the matrix plus the volume of inclusions) of the structure. The relative
density ρrel of the illustrated geometries is varied by modification of the distance of
the inclusions, whereas their size and shape remain constant. Since the available
computer hardware limits the complexity of the calculation models, not the whole

2D

3D

(a) (b) (c)

(e) (f)(d)

Figure 3.8 Representative areas/volumes: (a) circular 45◦,
(b) circular 0◦, (c) squared, (d) open cell, (e) spherical
body-centered cubic (bcc), and (f) spherical face-centered
cubic (fcc).
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92 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

Table 3.3 Mesh density for different configurations.

ρrel 3D open cell 3D fcc 3D bcc 2D circular (45◦) 2D circular (0◦) 2D square

0.1 14 329 – – – – –
0.2 19 197 – – – – –
0.3 19 960 – – 1649 – –
0.4 20 207 – – 4009 – –
0.5 17 435 42 385 55 281 5377 26 499 26 499
0.6 28 532 42 385 37 640 6527 23 137 23 137
0.7 28 485 29 797 24 217 1643 14 991 14 991
0.8 35 515 29 797 24 217 1233 9387 9387
0.9 32 249 16 249 14 436 1507 17 013 17 013
0.95 – 16 249 7721 – 22 057 22 057

2D or 3D structure can be meshed. Instead, specific symmetry boundary conditions(
dT
dx = dT

dy = dT
dz = 0

)
are introduced on the surfaces outside the xz-planes so that

only one-fourth of the UC needs to be modeled. Corresponding to these boundary
conditions, all FE models describe the thermal behavior of an infinite structure,
where the influence of a free boundary is disregarded. This homogenization is
accurate for structures that consist of more than 10–15 UCs in every direction. The
number of nodes for the different meshes is summarized in Table 3.3.

The boundary conditions and the determination of the effective thermal conduc-
tivity using the FEM are elucidated in Figure 3.6, Section 3.2.3.

In addition to the numerical approach, analytical analysis is performed. A
composite material with periodically placed cells containing random inclusions
is considered. On the basis of a UC representing the whole composite [28,
29], corresponding values of the effective conductivity are approximately derived
under the assumption that the inclusions can be treated as empty pores with the
conductivity λ1 → 0. For this approach, two-dimensional composite materials with
periodic and quasi-periodic structures (i.e., periodically located cells containing a
finite number of random nonoverlapping circular inclusions) are considered (cf.
Figure 3.9).

Within this approach, conductive properties of composite materials can be
described in terms of conjugation conditions u+ = u−, λs

∂u+
∂n = λ1

∂u−
∂n on the

boundary of inclusions ∂Dk with respect to the function u(x, y) (e.g., the temper-
ature) sectional harmonic in D+ and D− [28, 29]. These conjugation conditions
correspond to a perfect contact between different materials. Here, Dk are simply
connected domains modeling inclusions of conductivity λ1 in the matrix material

D+ of conductivity λs, D− :=
N⋃

k=1
Dk. If the field is potential, that is, the function

u(x, y) satisfies the Laplace equation ∇2u = 0 in a domain D, then one can introduce
the function ϕ(z) = u(z) + iv(z), z = x + iy, i2 = −1, analytic in D, which is called
the complex potential and reformulate the problem in terms of this potential.
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3.3 Finite Element Analysis on Regular Structures 93

(a) (b) (c)

Figure 3.9 (a) Periodic square array of inclusions; (b) per-
turbed array of inclusions; and (c) periodic and perturbed
pseudofractal array of inclusions.

The effective conductivity of macroscopically isotropic composite materials with
small concentration ν of nonrandom inclusions is described by the classical
Clausius–Mossotti formula (for background and application see [30]):

λrel = λ

λs
= 1 + µν

1 − µν
(3.70)

where 0 < λs < + ∞ is the conductivity of the matrix and µ = λ1−λs
λ1+λs

∈ [−1, 1] is
the contrast parameter that expresses the difference between the conductivity of
both materials.

The generalization of this formula for quasi-periodic composites with random
inclusions of the conductivity λ1 > 0 is obtained in Ref. [28] as

λ

λs
= 1 + 2µν

N

N∑
m=1

ψm(am) (3.71)

where ν = Nπr2 is the concentration of inclusions, which can be expressed in
the case of a simple cell of unit size as ν = 1 − ρrel. Variable r is the radius of
inclusions, N is the number of inclusions in the cell, am are the centers of the
inclusions, and ψm(z) are the derivatives of complex potentials in the cell. The sum
on the RHS of Eq. (3.71) is reduced to a power series approximation with respect
to ρrel:

λ

λs
=1 + 2µ(1 − ρrel)[A0 + A1(1 − ρrel) + A2(1 − ρrel)

2 + A3(1 − ρrel)
3 +. . .]

(3.72)

The coefficients Ap can be found for square and pseudofractal arrays of inclusions
in Ref. [31]. A square array of inclusions refers to their distribution for which the
centers of the inclusions form a square (cf. Figure 3.9a). It is shown in Ref. [28] that
random perturbation of the inclusions of square (cf. Figure 3.9b) and pseudofractal
(cf. Figure 3.9c) arrays increases the effective conductivity of a composite under
the requirement that each inclusion is moved in such a way that it cannot touch
or cross with others. Thus, periodic square and periodic pseudofractal arrays of
circular inclusions provide a minimum for the effective conductivity in the class of
periodic macrocells with random microstructure.
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Figure 3.10 The dependence of the relative conductivity λrel on the relative density ρrel .

The results of the FE analysis for the relative conductivity λrel are shown in
Figure 3.10a. The relative thermal conductivity λrel seems to be widely independent
of the shape and the topology of the inclusions. Only the morphology of the
structure influences the behavior: the results for the two closed-cell structures
(face-centered cubic (fcc) and body-centered cubic (bcc)) coincide at slightly higher
values compared to the various open-cell geometries. However, the relative density
ρrel seems to be an appropriate generalized parameter for a first description of
the relative conductivity of porous materials. Therefore, power relations for open-
and closed-cell structures are given in Figure 3.10a. In Figure 3.10b, the results
of the analytical approach are compared with the numerical findings in the case of
the 2D circular (0o) structure and a very good correlation is found. Furthermore,
the effect of an increasing relative conductivity due to small perturbations is
analytically verified. The maximum deviations of 0.36 and 0.45% to the results of
the unperturbed structures are determined for relative densities of ρrel = 0.7 and
ρrel = 0.6, respectively.

3.4
Finite Element Analysis on Cubic-Symmetric Models

In this section, the FE analysis shown in Section 3.3 is refined and spherical
pores are replaced by hollow spheres embedded in the matrix. Selected result is
presented; however, an encyclopedic study can be found in Ref. [32]. Analogous
to the previous section, the quasi-random mesostructure of metallic hollow sphere
structure is simplified to cubic-symmetric models. The three different topologies
(spatial arrangements) considered are shown in Figure 3.11.

In addition, two different morphologies are considered. Figure 3.1 shows pho-
tographs of a partial and a syntactic hollow sphere structure. The corresponding
simplified calculation symmetries are shown in Figure 3.12 exemplarily for a prim-
itive cubic arrangement. In the case of the syntactic structure, the external void
space between hollow spheres is completely filled by the matrix, whereas in partial
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3.4 Finite Element Analysis on Cubic-Symmetric Models 95

(a) (b) (c)

Figure 3.11 Topologies of HSS models: (a) primitive cubic
(pc); (b) body-centered cubic (bcc); and (c) face-centered
cubic (fcc).

(a) (b)

Figure 3.12 Morphologies of primitive cubic HSS models:
(a) partial morphology and (b) syntactic morphology.

structures the spheres are only connected close to their contact areas. Accordingly,
partial HSSs also have small volume fractions of interconnected porosity.

In the following, selected results of this FE analysis are presented. Figure 3.13
shows the effective thermal conductivity as a function of the sphere wall thickness.
The case of primitive cubic sphere arrangement and homogeneous material
properties (base material steel, λ = 50 W m−1 K−1) is addressed. The results are
compared for the syntactic and partial morphologies. It is obvious that the effective
thermal conductivity is much larger for the syntactic case. The explanation is the
lower porosity and high volume fraction of steel (cf. Figure 3.12 above). In addition,
a linear characteristic is observed for both morphologies.

In Figure 3.14, effective thermal conductivities are plotted for heterogeneous
steel (shells) – epoxy (matrix) HSS. Again, only primitive cubic arrangement is
considered. The epoxy has a low thermal conductivity (0.36 W m−1 K−1) and acts
as a thermal insulator between the metallic hollow spheres. A comparison of
Figures 3.13 and 3.14 shows that the thermal conductivity of adhered (heteroge-
neous) HSS is much lower in comparison to that of the homogeneous structures.
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Figure 3.13 Effective thermal conductivity as a function of
the sphere wall thickness t: influence of the morphology for
homogeneous HSS.
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Figure 3.14 Effective thermal conductivity as a function of
the sphere wall thickness t: influence of the morphology for
heterogeneous HSS.

The thermal conductivity of heterogeneous syntactic HSS is slightly higher than
the one of partial structures.

Figure 3.15 shows the effect of different topologies on the thermal properties of
HSSs. Primitive cubic sphere arrangement is compared to bcc and fcc arrange-
ments. The effective thermal conductivity is drawn as a function of the sphere
wall thickness for homogeneous structures. Independent of the topology, a linear
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Figure 3.15 Effective thermal conductivity as a function of
the sphere wall thickness t: influence of the topology for ho-
mogeneous HSS.
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Figure 3.16 Effective thermal conductivity as a function of
the porosity: influence of the topology for homogeneous
HSS.

characteristic of these functions is observed. In the chosen visualization, primitive
cubic topology yields the maximum values.

However, for two-phase materials (metal–void) a plot of the effective thermal
conductivity versus porosity (cf. Figure 3.16) reveals a linear dependence. In this
case, the effective thermal conductivity is independent of the topology and can be
determined solely in dependence of the porosity.
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Figure 3.17 Effective thermal conductivity as a function of
the sphere wall thickness t: influence of the topology for
heterogeneous HSS.

Figure 3.17 shows the thermal properties of heterogeneous HSS for different
topologies. A clear dependence on the topology is visible. In contrast to homoge-
neous structures (cf. Figure 3.16), the values cannot be approximated by a linear
fit but strongly depend on topology and porosity. For a given porosity, fcc topology
yields the maximum thermal conductivity followed by bcc and cubic primitive
topologies.

3.5
LMC Analysis of Models of Cross Sections

Up to this point, only cubic-symmetric models of HSSs were used. This section
deals with models of HSS cross sections, where hollow spheres are sequentially
added at random coordinates. Accordingly, a more realistic representation of real
structures can be achieved.

3.5.1
Modeling

Figure 3.18a shows the photography of a syntactic HSS cross section. The outer
radii R of the metallic hollow spheres are 1.5 mm and the sphere wall thicknesses
are 0.075 mm. The radii ri (cf. Figure 3.19) of their circular cross sections depend
on the distance hi of their center points to the cutting plane and are given by the

relation ri(hi) =
√

R2 − h2
i . Figure 3.18b shows an example of a two-dimensional

periodic model that is used in the Monte Carlo calculation.
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3.5 LMC Analysis of Models of Cross Sections 99

Inclusion Shell Matrix

(a) (b)

Figure 3.18 Cross section of a hollow sphere structure:
(a) photography and (b) calculation model.

The 2D models were obtained as cross sections of the 3D models that were
generated using an algorithm, which sequentially fills spheres into a lattice at
randomly selected coordinates Ci(Xi, Yi, hi). Therefore, the distance hi must be
smaller than the sphere radius R in order to ensure intersection with the cutting
plane. A further random number defines the position pi of the center point Ci

relative to the cutting plane (below: pi = 1, above: pi = −1). In the next step of
this algorithm, intersection of the last added sphere with preexisting spheres is
investigated. In order to do this, the distances (di) between the spheres were
calculated:

di =
√

(Xn − Xi)2 + (Yn − Yi)2 + (pn · hn − pi · hi)2 . (i = 1 . . . n − 1) (3.73)

If any distance di is smaller than two times the sphere radius R, at least two
spheres are intersecting and the last added sphere n must be removed. Figure 3.19

hi = 0

r i

hn

rn

di ≥ 2R

Figure 3.19 Adding of circles in the cutting plane.
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100 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

Table 3.4 Area fractions and average density of Monte Carlo lattices (hi �= const.).

Lattice ID AM (%) AS (%) AI (%) Average density ρ

(g cm–3)

#1 45.43 11.29 43.28 1.22
#2 44.48 11.14 44.38 1.20
#3 45.65 11.29 43.05 1.22
#4 44.06 11.25 44.69 1.20
#5 44.67 11.25 44.08 1.21
#6 45.31 11.35 43.34 1.22
#7 44.43 11.32 44.24 1.21
#8 45.82 11.20 42.98 1.22
#9 45.87 11.12 43.01 1.21

#10 45.61 11.11 43.28 1.21
#11 45.53 11.29 43.18 1.22
#12 43.95 11.11 44.94 1.19

displays this condition for the example hi = 0. Spheres are added in the model
until 107 repeated attempts fail because of intersection. In this case, it is assumed
that no further spheres can be positioned in the gaps between the previously added
spheres. In order to analyze a representative cross section of the HSS, each (2D)
lattice contains at least 100 circles.

In the final step of the lattice generation, two-dimensional matrices M(X,Y) with
a resolution 500 × 500 are created. A particular cross section through a HSS can
be characterized by its area fractions: the sum of the area fraction of the matrix AM,
the shell AS, and the inclusion AI is equal to unity. The area fractions of the lattice
models are simply obtained by summing up the lattice points related to each phase
and dividing them by the total number of lattice points (5002). The average density
of the HSS can then be calculated:

ρ = AS · ρS + AM · ρM (3.74)

where ρM = 1.13 g cm−3 is the density of the epoxy matrix and ρS = 6.2 g cm−3

(both values were measured at the University of Aveiro, Portugal) is the density of
the metallic sphere wall material. Table 3.4 shows the area fractions and average
densities of the lattices employed. The calculated average densities are in good
agreement with measured average densities of HSS samples (ρ = 1.2 g cm−3).
A second set of lattices (cf. Table 3.5) comprises sequentially filled random
distributions of circles with constant heights hi = 0.58 · R. Consequently, these
models exhibit constant radii r ≈ 0.815 · R of the circular cross sections inside
the cutting plane. The comparison of the lattices in Tables 3.4 and 3.5 shows
whether the effective thermal conductivity is dependent on particle radii r or is
mainly determined by the area fractions and distribution of spheres. Therefore, it
is important that all meshes exhibit similar area fractions.

It is important to note that the analysis of two-dimensional cutting planes of
three-dimensional HSS introduces a simplification. Only conduction inside the
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3.5 LMC Analysis of Models of Cross Sections 101

Table 3.5 Area fractions of lattices (hi = 0.58 · R).

Lattice ID AM (%) AS (%) AI (%) Average density ρ

(g cm–3)

#13 44.68 11.19 44.13 1.20
#14 44.62 11.19 44.19 1.20
#15 44.68 11.20 44.12 1.20
#16 44.67 11.19 44.14 1.20

cutting plane can be simulated, but out-of-plane thermal conduction, that is, along
the curved surface of the metallic shells is neglected.

3.5.2
Results

The effective thermal conductivities λeff are determined using the Einstein Eq. (3.2).
Table 3.6 shows the effective thermal conductivities λeff of the LMC models with
varying radii r (h �= const.). The average value λeff = 1.00 W m−1 K−1 of the results
is in excellent agreement with experimental findings (λeff = 1.01 W m−1 K−1 [14]).
Despite the randomly distributed circular cross sections of spheres, the standard
deviation of λeff is only 0.015 W m−1 K−1, which corresponds to approximately 1.5%
of the average value. Preliminary investigations with a smaller amount of circular
cross sections (≈30) showed a higher standard deviation of 3.84%.

Table 3.7 shows the effective thermal conductivities of the lattice models with
constant radii r (h = const.). The average value of λeff = 1.01 indicates no systematic
dependence of the thermal conductivity on the distribution of the radii r in the
cutting plane.

Next, the effective thermal conductivity of a primitive cubic arrangement (h =
0.58 · R) of circles is investigated. The distance between the spheres is chosen so
that the structure exhibits similar area fractions as the lattices in Tables 3.4 and 3.5
(AM = 44.67%, AS = 11.18%, AI = 44.15%). A distinctly lower effective thermal
conductivity λeff = 0.70 W m−1 K−1) is now found. A likely explanation for this
deviation is the regular arrangement of spheres that yields the maximum distance
between two neighboring spheres. Each sphere is surrounded by the low thermal

Table 3.6 Effective thermal conductivity of the 2D HSS models (hi �= const.).

ID #1 #2 #3 #4 #5 #6 #7 #8 #9 #10 #11 #12

λeff (W m−1 K−1) 0.99 1.02 1.00 1.00 1.03 1.02 0.99 0.98 0.98 1.03 0.99 1.00
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102 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

Table 3.7 Effective thermal conductivity of the 2D HSS models (h = 0.58 · R).

ID #13 #14 #15 #16

λeff (W m−1 K−1) 1.02 1.02 0.99 1.00

conducting adhesive matrix that acts as a thermal insulator between the metallic
shells.

To investigate the effect of substitution of 3D process by an appropriate 2D one,
we can invoke two Maxwell-type analytical solutions for the effective conductivity
[33] as upper and lower limits:

λlow
eff =

λM

(
1 − (d − 1)(AI + AS)(λM − λSI)

(d − 1)λM + λSI

)

1 + (AI + AS)(λM − λSI)

(d − 1)λM + λSI

(3.75a)

λ
up
eff =

λMS

(
1 − (d − 1)AI(λMS − λI)

(d − 1)λMS + λI

)

1 + AI(λMS − λI)
(d − 1)λMS + λI

(3.75b)

with

λSI =
λS

(
1 − (d − 1)AI(λS − λI)

(AI + AS)((d − 1)λS + λI)

)

1 + AI(λS − λI)

(AI + AS)((d − 1)λS + λI)

(3.76a)

λMS = AMλM + ASλS

AM + AS
(3.76b)

In deriving the lower limit, we accepted the following structural hierarchy: an
inclusion and a shell attached considered together as a composite inclusion (with
an effective conductivity λSI given by Eq. (3.76a)); the total effective conductivity can
then be calculated using Maxwell relation Eq. (3.75a) with the matrix conductivity
λM and inclusion conductivity λSI. For the derivation of the upper limit, we treat
the matrix phase as a composite phase consisting of original matrix and shell
phases together with the effective conductivity λMS given by Eq. (3.76b). Then, we
can apply Maxwell relation Eq. (3.75b) with matrix conductivity λMS and inclusion
phase conductivity λI.

For the set of parameters used (AM = 44.67%, AS = 11.18%, AI = 44.15%,
and λM = 0.0214 W m−1 K−1, λS = 51.9 W m−1 K−1, λI = 0 W m−1 K−1), we soon
find that according to the 3D version of the analysis λlow3

eff = 0.112 70 W m−1 K−1

with λ
up3
eff = 4.760 99 W m−1 K−1 and according to the 2D version of the analysis

λlow2
eff = 0.082 35 W m−1 K−1 with λ

up2
eff = 4.031 90 W m−1 K−1. We can see that for

the given parameters ‘‘lowering’’ the dimensionality should produce about 15–25%
lower values of the effective conductivity.
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Figure 3.20 Transition between lower and upper limits for
the two- and three-dimensional cases and transition between
the limits for the case of the lattice model with constant
radius.

We need to point out that the lower limit expression (3.75a, 3.76a) will be
reasonably accurate when the density of the spheres is not high and they are not
touching each other; in other words, when (AI + AS) is smaller than corresponding
critical percolation point, that is, about 52% for the 2D model with the constant
radius and about 67% for the 3D model. On the other hand, when the density
of the spheres is high enough so that they all touch their neighbors (the coating
phase becomes a network that can produce long-range thermal diffusion), then the
upper limits (Eqs. (3.75b, 3.76b)) will be expected to give more accurate results.
The transition between the two limits usually occurs smoothly in the vicinity
of the critical percolation point (about ±15%); see the schematic representation in
Figure 3.20 for the 2D model with the constant radius.

Applying these considerations to our case we can see that AI + AS = 55.33%. In
Figure 3.20, we plot the values for two 2D models calculated above by means of
computer simulations. We can see that the points are in qualitative agreement with
the transition between the upper and lower analytical models. Further investigation
of the proposed transition behavior is needed.

3.6
Computed Tomography Reconstructions

This section addresses numerical analysis based on CT data. This technique allows
an accurate characterization of real geometries. Two different numerical analysis
methods, namely, the FE and the LMC methods, are used.
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Figure 3.21 Principal scheme of 3D cone-beam tomograph.

3.6.1
Computed Tomography

Modern X-ray tomographic systems produce two-dimensional sectional images
(tomograms) that allow the reconstruction of three-dimensional structures with a
single 360◦ rotation. A conical beam from an X-ray source penetrates the entire
specimen, cf. Figure 3.21. The attenuated radiation is measured by a large area
detector. In order to irradiate the object from all sides, the source and the detector
rotate in small steps (<1◦) around the object (patient) in medical tomographs, while
in industrial applications it is, in most cases, advantageous to rotate the object
(specimen).

During rotation a set of projections is measured and stored. The set of projections
is then used to numerically reconstruct the 3D structure of the object as 3D voxel
data, which is a three-dimensional array with attenuation values. These detected
values are proportional to the density of the material and allow the detection of
defect inside a sample (nondestructive testing) or the reconstruction of the real
sample geometry. The 3D data can be visualized in several ways. It is possible to
generate any kind of cuts, slices, or volume parts.

3.6.2
Numerical Analysis

In Section 3.5, two-dimensional calculation models representing random cross
sections of syntactic HSS were used in thermal LMC analyses. This section
takes this idea one step further by using CT images as geometrical input data.
As a consequence, more accurate results can be obtained. In addition to LMC
analysis on high-resolution models, FE meshes are generated on the basis of
CT data of decreased geometric resolution (cf. Figure 3.7c). In contrast to the
adhered structures addressed in previous sections, sintered HSSs are considered.
A practical explanation is the difficulty to simultaneously capture two phases of
different density, that is, epoxy and steel, in CT scanning.
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Figure 3.22 Mesh refinement analysis of the finite element model.

For the FE analysis, a meshing algorithm first presented in Ref. [34] is ap-
plied. Basically, the FE meshes directly represent the geometry of the material’s
mesostructure (cf. Figure 3.7). As elucidated in Section 3.2.3, constant temperature
boundary conditions are prescribed at two opposing surfaces of the calculation
model and the arising heat flux is used to calculate the effective thermal con-
ductivity using Fourier’s law (see Ref. [9]). By changing the constant temperature
planes, the effective thermal conductivity can be determined in three perpendicular
directions (i.e., x, y, and z directions, cf. Figure 3.7). The analysis of anisotropy is
currently restricted to the lower resolution FE analysis. A mesh refinement study
of the FE meshes used is shown in Figure 3.22.

Four different models with the resolutions 753, 1503, 2003, and 4003 elements
are considered, where the maximum resolution is limited by computer memory.
In addition, the calculation time distinctly increases with increasing mesh density.
On the 32-bit system used in the analysis (dual core processor 3.16 GHz, 3.15
GB RAM), the averaged calculation times were 23, 91, 507, and 6800 s for the
highest resolution, respectively. It can be observed that accurate convergence is
only reached for a large number of elements and accordingly the highest resolution
is chosen for subsequent FE analyses.

3.6.2.1 Microstructure
The first part of the LMC analyses considers the effective thermal conductivity
λw of the cell-wall material. This material parameter is governed by the thermal
conductivity λs = 16.2 W m−1 K−1 of the base material steel 316L [35] and its
residual porosity. Microstructural characterizations of sintered HSS [36] yielded a
microporosity of p = 5.30%. Simple three-dimensional lattice models are generated
where nonconducting micropores are randomly distributed. The fraction of nodes
related to micropores is thereby identical to the microporosity. The applied model
for porosity presumes that all pores are of similar size and homogeneously
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106 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

distributed. As an alternative, the parameter λw can be estimated by a Maxwell-type
expression [37], valid for the special case of nonconducting inclusions:

λw = 2(1 − p)

2 + p
λm (3.77)

3.6.2.2 Mesostructure
The second part of the LMC analyses directly addresses the properties of metallic
HSS. The 3D analysis and image acquisition of the hollow structures were
carried out using the CT system v|tome|x s of the company phoenix|X-ray. The
achieved voxel resolution was 35 µm per voxel. The result of the volume processing
was a volume of 650 × 650 × 750 voxels. The 3D visualization and extraction
of the STL-iso-surfaces was applied by using the software Volume Graphics
1.2. An optimized gray value was applied to obtain the best segmentation and
separation between the metal structure and air. On the basis of that gray value the
STL-extraction of the iso-surfaces for the following simulation work was performed.
The CT images, representing parallel cross sections of the geometry, are directly
translated to LMC calculation models. The jump frequency assigned to a particular
node in a lattice is thereby defined on the basis of the gray-scale value of the
corresponding voxel. Figure 3.7b shows that the metallic phase can be identified
by light pixels and voids by dark pixels, respectively. The gray-scale threshold is
empirically chosen to match the relative density 9.7% of the HSS structure [36].
During the LMC model generation the geometry is subdivided into four slightly
intersecting subvolumes in order to investigate local fluctuations of the effective
thermal conductivity.

The FE analyses use calculation models assembled by uniform cubic FEs [34].
Each FE represents a subset of voxels of the CT images and analogous to the
LMC approach, its thermal conductivity is defined in reference to the gray-scale
level. However, restrictions in calculation time and computer memory require the
bisection of the geometric resolution in the FE models. In a brief comparison,
LMC allows for more complex calculation models while FE analyses benefit from
distinctly lower calculation times.

3.6.3
Results

The influence of the microporosity on the effective thermal conductivity of the
cell-wall material λw is shown in Figure 3.23. The drawn line corresponds to
the analytical solution (3.74) and is in excellent agreement with corresponding
LMC analyses (circles). The porosity of the cell-wall material is 5.30% [36], and
accordingly the estimated cell-wall conductivity λw is 14.95 W m−1 K−1.

Using this result as the thermal conductivity of the metallic phase identified in
the CT scans, LMC and FE analyses are performed on sintered HSS. The CT data
are subdivided into four subgeometries in order to investigate local fluctuations of
the thermal properties. The results of these analyses are shown in Figure 3.24.
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Figure 3.24 Effective thermal conductivity of sintered HSS.

The results of the FE analysis are in good agreement with the LMC findings.
The LMC results exhibit circumstantially higher results, which can partially be
explained by the superior geometric resolution of the calculation model: the
required bisection of the grid resolution (decrease of 650 × 650 × 750 voxels to a
total of 325 × 325 × 375 elements) in the FE models might cause the introduction
of ‘‘artifacts’’ such as holes in the cell walls that slightly change the FE results. In
addition, the results are very similar for all subvolumes. This is remarkable since
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108 3 Recent Advances in the Prediction of the Thermal Properties of Metallic Hollow Sphere Structures

the analyzed volume elements are relatively small (<100 spheres) and therefore
indicates very homogeneous material properties. Furthermore, the FE results
indicate quasi-isotropic thermal properties (λx ≈ λy ≈ λz). The LMC results are
average values, blurred over all possible directions. The mean effective thermal
conductivities are λeff = 0.71 W m−1 K−1 (LMC) and λeff = 0.67 W m−1 K−1 (FE).
These values only slightly exceed thermal conductivities (0.57 W m−1 K−1) observed
for adhesively bonded HSS [14], which can be explained by the relatively low thermal
conductivity of the sintered cell-wall material. As a consequence, it can be concluded
that sintered HSSs exhibit quasi-isotropic, homogeneous, and low effective thermal
conductivities.

3.7
Conclusions

This chapter addressed thermal properties of HSSs. To this end, two numerical anal-
ysis techniques, namely, FE and LMC methods, were applied. Various models with
increasing geometric complexity were considered. In Section 3.3, cubic-symmetric
model structures with spherical and tubular pores were addressed. FE analysis
was used and excellent agreement with an analytical solution was achieved. In
Section 3.4, improved models were considered that accounted for the contribution
of the spherical metal shells to the thermal conduction. Again, FE analysis was
performed and a strong dependence of the effective thermal conductivity on the
material composition and morphology was found. In particular, a linear depen-
dence of metal-only structures on the free volume was discovered. In Section 3.5,
the transition from periodic structures with cubic symmetries to more realistic
structures with stochastically distributed spheres was performed. Two-dimensional
cross sections of HSSs were considered. Owing to the increased complexity of the
geometries only LMC analysis was performed. The obtained results were in good
agreement with experimental data. An analytical approach yielded slightly lower
values for the effective thermal conductivity, which is probably caused by the
two-dimensional modeling of a three-dimensional structure. This shortcoming
was overcome in Section 3.6, where the calculation models are directly based on
three-dimensional CT data. The geometric complexity of the models only allowed
for an FE analysis based on lower resolution models. However, the FE results are
in good agreement with the ones obtained by high-resolution LMC analyses.

The comparison of the FE and LMC methods shows that both approaches have
particular benefits. Comparative studies on similar geometries have shown that
both methods yield identical results. FE analysis is distinguished by the fast solution
of calculation models; however, this is currently restricted to models of limited
geometric complexity. The LMC method can address extremely complex geometries
that are directly based on CT data. The major restriction, large computation time,
decreases in importance because of the availability of ever faster and cheaper
computer systems.
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4
Computational Homogenization for Localization and Damage
Thierry J. Massart, Varvara Kouznetsova, Ron H. J. Peerlings, and Marc G. D. Geers

4.1
Introduction

4.1.1
Mechanics Across the Scales

Nowadays, the intrinsic role of different spatial scales in the mechanics of materials
is well recognized. At the material level, it is the typical scale at which many
heterogeneities can be identified that matters. The mechanics and physics of
these – often multiphase – heterogeneous microstructures is recognized as
the main driver for the macroscopic engineering response of a material upon
mechanical loading, up to the point of failure. A proper understanding of the
behavior and evolution of materials at this microscale is the key for predicting
and improving their mechanical response. Over time, it has become clear that
even smaller scales and thin interfaces may have a pronounced influence on the
microscale response. For this reason, multiscale methods have emerged, which link
up the relevant phenomena at the microscale to those at smaller and large scales.

The second characteristic of the multidisciplinary field of materials science and
engineering is the emphasis that is put on mechanical aspects, covering the role
of stress, strain, deformation, and degradation. Generally, the mechanics go hand
in hand with material synthesis and microstructure evolution, since internal stress
fields are an intrinsic characteristic of heterogeneous microstructures, which cannot
be trivially separated from the governing physics. Mechanical aspects generally
represent a source of internal (strain) energy, which is an essential ingredient of
the underlying thermodynamics. On the other hand, other physical mechanisms
(e.g., diffusion, dislocation motion) have a pronounced influence on the relaxation
of internal stresses and consequently on the material’s mechanical response. In
other words, nowadays, multiscale mechanics covers (i) what mechanics contributes
to physics across the scales and (ii) how physics at the smallest scales contributes
to the mechanics at the macroscale.

Mechanical and physical processes at different spatial scales are particularly
interwoven in failure mechanisms. A final, catastrophic fracture penetrates through

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
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112 4 Computational Homogenization for Localization and Damage

all spatial scales, right down to the atomic level. Its effect on relevant processes
within the material is so pronounced that it cannot be neglected on any of
these scales. However, even the earlier stages of a failure process are generally
governed by mechanisms that interact across two or more spatial scales – think, for
instance, of diffuse microstructural degradation processes that weaken a material
and therefore cause macroscopic stress redistributions, which in turn influence
the microscopic damage process.

Inelastic deformation, damage, and failure are perhaps the most relevant mech-
anisms in engineering practice. Structures, products, and components are usually
designed against failure using predictive design methods. Where a certain amount
of damage has occurred or is accepted, such methods are used to assess the residual
strength and/or ensure a safe operation. And in some particular cases, structures
or processes are designed to result in controlled failure. Predictive methods that
are necessary for each of these purposes and that go beyond the classical methods,
such as fracture mechanics, can only be developed by taking into account the in-
trinsic multiscale character of failure as discussed above. Constructing multiscale
methods for failure processes is therefore extremely relevant, but, at the same time,
extremely challenging.

4.1.2
Some Historical Notes on Homogenization

Early steps toward multiscale or microscale modeling were taken long ago, when
interest in the mechanics of heterogeneous materials became more pronounced.
Preliminary steps go back to the nineteenth century, when the rule of mixtures was
first introduced (Voigt, 1887) [1], followed by the Sachs model in 1928 [2], the Reuss
estimate (1929), and the frequently used Taylor model (1938) [3]. The Voigt and
Reuss models focused more on composite systems, whereas the Taylor and Sachs
rules were typically derived for polycrystals. The growing interest in composite
materials constituted the main trigger for new developments. The best-known
early contribution of this type is probably the work of Eshelby [4]. Even today,
these first steps have a pronounced impact, giving rise to alternative continuum
mechanics frameworks (Eshelbian mechanics, material forces, etc.). The field of
‘‘continuum micromechanics,’’ which was formally established by Hill in 1965 [5],
has grown tremendously since then. A survey of activities over the past 40 years is
given in Ref. [6].

The 1950s, 1960s, and 1970s were characterized by major progress made in
the homogenization of heterogeneous elastic solids. Pioneering work in this time
frame was done by, among others, Kröner et al. [7], Hill [8], Mori and Tanaka [9],
and Willis [10]. Various refinements were developed in the past two decades. First
steps into the nonlinear regime of the developed elastic homogenization theories
and variational principles were taken by, for example, Kröner [11], Hill [5], and
Hutchinson [12], whereas many more papers on the subject appeared in the 1980s
and 1990s. Subjects treated covered elastoplasticity (both rate independent and
viscoplastic), nonlinear elasticity, and viscoelasticity. Frequently cited contributors
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4.1 Introduction 113

in this field are Nemat-Nasser [13, 14], Ponte Castañeda [15], Suquet [16, 17],
Willis [18], and Zaoui [19]. Other extensions into the nonlinear range appeared
in the late 1970s, for example, the well-known Gurson model for void growth
in ductile materials [20], igniting a wealth of follow-up work on the plasticity of
porous materials and ductile damage. Since the 1980s, a steady growth of the
entire field took place, in which more physics is systematically being integrated.
Asymptotic or mathematical homogenization schemes have been frequently used
to assess effective properties of elastic heterogeneous materials [21–23]. Extensions
toward higher order and nonlocal constitutive equations have been considered,
for example, developments including Cosserat media [24], couple stress theory
[25], nonlocal effective continua [26], or higher order gradient homogenized elastic
materials [27–29]. Homogenization of solids in a geometrically and physically
nonlinear regime is clearly more challenging. Interesting contributions are given
and cited in Ref. [30]. Another class of hierarchical techniques, also used in the
context of localization and damage, is generally known as variational multiscale
methods [31, 32], showing considerable similarities with applications based on the
extended finite element method (X-FEM) [33].

4.1.3
Separation of Scales

Many of the early multiscale methods as discussed above essentially limit them-
selves to establishing the homogenized response of heterogeneous elastic materials.
Homogenization frameworks focus on the equivalent or effective response of a
finite volume of material, which is generally assumed to be statistically homoge-
neous. Characteristic volumes can be identified as unit cells for periodic materials
and representative volume elements for statistically heterogeneous media [8, 26].
The response of such a volume is used to calibrate a homogeneous equivalent con-
tinuum, which can then be used to solve boundary value problems. This concept
critically relies on the principle of separation of scales. This principle states that the
scale of the microstructure or microstructural fluctuation �µ must be much smaller
than the size of the representative volume considered �m, which must in turn be
smaller than the characteristic fluctuation length in the macroscopic deformation
field �M:

lµ − lm − lM (4.1)

Following this definition, the size of the macrostructure is irrelevant for the scale
separation.

The separation of scales as defined by Eq. (4.1) must be satisfied in order to
be able to successfully construct a homogeneous equivalent continuum according
to the concept of local action. However, it is sometimes violated when either a
microstructural length scale tends to be large (e.g., in the presence of long-range
correlations or percolation phenomena) or when the macrofluctuation scale tends to
be small (e.g., localization of deformation, gradients). Violations of the principle of
separation of scales constitute a key difficulty in handling localization and damage
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114 4 Computational Homogenization for Localization and Damage

in homogenization schemes. If deformations tend to localize, the macroscopic
response will ensue from a gradually shrinking volume of material. The term
homogenization therefore becomes inappropriate. However, this does not imply
that it becomes impossible to upscale the local microstructural response to a large
scale. If proper scale transition methods are applied, a solution may still be found;
this is the main topic of this chapter.

4.1.4
Computational Homogenization and Its Application to Damage and Fracture

Over the last few years, substantial progress has been made in the two-scale compu-
tational homogenization of complex multiphase solids. This method is essentially
based on the nested solution of two boundary value problems, one at each scale.
Although computationally expensive, the procedures developed allow to assess the
macroscopic influence of microstructural parameters in a rather straightforward
manner. The conventional, first-order computational homogenization method was
first addressed in Ref. [34], approximately 20 years ago, even though some elements
were already in place earlier [35]. The major developments that have led to the
completion of this method took place about 10 years later, through a number of
contributions [36–47].

The first-order method has now matured to a standard tool in computational
homogenization [48–52]. Several extensions that depart from the first-order method
have been addressed in the literature:

• second-order computational homogenization [53–59], which takes into account
higher order deformation gradients at the macroscale;

• a continuous–discontinuous multiscale approach for damage, in which the
coarse scale is enriched by discrete localization bands (weak discontinuities),
whereas the fine scale is modeled using a continuum [60, 61];

• thermomechanically coupled computational homogenization, that is, homoge-
nization of heat conduction, coupling to mechanical homogenization [62, 63];

• computational homogenization of structured thin sheets and shells, based on
the application of second-order homogenization principles to through-thickness
representative volume elements of thin structures [64];

• computational homogenization of interface problems, by establishing a relation-
ship between a discrete macroscopic interface (e.g., a cohesive zone) and a more
refined, often continuous representation of the interface’s microstructure [65].

Of the above extensions, scale transitions for damage and fracture are among
the most complex. Damage is a phenomenon that develops across all length scales.
Since the first-order approach intrinsically violates the principle of separation of
scales if localization occurs, alternative solutions are needed. Simplified approaches
aim at establishing a rigorous volumetric coupling between a macroscopic finite
element size and the damaging representative volume element [66]. However,
this solution essentially sidesteps the key ideas and benefits of homogenization
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4.2 Continuous–Continuous Scale Transitions 115

and resembles more a domain decomposition approach with an embedded scale
refinement.

This chapter focuses on two computational homogenization schemes that have
enabled a breakthrough in handling the transition from damage to localization.
First, in Section 4.2, a continuous–continuous second-order scheme is briefly
reviewed. This scheme allows one to capture moderate localization bands in
continua. It inherits all regularization properties of gradient continua of the
Mindlin type. The essential limitation of this second-order scheme is that it cannot
capture the full transition to a discrete crack.

To treat this transition, a continuous–discontinuous scheme is developed in
Section 4.3. This framework handles the gradual transition from homogenization to
localization by embedding a discontinuity in the macrodomain once the localization
of deformation is detected. The constitutive behavior of the material is still extracted
from an underlying microstructural volume element. Several technical issues come
into play: detecting the onset of localization, handling the macrovolume with the
embedded localization band (compatibility and traction continuity), snapback at
the level of finite-size macrodomain, path-following within the microscale volume
element, and so on, each of which is discussed in detail. The approach is applied to
masonry, since its regular structure considerably simplifies the interpretation and
implementation of such a continuous–discontinuous approach.

Recent developments related to the continuous–discontinuous homogenization
scheme can be found in Refs [67–69], where advantage is taken of an X-FEM
approach to incorporate the discontinuity at the macroscale. Generalized schemes,
where localization bands can evolve steadily, are presently under construction and
will be published in forthcoming work.

4.2
Continuous–Continuous Scale Transitions

4.2.1
First-Order Computational Homogenization

At the macroscopic scale, consider a general quasi-static boundary value problem,
governed by the equilibrium equation, which is, in the absence of body forces,
expressed as

∇0M Ð PT
M D 0 (4.2)

supplemented by natural or essential boundary conditions. In Eq. (4.2), PM is the
first Piola–Kirchhoff stress tensor; ∇0M is the gradient operator with respect to the
reference configuration; the subscript ‘‘M’’ refers to a macroscale quantity, while
the subscript ‘‘m’’ denotes a microscale quantity.

To complete this boundary value problem, a constitutive relation between the
stress and kinematical quantities needs to be added. Instead of assuming a
constitutive equation in a closed-form, computational homogenization techniques
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116 4 Computational Homogenization for Localization and Damage

extract the constitutive response numerically from the detailed computational
analysis of a microstructural representative volume element (RVE).

First-order computational homogenization departs from the classical lineariza-
tion of the macroscopic nonlinear deformation map, x D φ(X), with x and X
corresponding position vectors in the deformed and reference state, respectively.
When applied to a material vector �x in the deformed state, this linearization reads

�x D FM Ð �X C w (4.3)

where �x and �X are relative position vectors with respect to an arbitrary reference
point; FM D (∇0Mx)T is the macroscale deformation gradient tensor. The microfluc-
tuation field w is identified as the local fine-scale contribution superimposed on to
the macroscale deformation. From Eq. (4.3), the microscale deformation gradient
tensor FM is determined as

Fm D (∇0m�x)T D FM C (∇0mw)T (4.4)

with ∇0m as the gradient operator with respect to the reference configuration of
the RVE.

Relations (4.3) and (4.4) are valid for every point at the microscale, with the
first terms readily known for a given macroscale deformation tensor FM, while the
microfluctuation w will follow from the solution of the microscale boundary value
problem.

The microscale boundary value problem is also a standard problem in quasi-static
continuum solid mechanics. In the absence of body forces, the equilibrium equation
for the microstructural RVE in terms of the microscale first Piola–Kirchhoff stress
tensor Pm takes the form

∇0m Ð PT
m D 0 (4.5)

The material behavior of each microstructural constituent α (e.g., matrix, inclusion,
interface, etc.) is assumed to be known and described by constitutive laws, speci-
fying a time- and history-dependent stress–strain relationship, possibly involving
microstructural evolution,

P(α)
m (t) D F(α)

{
F(α)

m (τ ), τ 2 [0, t]
}

(4.6)

The above problem (4.5) has to be completed by boundary conditions. The essential
step in the computational homogenization methodology is the derivation of RVE
boundary conditions from postulated scale transition relations. For example, the
kinematical averaging relation is one of the most commonly used. It requires the
volume average of the microscale deformation gradient tensor Fm to be equal to
the corresponding macroscale deformation gradient tensor FM:

FM D 1

V0

∫
V0

Fm dV0 (4.7)
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4.2 Continuous–Continuous Scale Transitions 117

where V0 is the RVE volume in the reference configuration. Substituting Eq. (4.4)
into the right-hand side of the scale transition relation (4.7) yields

1
V0

∫
V0

Fm dV0 D FM C 1
V0

∫
V0

(∇0mw)T dV0

D FM C 1

V0

∫
S0

w � Nm dS0 (4.8)

where the divergence theorem has been used to transform the volume integral to
an integral over the undeformed boundary S0 of the RVE, with outward normal
Nm.

From Eq. (4.8) it is immediately clear that in order for the kinematical scale
transition relation (4.7) to be satisfied a priori, the boundary conditions imposed
on the RVE should be such that the contribution of the microfluctuation field w
in Eq. (4.8) vanishes. This can be achieved in many alternative ways. Some of the
possibilities proposed and used in the literature are listed below.

1) Do not allow for any microstructural fluctuations in the RVE, that is,

w D 0 8X 2 V0 (4.9)

forcing the entire volume to deform according to the prescribed FM. In the
literature, this is usually referred to as the Taylor (or Voigt) assumption.

2) Suppress the microfluctuation only at the RVE boundary

w D 0 8X 2 S0 (4.10)

while leaving the microstructural fluctuations inside the volume yet unde-
termined. With this condition, the displacements of the RVE boundary are
fully prescribed according to the given FM. These are often termed uniform
displacement boundary conditions.

3) For an RVE with an initially geometrically periodic boundary (i.e., the boundary
can be split in ‘‘C’’ and ‘‘�’’ parts defined by the opposite outward normal
vectors at the corresponding points, NC

m D �N�
m), the so-called periodic bound-

ary conditions can be imposed by requiring periodicity of the microfluctuation
field:

wC D w� (4.11)

4) The weakest possible constraint is to require the boundary integral to vanish
as a whole:∫

S0

w � Nm dS0 D 0 (4.12)

In the literature, this constraint is sometimes called minimal kinematic boundary
conditions [70] and it is, in fact, equivalent to uniform traction boundary
conditions [71].

Of the above choices, the Taylor (Voigt) assumption is computationally the most
efficient, since it does not require detailed modeling of microstructural geometry.
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118 4 Computational Homogenization for Localization and Damage

Accordingly, only a rough estimate of the overall material response is obtained,
usually significantly overestimating the stiffness. Nevertheless, the Taylor assump-
tion is often used in crystal plasticity modeling with a reasonable accuracy, but
it performs poorly for a general complex nonlinear microstructure. Some special
cases, such as strain localization and damage, cannot be treated at all with the Taylor
assumption. The other above-mentioned alternatives to enforce the kinematical
scale transition all require the solution of the RVE boundary value problem, at the
same time allowing the incorporation of local microstructural details. The apparent
overall properties obtained by application of uniform displacement boundary con-
ditions on a microstructural cell usually overestimate the real effective properties,
while the minimal kinematic boundary conditions lead to an underestimation and
usually are sensitive to microstructural details near the RVE boundary. For a given
microstructural cell size, the periodic boundary conditions are known to provide
a better estimation of the overall properties than the other mentioned alternatives
[42, 72–74]. The periodic boundary conditions are the most frequently used in
practice, although the uniform displacement boundary conditions are also often
used, mostly owing to the simplicity of their implementation. The elaboration of
the periodic boundary conditions (4.11) toward a format suitable for the implemen-
tation in a general finite element code is beyond the scope of this chapter and can
be found elsewhere [45, 75].

After the solution of the RVE boundary value problem, the obtained microscale
stress state is to be homogenized toward the macroscopic stress response. For
this, another scale transition is typically used, for example, the Hill–Mandel
macrohomogeneity condition [8, 35]. This condition requires the volume average
of the microscale virtual work to be equal to the corresponding local macroscale
virtual work:

1

V0

∫
V0

Pm : δFT
m dV0 D PM : δFT

M (4.13)

Using the divergence theorem, with incorporation of microstructural equilibrium
(4.5), the volume average of the microstructural virtual work may be expressed in
terms of RVE surface quantities as

δWm D 1

V0

∫
V0

Pm : δFT
m dV0 D 1

V0

∫
S0

pm Ð δx dS0 (4.14)

where pm D Nm Ð PT
m is the first Piola–Kirchhoff stress vector. Substitution of the

variation of relation (4.3) leads to

δWm D
(

1
V0

∫
S0

pm � X dS0

)
: δFT

M C 1
V0

∫
S0

pm Ð δw dS0 (4.15)

The last term in Eq. (4.15), involving the average work done by the microfluctuations,
can be shown to vanish for each of the possible RVE boundary conditions listed
above. Then, comparing Eq. (4.15) and the right-hand side of Eq. (4.13), the
micro-to-macro stress scale transition is obtained as

PM D 1

V0

∫
S0

pm � X dS0 D 1

V0

∫
V0

Pm dV0 (4.16)
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4.2 Continuous–Continuous Scale Transitions 119

(a) (b)

Micro

Macro Macro

Tangent
PM, 3QM FM, ∇0MFM

Tangents

Second-order
continuum

FMPM

Boundary value
problem

Micro

Boundary value
problem

Figure 4.1 (a) First-order and (b) second-order continuum–
continuum computational homogenization schemes.

Note that sometimes in first-order computational homogenization, the stress
volume averaging relation (4.16) is postulated, together with the kinematics scale
transition (4.7), leading to a selection of the boundary conditions, and then the
validity of the Hill–Mandel condition is shown. Obviously, the obtained formulation
is exactly the same.

Thus, for a given macroscale deformation gradient tensor FM, the corresponding
stress response PM is obtained from the analysis of the microscale RVE, combined
with the consistent scale transition relations. The first-order computational ho-
mogenization loop is schematically illustrated in Figure 4.1(a). This procedure can
be repeated for each macroscale (integration) point for each macroscale loading
increment. If an implicit procedure is used to solve the macroscale nonlinear
problem, the multiscale loop should also be performed for each iteration. The
tangent operator needed in this case at each integration point can be efficiently
extracted by static condensation of the RVE tangent stiffness matrix [45, 75].

4.2.2
Second-Order Computational Homogenization

Second-order computational homogenization establishes the scale transition be-
tween a microstructural RVE treated as a standard first-order continuum and a full
second-gradient continuum at the macroscale. In the second-gradient continuum
theory [76], the internal work is assumed to be determined by the deformation
gradient tensor FM and its gradient 3GM D ∇0MFM combined with their respective
work-conjugated quantities: the first Piola–Kirchhoff stress tensor PM and the
higher order stress tensor 3QM. Starting from this assumption, after some mathe-
matical manipulations, the strong form of local equilibrium for a second-gradient
continuum can be derived as (in the absence of the body forces)

∇0M Ð (PM � ∇0M Ð 3QM)T D 0 (4.17)

The associated boundary conditions consist of tractions and double stress tractions,
displacements and normal gradients of displacements, or combinations thereof.

To close the second-gradient boundary value problem, constitutive relations be-
tween the stress quantities (PM and 3QM) and the history of the kinematical variables
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120 4 Computational Homogenization for Localization and Damage

(FM and 3GM) should be added. Again, rather than assuming the constitutive laws
in a closed form, the second-order computational homogenization technique is
used to numerically obtain the macroscale constitutive response from the detailed
microscale analysis, as schematically shown in Figure 4.1(b).

The second-order computational homogenization scale transition departs from
the Taylor series expansion of the nonlinear deformation map, truncated after the
second term (cf. (4.3)):

�x D FM Ð �X C 1

2
�X Ð 3GM Ð �X C w (4.18)

where w is, as before, the microfluctuation field. The microscale deformation
gradient tensor Fm follows as

Fm D (∇0m�x)T D FM C 3GM Ð �X C (∇0mw)T (4.19)

Applying the earlier introduced kinematical scale transition relation (4.7) to
Eq. (4.19) leads to two kinematical constraints:

1

V0

∫
V0

�X dV0 D 0 (4.20)

1

V0

∫
V0

(∇0mw)T dV0 D 1

V0

∫
S0

w � Nm dS0 D 0 (4.21)

where the Gauss theorem has been used to obtain the latter relation. Equation
(4.20) is clearly satisfied if the Taylor series (4.18) has been expanded with respect
to the RVE’s geometrical center. This appears to be a necessary condition in
the second-order framework, which deviates from the first-order scheme, where
essentially any point could have been used to develop Eq. (4.3), leading to the
same result [56]. The second constraint (4.21) is the same as in the first-order
approach and can be satisfied in various ways as discussed previously in Section
4.2.1. Note that the macroscopic deformation is, in general, not periodic in the
second-order case; thus, the application of the periodic boundary conditions ensures
the periodicity of the microfluctuation field only and not of the deformed RVE
geometry.

As has been shown in Refs [53, 54], to fully impose the macroscale second-order
kinematics on a microstructural RVE, an additional kinematical scale transition
is required. Perhaps the most straightforward relation, equating 3GM and the
volume average of 3Gm D ∇0mFm would, however, lead to higher order boundary
conditions on the microfluctuation field, which would require a second-gradient
problem on the RVE level as well. To be able to retain a classical continuum
problem at the RVE level, an alternative scale transition relation between 3GM and
microstructural quantities has been elaborated in Ref. [54], ultimately leading to
the following additional constraint for the microfluctuation field:∫

S0

(Nm � w � �X C �X � w � Nm) dS0 D 30 (4.22)

which can be imposed in different alternative ways as well.
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4.2 Continuous–Continuous Scale Transitions 121

To extract the macroscopic stress quantities upon the microscale analysis,
the Hill–Mandel macrohomogeneity is again employed, with the variation of the
macroscale work involving two terms in the case of the second-gradient continuum:

1

V0

∫
V0

Pm : δFT
m dV0 D PM : δFT

M C 3QM : δ3GM (4.23)

Elaboration of this equation along the same steps as done previously for the
first-order case leads to the following expressions of the macroscale stress quantities
in terms of RVE surface or volume integrals [54]:

PM D 1

V0

∫
S0

pm � X dS0 D 1

V0

∫
V0

Pm dV0 (4.24)

3QM D 1

2V0

∫
S0

X � pm � X dS0 D 1

2V0

∫
V0

(PT
m � X C X � Pm) dV0 (4.25)

The consistent tangent operators at the macroscale integration point level can also
be extracted through the static condensation of the RVE tangent matrix [58].

4.2.3
Application of the Continuous–Continuous Homogenization Schemes to Ductile
Damage

To scrutinize the applicability of the first- and second-order continuum–continuum
computational homogenization schemes to problems of strain localization and
damage, an academic benchmark problem has been set up, mimicking ductile
damage development across the two scales.

At the microscale, void nucleation by matrix debonding from hard inclusions
has been simulated using a simple unit-cell model, shown in Figure 4.2(a). The
size of the two-dimensional (plane-strain) square unit cell is h D 3.3 µm, with the
diameter of the circular inclusion d D 1.4 µm. The matrix material is modeled
as an elastoplastic material with E D 210 GPa, ν D 0.3, the initial yield stress

Eq.
plastic
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Figure 4.2 (a) The microstructural unit cell with the finite
element mesh. (b) The deformed geometry and distribu-
tion of the equivalent plastic strain within the unit cell after
uniaxial tensile loading, and (c) the corresponding overall
stress–strain response.
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122 4 Computational Homogenization for Localization and Damage

σ 0
y D 507 MPa and the linear hardening modulus h D 200 MPa. The inclusion is

assumed elastic with E D 500 GPa and ν D 0.3. Interface debonding is modeled
using the cohesive zone approach, as proposed by Xu and Needleman [77], with
an exponential form of traction–separation law. The work of separation in both
normal and tangential direction is taken φ D 45 J/m2 and the characteristic length
δ D 0.03 µm. Application of a tensile load on such a unit cell at a certain stage
leads to the opening of the interface and further void growth (Figure 4.2(b)).
Additionally, local bands of localized deformation appear within the unit cell.
The combination of these two effects results in a strain softening overall unit-cell
response (Figure 4.2(c)). The presence of the RVE’s global softening and local
localization bands will prove crucial where the applicability limits of various
computational homogenization schemes are concerned.

For this benchmark problem, at the macroscale, a plate consisting of a periodic
array of the unit cells is considered, as shown in Figure 4.3. To trigger the
appearance of a macroscale localization band, an imperfection, that is, a reduction
of the interface work of separation by 10%, is introduced in the left bottom corner
of the plate. At the bottom and left edges of the plate, the symmetry boundary
conditions are applied, at the top edge, a uniform vertical displacement is applied,
whereas the right edge is traction free. Additionally, for the second-gradient
continuum zero normal gradients of the tangential displacement components at

7hh

h

12
h

Imperfection

Heterogeneous
material: matrix
with inclusions
and interface

Homogeneous
matrix

material

Figure 4.3 Macroscopic problem for the
benchmark homogenization analysis.
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4.2 Continuous–Continuous Scale Transitions 123

0 0.08 0.16 0 0.14 0.28 0 0.035 0.07 0 0.035 0.07
(a) (b) (c) (d)

Figure 4.4 Localized equivalent total strain resulting from
(a,b) the first-order computational homogenization for the
(a) coarse and (b) fine finite element discretizations; (c,d)
the second-order computational homogenization for the (c)
coarse and (d) fine finite element discretisations.

the bottom, left, and top edges are prescribed, while the remaining higher order
boundary conditions are zero double stress tractions.

Before the onset of overall unit-cell softening both the first- and second-order
schemes lead to identical solutions, which can also be shown to be the same as the
direct numerical simulation (results not shown here). After the onset of microscale
softening, however, the inadequacy of the first-order scheme to deal with this type
of problems becomes apparent. Figures 4.4(a) and 4.4(b) show the equivalent total
strain distribution at the macroscale obtained with the first-order scheme using
two different finite element discretizations of the macroscale problem. Clearly, the
solution fully localizes according to the size of the elements used. This property of
the first-order scheme is inherently linked to the principle of local action combined
with the full-scale separation. It associates a microscale volume of an infinitesimal
size with each macroscopic point, such that the assumption of a constant macroscale
deformation gradient over the RVE, used to write the relation (4.3), holds. Upon
further refinement of the macroscale mesh, the energy dissipated in the softening
RVE at the microscale is in fact dissipated in a shrinking macroscale volume,
which is one of the main manifestations of the ill-posedness of the macroscale
boundary value problem to be solved. This is, in fact, the same shortcoming as has
been extensively investigated by many authors for local closed-form constitutive
softening models.

The second-order scheme homogenizes toward a macroscale second-gradient
continuum, which is known to possess certain regularizing properties due to
the incorporation of a length scale, making the numerical solution independent
of the mesh size (i.e., the width of the localization band converges to a finite
value upon mesh refinement). In the second-order computational homogenization
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124 4 Computational Homogenization for Localization and Damage

context, the length scale of the macroscopic homogenized continuum has been
shown to be intrinsically related to the RVE size and the unit processes therein
(e.g., the development of percolation paths) [57]. Indeed, the solution of the
benchmark problem considered here with the second-order scheme proves to be
mesh independent, as shown in Figure 4.4(c,d).

The two-scale results obtained with the second-order approach are shown in
Figure 4.5, showing the macroscale localized deformation together with the de-
formed geometries of several unit cells corresponding to different macroscale
integration points, thus providing insight into the interaction between the defor-
mation processes taking place at the two scales.

As demonstrated by this example, the first-order computational homogenization
scheme is not suited for the analysis of localization problems (beyond the point
of the macroscale localization onset). The second-order extension, on the other
hand, can well tackle moderate localization bands, that is, when the macroscopic
strain fields vary only linearly (quadratic in displacements) over the microscale
RVE. The method cannot properly resolve macroscopic localization bands beyond
this linear variation. Sharper localization regions, for example, a localization
band within the RVE itself, will naturally violate this condition. For instance,
in ductile damage development, the stage of necking between the voids and
void coalescence, leading to the macroscale discrete crack, cannot be upscaled by
continuous–continuous computational homogenization schemes. This calls for the
development of continuous–discontinuous approaches, one of which is discussed
in detail in the next section.

0.20 0.1

Macro

0

0.25

0.5

Micro

Figure 4.5 Distribution of the equivalent total strain in the
deformed macrostructure and several microstructural unit
cells obtained by the second-order computational homoge-
nization analysis.
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4.3 Continuous–Discontinuous Scale Transitions 125

4.3
Continuous–Discontinuous Scale Transitions

Problems in which the degradation process leads to localization of damage and
deformation at the scale of the microstructure can no longer be dealt with efficiently
by the continuous–continuous scale transitions discussed in Section 4.2 – even
those of second order. Many examples of this class of problems may be found in
failure processes of quasi-brittle materials used in civil engineering, for example,
of concrete or masonry. The complex failure behavior exhibited by these materials,
nevertheless, requires a multiscale modeling approach. A strategy that explicitly
accounts for the localization process is called for in such cases and a natural
approach is to incorporate discrete localization bands, that is, strong or weak
displacement discontinuities, at the coarse scale.

At the underlying scale of material heterogeneity, either a discrete or a continuous
description of the failure process may be employed. As quasi-brittle materials
generally exhibit a diffuse degradation at the scale of the microstructure, we
use a continuum damage model at this scale. To regularize the microstructural
localization of deformation and damage, a nonlocal (implicit gradient) formulation
is adopted.

To establish a relationship between the continuous micromodel and the discon-
tinuous macroscopic model, proper continuous–discontinuous scale transitions
must be formulated. In this section, we demonstrate how such transitions can be
constructed by appropriately modifying the first-order computational homogeniza-
tion framework as presented in Section 4.2.1. This is a challenge particularly for
quasi-brittle materials due to their relative brittleness and the instabilities associ-
ated with this brittleness. A number of issues must, therefore, be addressed, which
do not arise in conventional computational homogenization or for more ductile
materials and which can be summarized as follows:

• The appearance and the orientation of discrete localization zones at the coarse
scale, starting from a more uniform response, should result from the average
behavior extracted computationally from the fine scale.

• An RVE size must be identified to extract the average material behavior. The
average softening response of an RVE intrinsically depends on its size. A
multiscale scheme should, therefore, properly transfer to the coarse scale the
amount of energy dissipated by the fine-scale damage process. When a discrete
band is used at the coarse scale, this can be ensured by incorporating the
finite volume on which the fine-scale damage is sampled. For initially periodic
materials such as masonry, a characteristic size of the localization band can be
identified relatively easily, as is shown below.

• Because of the heterogeneous nature of quasi-brittle materials, elastic unloading
may occur in stronger phases upon failure of the weaker phase(s), resulting in
snapback-type instabilities in the coarse-scale average response. This snapback
can originate from unloading inside the RVE itself or from unloading of the
material surrounding the macroscopic localization band. The boundary value
problem on the RVE and the coarse-scale path-following technique should
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126 4 Computational Homogenization for Localization and Damage

be constructed in such a way that these complex meso- and macrostructural
instabilities can be captured.

• Finally, coarse-scale discontinuities are used to represent the energy dissipation
of a cluster of cracks, which successively evolves into a single macroscopic crack.
The orientation of these (average) localization zones should, therefore, be updated
according to the microstructural damage evolution during the computation.

Each of the above issues is discussed in detail in the following for an initially
periodic quasi-brittle material. The methods developed are illustrated using a model
material for which all these adaptations have to be addressed, that is, masonry.
Extensive use is made of the first-order computational homogenization concepts of
Section 4.2.1. However, given the quasi-brittle nature of the materials considered,
we can limit ourselves to an infinitesimal strain description. Furthermore, we
denote the relevant scale of heterogeneity, that is, that of individual bricks and
mortar joints, as mesoscale, reserving the term microscale for the internal structure
of each of these two phases. Throughout this section, uppercase symbols denote
macroscopic quantities, whereas lowercase symbols are used for the mesoscale.

4.3.1
Scale Transitions and RVE for Initially Periodic Materials

4.3.1.1 First-Order Scale Transitions
As explained in Section 4.2.1, a macro–meso scale transition consists in applying
the macroscopic strain to an RVE of the meso- (or micro-) structure in an average
sense. Boundary conditions must be defined for the RVE, which ensure that
the volume average of the mesoscopic strain on the RVE equals the imposed
macroscopic strain.

In terms of the infinitesimal strain setting used in this section, the mesoscopic
displacement field can be written as (cf. Eq. (4.3))

u D E Ð x C w (4.26)

where E is the macroscopic infinitesimal strain tensor, x is the position vector within
the RVE, and w is a mesoscopic displacement fluctuation originating from the
heterogeneity of the material. The periodicity of the masonry material considered
here suggests the use of periodicity conditions for w, similar to those defined in
Eq. (4.11). As a result, averaging of the mesoscopic strain field ε ensuing from Eq.
(4.26) results in

hεi D 1

V

∫
V

[∇m(E Ð x C w)]sym dV D E C 1

V

∫
S
(w � n)sym dS D E (4.27)

where the boundary integral vanishes because of the periodicity of w (cf. Section
4.2.1).

The equivalence between macroscopic and mesoscopic virtual work
(Hill–Mandel condition; see Section 4.2.1) reads

� : δE D 1
V

∫
V
σ : δε dV 8δε (4.28)
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4.3 Continuous–Discontinuous Scale Transitions 127

where δE and δε are related as defined above. Using mesoscopic equilibrium and
Gauss’s divergence theorem, the displacement field (4.26) may be introduced in
Eq. (4.28), yielding

� : δE D 1

V

∫
S
(t � x)sym dS : δE C 1

V

∫
S
(t � w)sym dS (4.29)

where t is the traction vector acting on the boundary S of the RVE. Taking into
account the periodicity of w and the resulting antiperiodicity of t at the boundary,
the second integral vanishes and the macroscopic stress tensor is obtained as (cf.
Eq. (4.16))

� D 1

V

∫
S
(t � x)sym dS (4.30)

4.3.1.2 Choice of the Mesoscopic Representative Volume Element
The selection of the RVE should be performed with care, in order to limit the
computational effort at the mesoscopic level, at the same time still capturing all
possible failure mechanisms. Different RVE shapes and sizes have been used
in the literature for masonry [78–80]. Note that any periodic RVE delivers the
same results as long as the average behavior remains unique, that is, before
localization. On the basis of periodicity of the initial mesostructure of masonry,
the RVE is therefore chosen as the smallest possible periodic unit cell of the
mesostructure. This choice is based on the assumption that given its initially
periodic structure, the average stiffness degradation of the material is mainly
due to the geometrical arrangement of the constituents and this degradation –
including damage-induced anisotropy effects – is correctly captured using any unit
cell. The unit cell used here is illustrated for the case of running bond masonry
as shown in Figure 4.6 and consists of a brick surrounded by half a joint. The
running bond periodicity conditions have been indicated on the cell by arrows
linking mutually tied boundary segments. The proposed unit cell was used in Refs
[81, 82], together with an isotropic damage model at the mesoscopic scale. It was
shown to deliver realistic average responses for nonperforated bricks, both in terms
of load-bearing capacity and observed failure modes, including nonorthotropic
damaging effects.

It is important that one realizes that using this periodic cell throughout the
degradation process would imply a failure mechanism which satisfies the period-
icity conditions, since periodicity implies that the damage pattern in a unit cell

F

L

h

B(1) (2)C

A D

E(3)

Figure 4.6 Unit cell and periodicity tyings for running bond masonry.
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128 4 Computational Homogenization for Localization and Damage

(a) (b)

Figure 4.7 Influence of the periodicity assumption on the
representation of failure patterns in the vicinity of a macro-
scopic material point: periodicity implies the failure pattern
(a), whereas the pattern (b) is more realistic.

attributed to a macroscopic material point repeats itself in the vicinity of this
point. An illustration of such a periodic failure pattern is shown in Figure 4.7(a).
Actual damaged configurations usually exhibit strongly localized crack patterns at
the macroscopic scale, as sketched in Figure 4.7(b). A methodology to represent
macroscopically localized states is therefore developed in the next sections, which
is based on relaxed periodicity assumptions.

4.3.1.3 Boundary Conditions for the Unit Cell
Three macroscopic strain components are imposed on the unit cell by prescribing
the displacements of three controlling points, indicated in Figure 4.6 by (1), (2),
and (3). These displacements may be expressed in terms of the components of the
macroscopic infinitesimal strain tensor as

(u1, v1) D (0, 0)

(u2, v2) D (LExx , 0)

(u3, v3) D
(

2hExy C 1
2

Exx , hEyy

)
(4.31)

where L and h are the horizontal and vertical sizes of the unit cell, respectively.
Periodicity of the fluctuation field w is imposed through the relations

u(xD) D u(xA) C u2 � u1

u(xE) D u(xB) C u3 � u1

u(xF) D u(xC) C u3 � u2 (4.32)

where xA . . . xF are the position vectors of points on the boundary segments A . . . F.
Because of periodicity, the macroscopic stress can be obtained directly from the

external forces f (i) acting only on the three controlling points [45]:

� D 1

V

3∑
iD1

x(i) � f (i) (4.33)

where x(i) is the position of point (i). A macroscopic consistent tangent operator can
be obtained by static condensation of the mesostructural tangent stiffness matrix
toward the controlling points [45]. This condensed tangent relation, applied to a
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4.3 Continuous–Discontinuous Scale Transitions 129

mesoscopically converged state, may be written as

3∑
pD1

K(np)
M Ð δu(p) D δf (n), n D 1, 2, 3 (4.34)

where K(np)
M is a second-order tensor relating the variations of the displacement

vector of the controlling point p to the variations of the mesoscopic force vector
at controlling point n. Combining relations (4.26), (4.33), and (4.34) allows us to
define the macroscopic constitutive tangent 4LM according to

δ� D

 3∑

nD1

3∑
pD1

x(n) � K(np)
M � x(p)


(rs)

︸ ︷︷ ︸
4LM

: δE (4.35)

where (.)(rs) denotes condensation with right symmetrization to relate the symmetric
Cauchy stresses to the symmetric infinitesimal strain tensor.

4.3.2
Localization of Damage at the Fine and Coarse Scales

An important issue in modeling failure by continuum methods is the localization
of deformation and degradation. Classical continuum theories notoriously suffer
from pathological localization when used to model damage and fracture [83]. At a
certain stage of the degradation process, further deformation tends to localize in
a surface, while the remaining volume unloads elastically. As a consequence, no
energy dissipation is predicted anymore. This deficiency is intimately linked to a
loss of well-posedness of the underlying boundary value problem. In numerical
analyses, this results in a pathological sensitivity of the analysis results with respect
to the spatial discretization. Damage localization thus calls for a specific treatment,
in the present multiscale case at both the mesoscopic and macroscopic scales.

4.3.2.1 Fine-Scale Localization – Implicit Gradient Damage
A number of approaches have been proposed in order to enhance continuum formu-
lations by including an intrinsic length parameter to avoid ill-posedness [83–85].
For the present study, simple nonperforated bricks are assumed. An isotropic
damage model is used at the mesoscopic scale, assuming that damage-induced
anisotropy at the macroscopic scale essentially originates from the geometrical
arrangement of the constituents. It is, however, emphasized that the principles
presented in the remainder of this chapter are mostly independent of the modeling
choice at the mesoscopic scale.

Pathological mesoscopic localization is prevented here by the use of a gradient
damage model [84]. The internal length scale included in this model implicitly
sets the width of damage bands and thus prohibits bands of zero width. A scalar,
isotropic damage field is introduced for each constituent via the stress–strain
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130 4 Computational Homogenization for Localization and Damage

relationship:

σ D (1 � D)4Lm : ε (4.36)

where 4Lm is the undamaged elastic stiffness tensor of the respective phases. The
value of the damage variable D is deduced from a damage evolution law based on a
variable κ , which represents the most severe strain state experienced so far by the
material:

D D D(κ) (4.37)

To determine whether a strain state change is accompanied by further damage
growth, a damage loading function is expressed in terms of a nonlocal or averaged
scalar measure of the strain state: εeq and of the variable κ as

f (εeq, κ) D εeq � κ (4.38)

The damage loading function f enters the Kuhn–Tucker relations

f � 0 Pκ ½ 0 f Pκ D 0 (4.39)

and an initial condition is defined for κ as

κ(t D 0) D κi (4.40)

The nonlocal εeq field is introduced as the solution of an averaging partial differ-
ential equation incorporating a material intrinsic length scale lc in the mesoscale
description:

εeq � l2cr2
mεeq D εeq (4.41)

This partial differential equation is complemented by a boundary condition of the
Neumann type applied at the interface between materials:

∇mεeq Ð n D 0 (4.42)

Details related to the damage criteria used for the constituents and the application
of this framework for masonry mesostructures are discussed in Refs [81, 82], where
it is shown that realistic results are obtained using this damage model.

4.3.2.2 Detection of Coarse-Scale Localization as a Bifurcation into an
Inhomogeneous Deformation Pattern
The macroscopic continuum used in a first-order multiscale approach remains
local, and a pathologically localized response may therefore be expected at the
macroscale. The characteristic spatial variation of the macroscopic solution would
localize in an infinitesimal volume, whereas that of the underlying mesostructural
analysis remains finite, thus violating the scale separation that was assumed a
priori between the meso- and macroscale. For disordered random heterogeneous
materials, the framework presented in Section 4.2.2 provides a solution to the above
macroscopic localization issue. In this second-order framework, the physical size
of the mesostructural RVE enters the macroscopic equilibrium problem, providing
a length scale at which the macroscopic deformation field tends to localize. This
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4.3 Continuous–Discontinuous Scale Transitions 131

WW(a) (b)

Figure 4.8 Extraction of a localization bandwidth based on
the periodicity of the material. The dashed crack pattern
(a) indicates the periodicity bandwidth for the considered
pattern. A localization band of the same width is then intro-
duced in the macroscopic continuum description (b).

second-order description, however, requires a sufficiently fine discretization of the
localized zone at the macroscopic scale to capture its kinematics. In the case of
quasi-brittle materials, damage appears at the lowest scale, below the unit-cell size.
As a consequence, the use of a macroscopic gradient-enhanced description would
not have any benefit, as the required macroscopic discretization would be of the
same resolution as the mesoscopic discretization.

In the case of masonry, macroscopic higher order continua can be avoided by
further exploiting the periodicity of the mesostructure. For each possible failure
mechanism, a localization bandwidth can be determined in a natural way by
identifying the smallest possible period over which the damage pattern may
be repeated. For most crack patterns, the bandwidth equals the unit-cell size
perpendicular to the considered average crack orientation. The crux of the method
that we develop here is now that a localization band is introduced in the macroscopic
description via a couple of weak displacement discontinuities, which have a distance
equal to the bandwidth extracted from the unit cell. This is illustrated in Figure 4.8
for the case of a staircase crack pattern. The inclusion of such localization bands
requires the following ingredients: (i) a criterion to decide when to introduce a
localization band and (ii) a criterion to determine its orientation.

The method used to retrieve the above localization characteristics relies on
pointwise concepts as defined for closed-form constitutive relations. In homoge-
neous problems, the appearance of a band in which further growth of damage
localizes may be considered as the bifurcation of a secondary solution from the
homogeneous fundamental solution. This approach is used in classical contin-
uum mechanics to derive the conditions for the onset of localization [86], and is
related to the mathematical concept of loss of ellipticity [83, 85]. For continuous
bifurcation – that is, with the same material tangent 4LM at both sides of the
discontinuity – macroscopic localization in an orientation n may occur whenever
the condition

det (A) D det (n Ð 4LM Ð n) D 0 (4.43)
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132 4 Computational Homogenization for Localization and Damage

is fulfilled. Under the assumption of a linear comparison solid, meeting
this criterion is a sufficient condition for the boundary value problem to
become ill-posed. Note that this condition was later extended to discontinuous
bifurcations – where the tangent 4LM is no longer identical on both sides of the
discontinuity [87]. The orientations n for which localization may appear once Eq.
(4.43) is satisfied are determined by the inequality:

det (n Ð 4LM Ð n) � 0 (4.44)

In a multiscale setting, the loss of uniqueness in the underlying mesostructural
problem may also be used to detect macroscopic localization. A necessary condition
for it is the loss of positive-definiteness of the underlying mesostructural discretized
stiffness [83]. Since the homogenized material stiffness is obtained from this
mesostructural stiffness, loss of positive-definiteness can be detected based on the
eigenvalues of the homogenized stiffness: λ

LM
i via

λ
LM
i,min � 0 (4.45)

which corresponds to a limit point in the homogenized stress–strain response.

4.3.2.3 Illustration of the Localization Analysis
The use of the above localization conditions in the computational homogenization
scheme for running bond masonry is now illustrated. An analysis is performed on
the eigenspectrum of the acoustic tensor associated with the macroscopic material
tangent 4LM obtained from Eq. (4.35). An eigenvalue analysis of the homogenized
tangent stiffness itself is also performed. These analyses are done for the entire
deformation path in a uniformly and proportionally stressed ‘‘structure’’. The
macroscopic ‘‘structure’’ consists of a single finite element that has the precise
dimensions of a single unit cell, in order to obtain the same load–displacement
curves at the two scales.

The considered brick has dimensions L ð h ð e equal to 165 ð 52 ð 100 mm3,
with mortar joints that are 10 mm thick. The mesostructure is represented by
means of a finite element mesh containing 396 eight-noded elements and 1440
nodes. A plane-stress behavior is assumed since the failure patterns for the
considered loading cases are not strongly affected by three-dimensional effects [82].
The damage criteria used for the brick and mortar materials are the same as in Ref.
[82], namely, a maximum principal stress criterion for the brick and a Drucker–
Prager-like criterion with a compressive cap for mortar. The material parameters
used in this illustration are listed in Table 4.1. The internal length parameter of
the nonlocal damage model is denoted by lc, while ft and fc denote the uniaxial
tensile and the uniaxial compressive strengths of the materials, respectively. The
compressive cap used for the mortar criterion is controlled by the triaxial strength
parameters fb and fh. Advanced path-following techniques [88] are used to follow
the solution path up to complete failure.

The loading case investigated here consists in vertical compression in addition to
shear. It leads to a typical failure pattern for masonry: a staircase crack. Figure 4.9
shows the final damage pattern obtained for this loading case. If complete failure
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4.3 Continuous–Discontinuous Scale Transitions 133

Table 4.1 Mesoscopic material parameters.

Material E ν lc ft Gf fc fb fh
(MPa) (mm) (MPa) (J/m2) (MPa) (MPa) (MPa)

Brick 16700 0.15 1.73 0.75 16.2 15 – –
Mortar 3900 0.20 1.73 0.13 9 5.6 8.72 7.45

n
Θ

Θ = 54.7 °C

Figure 4.9 Average crack orientation defined by the
normal n for the considered failure pattern.

is assumed, an overall crack direction can be identified, based only on geometric
arguments, as indicated by the normal vector n in Figure 4.9. For the geometry
used here, an orientation of � D 54.7Ž is thus found. This is the direction that one
would like to retrieve from the analysis at the mesostructural level, without any a
priori knowledge of the final failure pattern.

The eigenvalue data for the case of vertical compression combined with an equal
amount of shear are shown in Figures (4.10) and (4.11). Figure 4.10 shows the load–
displacement response as well as the lowest eigenvalue of the tangent stiffness,
λ

LM
i,min, for each possible orientation n. Figure 4.11 shows the lowest eigenvalue of
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Figure 4.10 (a) Load factor versus vertical displacement of
the top controlling node of the cell for vertical compression
combined with shear. (b) Evolution of the lowest eigenvalue
of the homogenized tangent stiffness.
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134 4 Computational Homogenization for Localization and Damage
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Figure 4.11 Acoustic tensor eigenspectrum at different
stages of the compression plus shear loading and corre-
sponding damage distributions.

the acoustic tensor, λA
min, as a function of the orientation or n at various stages of

the damage process, along with the corresponding damage distributions. Loss of
ellipticity occurs when λA

min vanishes for a certain direction n.
Initially, the head joint is partially degraded and damage is initiated in parts of

the bed joints, as a precursor to the expected staircase crack pattern (Figure 4.11).
However, the damaged segment of the bed joint still contains some undamaged
material. This evolution is reflected in the corresponding acoustic tensor’s eigen-
spectrum, in which the values decrease faster for orientations between � D 0Ž

and � D 90Ž compared to orientations between � D �90Ž and � D 0Ž. The lowest
eigenvalue of the homogenized tangent stiffness remains positive.

The crack pattern continues to evolve, as shown in Figure 4.11, state B, and
a first minimum of the acoustic tensor eigenspectrum becomes negative for an
orientation of � D 4.1Ž. Note that the damaged bed joint segment still contains
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4.3 Continuous–Discontinuous Scale Transitions 135

some undamaged mortar as shown in Figure 4.11, state B. The acoustic tensor
criterion (4.44) detects loss of ellipticity at this stage. However, the lowest eigenvalue
of the tangent stiffness remains positive as can be seen in Figure 4.10, point B. The
limit point of the homogenized stress–strain response has not yet been reached,
and the load can still be increased since no continuous crack path is formed and
periodic boundary conditions are applied (Section 4.3.1.3).

Upon further loading, damage spreads over the complete bed joint segment,
as illustrated for state C, leading to the formation of a staircase crack pattern.
This happens when the macroscopic limit point is reached. Simultaneously, a
second minimum of the acoustic tensor’s eigenspectrum becomes negative for an
orientation of approximately � D 58.3Ž, (Figure 4.11, state C). This orientation is
close to the averaged crack orientation specified above, the difference being linked
to the nonuniform damage distribution inside the damage zone at this stage.
As from this point, the lowest eigenvalue of the homogenized tangent stiffness
becomes negative as well (Figure 4.10), and both the loss-of-ellipticity criterion
(4.44) and the limit-point condition (4.45) are now satisfied.

The orientation corresponding to this new minimum evolves toward � D
53.8Ž, which differs by less than 1Ž from the angle of � D 54.7Ž predicted by
geometric arguments. Localization, therefore, seems to be best detected from
the homogenized tangent via criterion (4.45), as the average damage pattern
orientation appears to be linked to the second bifurcation point detected by the
loss of ellipticity criterion (4.44). This bifurcation point is reached at the limit point
in the homogenized response. The minima of the acoustic tensor eigenspectrum
first pick up an orientation other than the expected one. Clearly, the first negative
minimum of the acoustic tensor’s eigenspectrum, in the rising part of the averaged
stress–strain response, is linked to the nonsymmetry of the homogenized tangent
stiffness.

4.3.2.4 Identification and Selection of the Localization Orientation
On the basis of the above observations, the limit-point criterion is used as an
indicator of localization in the following. For the shearing compression case
presented above, this means that the first bifurcation indication obtained from the
acoustic tensor is ignored. Although this choice is in principle pragmatic, it can be
supported by energy considerations. It is justified if the fundamental homogeneous
solution path is more critical than the localized solution at this first bifurcation,
which is indeed demonstrated in Section 4.3.6.1.

Once localization is detected, the orientation of the strain discontinuity can be
determined as the one corresponding to the latest minimum of the acoustic tensor
eigenspectrum to become negative.

4.3.3
Localization Band Enhanced Multiscale Solution Scheme

Once localization is detected, the first-order multiscale technique presented in
Section 4.2.2 has to be amended in order to include localization bands as outlined
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136 4 Computational Homogenization for Localization and Damage

in Section 4.3.2.2. Localization bands in the form of a pair of weak discontinuities
embedded in an element were used in Ref. [89] to simulate strain localization in
isotropic materials. The proper representation of a true discontinuity, that is, with
complete separation of the crack faces for mode I or mode II opening and proper
energy dissipation, requires the use of kinematically enhanced strain fields [90, 91].
This improvement is, however, only clearly motivated for constant strain elements
and does not completely solve the mesh alignment sensitivity; see Ref. [92] for
a detailed discussion. More advanced discretization techniques forcing crack-path
continuity are now available for closed-form constitutive frameworks [92], but their
adaptation to multiscale techniques is not considered here.

In the present approach, strain discontinuities defining a localization band
are introduced to represent the behavior of the physical volume associated with a
macroscopic sample point (Gauss point) when macroscopic localization is detected.
The localization detection is based on the criterion presented in Section 4.3.2.2,
whereas the localization width is extracted from the unit-cell dimensions along
the direction n given by the localization detection. The material surrounding the
localization band is assumed to unload elastically, thus resulting in a discontinuous
bifurcation.

4.3.3.1 Introduction of the Localization Band
To include a discontinuous bifurcation in a macroscopic point, an approximate
embedded band model is used, based on a relaxed Taylor assumption [93]. The
Gauss point volume is split into a localized band (b), and its surrounding, unloading
volume (s) (Figure 4.12). The volume fractions of the band and surrounding material
are denoted by f b and f s, and the strain jump between the band and surrounding
material is defined by the normal to the band n and the strain jump mode m.
The relaxed Taylor model consists in imposing a constant strain in each subregion
according to

Eb D E C f s(m � n)sym

Es D E � f b(m � n)sym (4.46)

n
(s)(b)

ww

Figure 4.12 Idealization of the constitutive response for a
macroscopic material point using a relaxed Taylor model.
The responses of the material within and outside the local-
ization band are extracted from separate unit cells.
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4.3 Continuous–Discontinuous Scale Transitions 137

With these assumptions, the volume-averaged strain is identical to the macroscop-
ically applied strain:

E D f bEb C f sEs (4.47)

The stress variations in the two phases are obtained using their respective tangent
stiffnesses as

δ�b D 4Lb
M : δEb

δ�s D 4Ls
M : δEs (4.48)

and the macroscopic stress variation δ
 is obtained by volume averaging via

δ� D f bδ�b C f sδ�s (4.49)

As is clarified in Figure 4.12, the assumption is made that the material responses
of the band and of its surrounding volume can be deduced from the mesostructure
according to the same scale transition as in the initial first-order framework.
This clearly introduces an approximation, since this scale transition is based on
a (local) periodicity assumption. According to this assumption, a cell within the
band behaves as if it were surrounded by identically behaving cells, whereas in the
real mesostructure the adjacent cells may be unloading. Similarly, the behavior of
the material outside the band does not take into account the presence of weaker,
localizing cells within the band. This assumption may, therefore, have some
influence on the predicted postpeak response, for example, on the resulting energy
dissipation. An improvement could be obtained by using larger periodic cells
that include several periods of the mesostructure together with weaker (integral)
boundary conditions at their boundaries, but these options clearly require a more
extensive treatment. Another limitation of the assumed periodicity is the inability
to correctly represent the energy dissipation for failure patterns which do not match
the initial periodicity of the material. For example, for the case of localized vertical
cracking in running bond masonry (single vertical crack through the head joints
and brick), the development of two failure zones inside the unit cell may result in
an overestimation of the energy dissipation.

4.3.3.2 Coupled Multiscale Scheme for Localization
On the basis of the assumptions made above, the first-order multiscale solution
scheme can now be enhanced in order to capture macroscopic localization. Before
localization, the first-order multiscale scheme is applied. Upon the detection of
localization, a band is inserted and the amended scheme illustrated in Figure 4.13
is initiated.

On the basis of the localization orientation n and the related volume fractions,
the macroscopic strain is decomposed into strains within the band and in the
surrounding volume according to Eq. (4.46). The material response of the band
is then evaluated through the first-order multiscale scheme using a unit-cell
computation. Since the material surrounding the band is assumed to unload
elastically, its secant stiffness 4Ls

M is evaluated only once. The macroscopic stress
is obtained from the averaging relation (4.49). The determination of the complete
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138 4 Computational Homogenization for Localization and Damage

Structural scale

Mesoscopic scale

ΣΣs

Σb

Mesoscopic
BVP

Es

Eb

Volume averaging
Tangent stiffness

ΣΣ

E

w

w
Idealization

n
(b) (s)

Figure 4.13 Sketch of the enhanced first-order multiscale
scheme with embedded strain discontinuity for localized
behavior.

macroscopic material response for a given macroscopic load step now consists
in solving the following problem: given a macroscopic strain increment �E and
the orientation of the localization band n, determine (i) the macroscopic stress
increment �� (three independent unknowns in two dimensions) and (ii) the
increment of the strain jump �m (two unknowns). These unknowns may be
determined from the traction continuity requirement at the interface between the
band and its surrounding material (two equations)

n Ð (�b � �s) D 0 (4.50)

and the stress averaging relation (three equations)

� D f b�b C f s�s (4.51)

It is emphasized that the above problem (Eqs (4.50) and (4.51)) is nonlinear and
thus requires an additional iterative solution procedure at the level of a macroscopic
sampling point. This becomes apparent by expressing the traction continuity in Eq.
(4.50) in terms of the strain increments in the band and the surrounding material
as defined in relation (4.46):

n Ð (4Lb
M � 4Ls

M) : �E C n Ð ( f s4Lb
M C f b4Ls

M) : (�m � n)sym D 0 (4.52)

In relation (4.52), the tangent material stiffness in the band, 4Lb
M, is a nonlinear

function of the strain increment in the band �Eb and thus also of the strain
jump increment �m. As a consequence, three nested solution procedures are
required in this enhanced framework: (i) a solution procedure for equilibrium
at the macroscopic scale, (ii) a solution procedure to solve the nonlinear set of
equations of the localization band model, and (iii) a solution procedure at the
unit-cell level for the solution of the mesostructural boundary value problem.
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4.3 Continuous–Discontinuous Scale Transitions 139

The orientation of the localization band is not considered as an unknown, but is
determined by the localization analysis. For some fundamental equilibrium paths, a
rotation of the localization orientation may occur as a result of mesoscopic damage
evolution inside the unit cell. This effect must be taken into account to avoid stress
locking effects at the macroscopic scale. The acoustic tensor associated to the band
material tangent is, therefore, analyzed at each converged configuration and the
band orientation is updated accordingly. No crack closure effects are included at
the macroscopic scale. A localization band cannot be deactivated, and a material
point in which a localization band has been inserted is not allowed switch back to
a distributed damage pattern.

4.3.4
Scale Transition Procedure for Localized Behavior

4.3.4.1 Multiscale Solution Procedure
The multiscale scheme involves the numerical solution of equilibrium problems at
two scales: the macroscopic or structural scale and the mesostructural scale. When
localization is triggered, three sets of equations need to be solved. At the macro-
scopic scale, the global equilibrium problem can be written in the usual way as

∇M Ð � C F D 0 (4.53)

� D F
(E) (4.54)

where F
 denotes the numerically obtained response of the embedded band
model. The decomposition of the material behavior in a band and its surrounding
material is characterized by Eqs (4.46, 4.50, 4.51), and

�b D F

b (Eb)

�s D F
s (Es) (4.55)

where F

b and F
s denote the numerical response of the respective unit-cells.

At the mesoscopic scale, the governing partial differential equations are the
equilibrium equation

∇m Ð σ D 0 (4.56)

and the nonlocal averaging Eq. (4.41). Equations (4.56) and (4.41) are solved
iteratively for each iteration of the macroscopic solution procedure.

The multiscale solution procedure as discussed so far implicitly assumes that a
solution of the mesostructural problem and of the embedded band model always
exists for a given macroscopic strain E. This condition is not satisfied when
the average response exhibits a snapback. The possibility that snapbacks occur,
therefore, requires adaptations in the scale transition procedures.

4.3.4.2 Causes of Snapback in the Averaged Material Response
Snapback is a structural phenomenon appearing when localization of damage
occurs in zones that are narrow with respect to the structural size. Energetically,
it occurs when the rate at which the elastic zone releases elastically stored energy
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140 4 Computational Homogenization for Localization and Damage

becomes larger than the rate at which energy is dissipated by the degradation of
the material in a process zone. This calls for adequate path-following techniques
[88]. Such methods use a generalized load control, in which a scalar load factor
constitutes an additional unknown of the problem. To again close the set of
equations, a constraint equation is added in terms of the conventional degrees of
freedom of the structure and the load factor. A monotonically increasing quantity is
used to define the constraint and hence to control the computation. For problems
involving damage localization in narrow zones, local constraints (involving only
degrees of freedom related to the damage process zone itself) have been shown to
perform better than global constraints [88].

The macroscopic material point response is obtained here from a mesostructural
computation. This implies that the average response may also show snapback, since
relatively brittle mesostructural materials are considered and damage growth tends
to localize in the weaker and relatively narrow mortar joints. If classical nonlinear
displacement-based finite element procedures are used at the macroscopic scale,
it is implicitly assumed that for a given strain increment a resulting stress can
always be determined, that is, that the mesostructural boundary value problem
always possesses a solution for the prescribed macroscopic strain increment.
This is clearly not true for strains beyond a snapback point, and a macroscopic
displacement-based multiscale scheme may hence fail in capturing the macroscopic
equilibrium path.

A second potential source of snapback of the macroscopic material response is
formed by the averaging relations of the localization band model, that is, Eqs (4.46)
and (4.51). These relations take into account localization bands with a characteristic
volume that is smaller than the volume associated with the Gauss point where the
macroscopic material behavior is sampled. Since this band behaves in a quasi-brittle
manner and the remaining material is assumed to unload elastically, the overall
macroscopic material response may show snapback, even if the average behavior
of the band unit cell does not. This type of snapback is more likely to occur for
relatively coarse meshes, in which the damage band is thin compared to the volume
associated with the Gauss points.

To be able to handle mesostructural snapbacks in our multiscale solution scheme,
two difficulties need to be solved. First, the macroscopic solution procedure must be
able to predict a decreasing macroscopic strain increment as from the strain control
limit point. Secondly, in the snapback regime, following the elastic unloading
equilibrium path should be avoided for a given negative strain increment. For this
reason, the scale transition procedure should apply a decreasing macroscopic strain
to the mesostructure, along with an additional condition that pushes the solution
toward a dissipating path.

4.3.4.3 Strain Jump Control for Embedded Band Snapback
Let us assume that at a certain stage of a computation, a localization band has already
been introduced in the considered material volume and that the homogenized
unit-cell response does not exhibit snapback. Given the small width of the band
and the brittleness of its behavior, snapback may appear in the averaged response
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4.3 Continuous–Discontinuous Scale Transitions 141

of the finite volume associated with the considered macroscopic material point.
The kinematic variable that characterizes the strain jump between the band and
the surrounding material is the vector m. If the band material follows a softening
branch while the surrounding material unloads, the strain jump (m � n)sym should
increase, even if the overall material response exhibits a snapback. To enforce
further dissipation in the material, the macroscopic solution procedure should
thus enforce the growth of m.

A way to enforce this condition is to impose on the localization band model a
positive increment of the strain jump vector m. The vector m is, therefore, defined as
a variable at the macroscopic level in each macroscopic Gauss point. Since Eq. (4.50)
is nonlinear, simultaneously imposing a strain jump m and a macroscopic strain E
does not automatically lead to an equilibrium configuration. An equivalent number
of equations conjugate with these unknowns must, therefore, be formulated at
the macroscopic level and solved at this scale. The traction continuity requirement
between the band and surrounding material, Eq. (4.50), may be used for this
purpose. This equation couples the strain jump to the macroscopic displacement
field through the components of the macroscopic strain tensor, as shown by
relation (4.52). Because of the nonlinear nature of Eq. (4.52), the prescribed values
of the strain jump m and the applied overall strain E will generally not lead to
an equilibrium state immediately, meaning that traction continuity will not be
directly satisfied for the prescribed m. Equation (4.50) therefore has to be solved
iteratively, together with the discrete macroscopic equilibrium equations that result
from Eq. (4.53). This means that the traction continuity between the band and
the surrounding phases (Eq. (4.50)) is only satisfied in macroscopically converged
configurations and not in the intermediate iterative configurations.

4.3.4.4 Dissipation Control for Unit-Cell Snapback
As illustrated in Ref. [94], averaging of the unit-cell behavior may cause mesostruc-
tural snapback in the response of the localization band itself. To follow the
dissipative equilibrium path of the cell, an additional condition related to meso-
scopic dissipation inside the cell must be added to the data provided to the
mesostructural problem by the macroscopic solution procedure. The principle of
this technique is briefly recalled for the sake of clarity. Assuming a discontinuous
bifurcation upon appearance of the band, the surrounding material unloads elasti-
cally, and an enhancement is only needed for the unit-cell computation associated
with the localization band. A variable related to the dissipating damage process
zone – here, a nonlocal equivalent strain field degree of freedom that drives the
mesoscopic damage growth – can be imposed by the macroscopic solution proce-
dure to the cell to force the solution onto a dissipative path. This nonlocal degree of
freedom must, therefore, be transferred to the macroscopic scale, and a conjugate
equation has to be solved iteratively at this scale.

The ‘‘external’’ prescription of a nonlocal strain in the cell gives rise to a
conjugate ‘‘reaction force’’ or conjugate residual fε . This residual can be interpreted
as the external action needed to enforce the prescribed value of the nonlocal strain
increment �ε in addition to the imposed average strain E. Since in reality at
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142 4 Computational Homogenization for Localization and Damage

equilibrium no such external action exists, it should vanish in the equilibrium
state:

fε D 0 (4.57)

Rather than using this condition at the mesoscopic scale – which would be
equivalent with not prescribing �ε – it is transferred to the macroscopic solution
procedure. This allows one to have more control on the mesoscopic equilibrium
iterations, thereby still satisfying the original equilibrium equations in the final
macroscopically converged solution. This feature allows to pass strain control
limit points of the homogenized stress–strain behavior and, since it selects the
corresponding tangent stiffness, to follow the dissipative snapback solution.

For details on the practical implementation of the enhanced control of the
mesoscopic dissipation, the reader is referred to Ref. [94]. Note that the nonlocal
degree of freedom may already be introduced in the macroscopic description at
the start of the computation, as it does not have any effect in the prelocalized
regime.

An essential difference with the treatment of snapback due to the macroscopic
localization band discussed in Section 4.3.4.3 resides in the fact that the selection of
the nonlocal degree of freedom, which is used to enforce dissipation at the cell level,
should evolve as a result of mesoscopic damage evolution. The nonlocal degree of
freedom corresponding to the largest incremental damage growth is selected at
the end of each macroscopic increment as the controlling variable of a given unit
cell in the subsequent increment. Note that the procedure described here is rather
general. If another type of model is used at the mesoscale, for example, a cohesive
zone approach, the solution control can also be based on a relative displacement
between two nodes or even other quantities such as the dissipated energy, as
suggested in Ref. [95].

4.3.5
Solution Strategy and Computational Aspects

4.3.5.1 Governing Equations for the Macroscopic and Mesoscopic Solution
Procedures
As a result of the enhancements introduced in order to handle mesostructural
snapbacks, mesostructural equations have been incorporated in the macroscopic
solution procedure. The governing equations and the level at which they are solved
are summarized in Table 4.2, and the corresponding scale transition procedure is
represented graphically in Figure 4.14. The essential difference with the scheme
presented in Figure 4.13 resides in the presence of a set of mesoscopic nonlocal
degrees of freedom in the macroscopic solution procedure. The band orientation
is adapted at the start of each step, based on the evaluation of the tangent operator
in the previous converged state. In case the band unit-cell response undergoes
mesostructural snapback, its tangent stiffness becomes positive-definite, and no
localization direction can be determined anymore, in which case the orientation is
fixed to that previously determined.
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4.3 Continuous–Discontinuous Scale Transitions 143

Table 4.2 Distribution of the field-governing equations
among the different solution procedures in the enhanced
first-order scheme.

Solution level Equations Physical meaning Unknowns

Macroscopic (4.53) Macro-equilibrium Displacement field u
(macroscopic variation)

(4.50) Traction continuity Strain discontinuities m
(4.57) Non-local residual Mesoscopically prescribed εeq

Mesoscopic (4.56) Mesoscopic equilibrium Displacement field u
(mesoscopic variation)

(4.41) Nonlocal averaging Nonlocal field εeq

∇m·s = 0

∇M·Σ + F = 0

n· (Σb − ΣΣs) = 0

ƒe = 0

Macroscopic level

Mesoscopic level

u, m,

m

n
E

Eb = E + ƒs (mn)sym

Es = E − ƒb (mn)sym

e,

(b)

(s)

Eb Esecontrol

e,control

eeq – i2c ∇2eeq = eeq

Σ 4L
Σb F M Σs

n update

Figure 4.14 Principles of the localization enhanced
first-order scheme with nested macroscopic and mesoscopic
solution procedures and with mesostructural snapback han-
dling. (a) The structural scale, including localization bands
at the level of Gauss point volumes. (b) The mesoscopic
unit-cell computations.
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144 4 Computational Homogenization for Localization and Damage

4.3.5.2 Extraction of Consistent Tangent Stiffness for Unit-Cell Snapback Control
The fact that a mesoscopic degree of freedom is now included in the set of
unknowns at the macroscopic level means that the extraction of the macroscopic
tangent operator presented in Ref. [55] must be adapted as well. This tangent now
consists of four tensors that relate variations of the stress tensor 
 and the nonlocal
residual fε to variations of the strain tensor E and the nonlocal variable ε according to

δ� D 4Cuu
M : δE C Cue

Mδε, δfε D Ceu
M : δEC : Cee

Mδε (4.58)

The tangent stiffness relation of the mesostructural problem, condensed toward
the control displacements and the controlling nonlocal degree of freedom, reads
in matrix format:[

[Kuu
M ]

{
Kue

M

}
hKeu

Mi Kee
M

] { fδuMg
δε

}
D

{ {
δfM

}
δfε

}
(4.59)

When expressed in tensorial format, this relation can be reworked to obtain the
following expressions for the consistent tangent [94]:

4Cuu
M D 1

V


 3∑

nD1

3∑
pD1

x(n) � Kuu
M

(np) � x(p)


(rs)

, Cue
M D 1

V

(
3∑

nD1

x(n) � Kue(n)
M

)

Ceu
M D 1

V


 3∑

pD1

Keu(p)
M � x(p)


(rs)

, Cee
M D Kee

M (4.60)

The consistent tangent operator 4Cuu
M defined by relations (4.60) is not the material

tangent in the usual sense, due to the presence of additional information related to
the mesoscopic nonlocal degree of freedom ε. Upon macroscopic convergence, the
unit cell is in equilibrium under the prescribed macroscopic strain increment and
the residual fε vanishes, and the material tangent operator may then be recovered as

4LM D 4Cuu
M � 1

Cee
M

Cue
MCeu

M (4.61)

for the detection or update of the localization orientation.

4.3.5.3 Discretization and Linearization of the Macroscopic Solution Procedure
A nested finite element strategy is used in order to solve the governing equations
according to the scheme given in Table (4.2). To achieve this, unknowns related to
the following kinematic variables have to be defined in the macroscopic solution
procedure: (i) the displacement field u, (ii) the strain jump vector m in each
quadrature point where bifurcation has occurred, and (iii) a mesoscopic nonlocal
strain degree of freedom ε in each quadrature point. Two unknowns related to the
strain jump m and one related to ε are thus defined in each integration point. The
displacement field is interpolated by conventional finite element shape functions.
Note that the piecewise uniform strain state assumed in the localization band
model is only consistent with the finite element interpolation of the displacements
in case constant strain triangle elements are used. This restriction is also present
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4.3 Continuous–Discontinuous Scale Transitions 145

in ‘‘classical’’ embedded discontinuity elements available in the literature, the
formulation of which is usually well motivated only for constant strain elements [92].

Using the finite element displacement interpolation, the discretized form of the
governing equations in iteration k is given in matrix format by∫

V
[B]T

{

(k)

}
dV D

{
f (k)
ext

}
(4.62)

[n]
({


b,(k)
}

�
{

s,(k)

})
D f0g (4.63)

f (k)
ε D 0 (4.64)

where [B] is the matrix that links the interpolated macroscopic strain field to the
macroscopic nodal displacements and [n] is a matrix containing the components
of the normal to the localisation band. The integral in Eq. (4.62) is defined on the
entire structure. Equations (4.63) and (4.64) are formulated for each quadrature
point where the macroscopic material behavior is sampled. Relations (4.62)–(4.64)
are linearized below{


(k)
} D

{

(k�1)

}
C fδ
g (4.65){

m(k)
} D

{
m(k�1)

}
C fδmg (4.66)

ε(k) D ε(k�1) C δε (4.67)

where δ indicates the change of a quantity between two successive iterations.
The macroscopic stress variation in a given quadrature point may be obtained

using the stress averaging on the localization band and the remaining material
according to Eq. (4.51), in which the band and the surrounding responses (4.55)
are substituted and in which Eq. (4.58) is used for the band. If [Ls] contains the
components of the secant stiffness of the surrounding material, one obtains

fδ
g D f b
([4Cuu

M

] {
δEb

}
C [

Cue
M

]
δε

)
C f s [4Ls

M

] {
δEs} (4.68)

Expressing the strains in the band and in the surrounding material in terms of the
strain discontinuity via Eq. (4.46) and introducing the finite element interpolation
for the macroscopic strain E, the variation of stress can be written as

fδ
g D
(

f b [4Cuu
M

] C f s [4Ls
M

])
[B] fδug

C f bf s ([4Cuu
M

] � [4Ls
M

])
[n] fδmg C f b [

Cue
M

]
δε (4.69)

where the matrix [n] is defined such that its multiplication with fδmg yields the
symmetric part of n � δm. Note that in this expression the first term connects
the macroscopic displacement degrees of freedom of the considered macroscopic
finite element, whereas the remaining terms are related to variations of variables
that are local to the considered quadrature point.

Substituting Eqs (4.65) and (4.69) in the discretized macroscopic equilibrium,
Eq. (4.62) yields

[Kuu] fδug C
∑

(i)

(
[Kum,(i)]

{
δm(i)

} C {
Kue,(i)

}
δε(i)

) D
{

f (k)
ext

}
�

{
f (k�1)
int

}
(4.70)
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146 4 Computational Homogenization for Localization and Damage

where

[Kuu] D
∫

V
[B]T (f b [4Cuu

M ] C f s [4Ls
M]) [B]dV (4.71)

[Kum,(i)] D V(i)f
bf s [B]T ([4Cuu

M ] � [4Ls
M]) [n] (4.72){

Kue,(i)
} D V(i)f

b [B]T
{
Cue

M

}
(4.73)

and
{

f (k)
ext

}
are the external nodal forces in iteration k. The sum over the Gauss

points, indicated by the index i in the two latter relations, reflects that the strain
jump unknowns and the mesoscopic nonlocal strain unknowns are associated with
these points. All terms in Eqs (4.72) and (4.73) are evaluated at the considered
Gauss points and V(i) denotes the volume associated with the considered Gauss
point.

Traction continuity across the boundary of the localization band in a given
Gauss point volume, as expressed by Eq. (4.63), can be linearized using similar
substitutions as above. This leads to the following linearized equation for iteration k:

[Kmu] fδug C [Kmm] fδmg C fKmeg δε D �[n]
({


b,(k�1)
}

�
{

s,(k�1)

})
(4.74)

with the corresponding stiffness matrices defined as

[Kmu] D [n] ([4Cuu
M ] � [4Ls

M]) [B] (4.75)

[Kmm] D [n] (f s[4Cuu
M ] � f b[4Ls

M]) [n] (4.76)

fKmeg D [n]
{
Cue

M

}
(4.77)

Finally, the linearization of Eq. (4.64) is obtained by substituting the band strain
given by Eq. (4.46) into the expression of the nonlocal residual variation (4.58),
yielding for iteration k:

hKeui fδug C hKemi fδmg C Keeδε D �f (k�1)
ε (4.78)

with

hKeui D hCeu
Mi[B] (4.79)

hKemi D f shCeu
Mi[n] (4.80)

Kee D Cee
M (4.81)

4.3.5.4 Introduction of Localization Bands upon Material Bifurcation
In the first increment after localization detection in a certain macroscopic material
point, separate responses of the band and surrounding material are evaluated in the
considered point. On the basis of the detected localization orientation n, a branch
switching procedure is applied to force the appearance of a strain jump (m � n)sym

between the band and the surrounding material. The vector m is unknown, and no
estimate for it is available from the previous increment.

However, a prediction of m can be obtained from the discontinuous bifurcation
assumption. The rate of the vector m must satisfy the linearized form of the traction
continuity (4.50)

(n Ð 4Lb
M Ð n) Ð ž

m D n Ð (4Ls
M � 4Lb

M) :
ž
E (4.82)
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4.3 Continuous–Discontinuous Scale Transitions 147

where 4Lb
M denotes the tangent stiffness in the band and 4Ls

M the tangent stiffness
in the remaining material. Initially, the latter is taken equal to the secant stiffness,
whereas the tangent stiffness before bifurcation is used as an initial estimate for
4Lb

M. Since the direction n has been determined by the localization condition, Eq.
(4.82) can be used to estimate the finite increment �m, which is consistent with the
finite increment of the overall strain �E. This estimate is only an approximation
since finite increments are estimated from the linearized equation and since the
tangent stiffness before the bifurcation is used as an estimate for the band stiffness.
With this strain jump prediction �m, the strain increment in the localization band
may be predicted as

�Eb D �E C f s(n � �m)sym (4.83)

So far, the prediction of the nonlocal degree of freedom increment �ε available
from the macroscopic solution procedure does not take into account the branching
at the bifurcation point, since it still relates to the overall strain increment �E. A
new prediction of �ε thus has to be obtained, related to the strain increment �Eb

applied to the band rather than to �E. This new prediction of the nonlocal degree
of freedom may be obtained from relation (4.78) by setting the nonlocal residual
increment �fε to zero. A correction for �ε that takes into account the appearance
of the strain jump is thus obtained as

�ε D �1

Kee
[hKeui f�ug C hKemi f�mg] (4.84)

4.3.6
Applications and Discussion

In this section, the numerical multiscale framework developed above is applied
in a number of relevant test problems. The selection of bifurcated solutions
suggested in Section 4.3.2.4 is first scrutinized for the case of homogeneous
compressive shearing loading. Two simple test cases with homogeneous loading
at the macroscopic scale are then considered in order to illustrate the capability of
the algorithm to treat mesostructural snapback and its sensitivity to the absolute
size of the mesostructure. Finally, an example of a structural computation is given.

4.3.6.1 Selection of Localized Solutions
As illustrated and discussed in Section 4.3.2.3, the macroscopic localization criterion
detects loss of ellipticity in the rising part of the load–displacement curve, prior to
the satisfaction of the limit-point criterion. The question thus arises whether the
proposed algorithm for the selection of the solution path detects the most critical
path. To verify this, the enhanced multiscale technique presented in Section 4.3.3 is
applied to a ‘‘structure’’ made of a single finite element subjected to homogeneous
vertical compression combined with shear. The same unit cell is used as in Section
4.3.2.3 and in Ref. [82]. The macroscopic element dimensions are 800 ð 800 mm2.
The computation is performed for the fundamental, homogeneous path, as well
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148 4 Computational Homogenization for Localization and Damage
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Figure 4.15 Load–displacement curve for vertical compres-
sion combined with shear for fundamental and bifurcated
solutions based on loss-of-ellipticity and limit-point criteria.

as for all bifurcated paths detected by the loss-of-ellipticity criterion and by the
limit-point criterion.

The load–displacement curves obtained are depicted in Figure 4.15. It can be
noticed that an equilibrium path can indeed be traced for both detected bifurcation
points. When the localized solution is followed at the first bifurcation, a new path is
found, which shows rather large rotations of the localization band. Localization is
first detected for an orientation of approximately � D 4Ž, and the last equilibrium
configuration for this bifurcated solution shows an orientation of � D 35Ž. The
final damage pattern is a staircase crack pattern, as for the fundamental solution.
If the homogeneous path is followed at the first bifurcation, another bifurcation
point is detected when the limit point is reached. A secondary solution is also
available in this case as illustrated in Figure 4.15. The band orientation associated
with this bifurcation is consistent with the average orientation of the staircase crack
pattern.

The most critical solution at each bifurcation point is that for which the smallest
amount of incremental work must be supplied to the material. As no closed-form
material law is available here, the supplied work is evaluated numerically, on the
basis of the computed overall stress � and strain increment �E for the obtained
solution paths. The equilibrium paths are traced with small loading steps near
the bifurcation points. The supplied energy density variation versus load factor is
depicted for both solutions at the two bifurcation points in Figure 4.16. Figure 4.16a
indicates that for the first bifurcation, the material needs less energy to proceed
along the fundamental path compared to the localized solution. This suggests
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Figure 4.16 Supplied incremental work density for the alter-
native solution paths in the compression–shear test: (a) first
bifurcation detected by the loss-of-loss-of-ellipticity criterion
and (b) second bifurcation detected by limit-point criterion.
At the second bifurcation, the load factor is decreasing.

that the first bifurcation point should indeed be passed without introducing a
localization band, as predicted by the limit point criterion. At the bifurcation
detected by the limit-point criterion, on the contrary, the localized solution is more
critical than the fundamental path, as it minimizes the incremental energy supply
to the material (Figure 4.16b).

This illustration thus gives a heuristic justification for the procedure defined
for localization detection in Section 4.3.2.3. It is, however, emphasized that this
verification is difficult to implement in real structural computations since it requires
knowledge of all bifurcated solutions to decide on which path to follow.

4.3.6.2 Mesostructural Snapback in a Tension–Compression Test
As shown in Ref. [94], the multiscale framework can be applied to trace the
homogenized response where mesostructural unit-cell snapback occurs. If a unit
cell is considered to be a part of a structure within the nested multiscale scheme, the
unit-cell computation is strain driven and the snapback control technique discussed
in Section 4.3.4 is required. To illustrate this, a macroscopic ‘‘structure’’ is tested,
which consists of a single, quadratic (serendipity) quadrilateral finite element
under homogeneous macroscopic loading. As a result, all four Gauss points of the
element exhibit the same response. The bifurcation detection and branching are
not activated in this computation to ensure that the unit-cell response is the only
possible cause of snapback in the homogenized material response. The structure is
proportionally stressed with vertical compression combined with horizontal tension
along the stress path (
xx , 
yy, 
xy) D (0.2, �1, 0). The macroscopic ‘‘structural’’
dimensions are taken such that the volume associated with each Gauss point by
the quadrature scheme is identical to that of the unit cell, which has the same
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150 4 Computational Homogenization for Localization and Damage
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Figure 4.17 Load–displacement curve and
damage distribution obtained by the mul-
tiscale modeling for homogeneous macro-
scopic tension–compression loading. Each
damage distribution corresponds to the

point indicated in the load–displacement
curve. The stars in the damage distributions
indicate the degree of freedom that is se-
lected for the snapback control in the next
increment.

dimensions as in Section 4.3.2.3. The damage criteria and material properties used
for the constituents are taken from Ref. [82].

The load factor evolution obtained in Ref. [94] is shown in Figure 4.17 as a
function of the top vertical displacement of the structure divided by the number of
unit cells along the height of the structure. This curve shows that unit-cell snapback
occurs and it is correctly dealt with by the dissipation-enhanced scale transition.
For each point of the load–displacement curve marked by a capital letter, the
damage state inside the unit cell is also depicted in the figure. The node used for
the dissipation control in each increment is identified by a star. At each stage,
these selected nodes are clearly positioned where the incremental damage growth
is highest.

To investigate the effect of mesoscopic bifurcation on this result, the analysis is
repeated with a macroscopic ‘‘structure’’ of modified dimensions 600 ð 300 mm2.
Only one macroscopic finite element is again used, which means that the volume
associated with each Gauss point by the quadrature scheme is now larger than the
unit-cell dimensions. The macroscopic loading is kept homogeneous such that all
Gauss points exhibit the same behavior. For this test, the homogeneous structural
solution without localization is compared with that in which the material response
is allowed to localize simultaneously in all Gauss points, that is, the solution in
which part of every Gauss point volume is allowed to unload once the bifurcation
condition is satisfied.

The results of this analysis are presented in Figure 4.18. The predicted localization
bands have a vertical orientation, corresponding to the final damage pattern. The
effect of the localization band clearly appears in the load–displacement curve,
in which a sharper snapback is found for the localized solution. An asymmetric
damage pattern is observed in the cell for the localized solution, due to the
use of the nonlocal strain control in the multiscale procedure. As illustrated in
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Figure 4.18 Load–displacement curves and damage dis-
tribution obtained by multiscale modeling for macroscopic
tension–compression loading for fundamental and localized
solutions.

Figure 4.18, joint and brick damage is initiated in a symmetric fashion prior to
localization. This symmetry causes a bifurcation to appear at the mesoscopic level.
This mesoscale bifurcation is not detected in the stress-controlled, direct unit-cell
computation, which therefore shows a symmetric response. If the enhanced
multiscale technique is used, together with the branching procedure for the band
introduction, the unit-cell dissipation control selects one nonlocal strain degree of
freedom for controlling the unit cell even if its symmetric counterpart would be
equally suitable. As a consequence, the asymmetric solution in which the selected
node continues to be damaged is followed. The sharper snapback observed in
Figure 4.18 is, thus, caused not only by the presence of the localization band in
each Gauss point but also by the occurrence of a different mesoscopic damage
pattern inside the unit cell.

4.3.6.3 Size Effect in a Shear–Compression Test
As a second elementary test, a single macroscopic element is subjected to vertical
compression combined with shear, similar to that discussed in Section 4.3.2.3.
The influence of the ratio of the structural and the mesostructural dimensions
is examined. Since the mesostructural size enters the macroscopic computation
via the localization band width, a size effect is observed at the macroscopic scale.
For a higher ratio of the structural dimension and the unit-cell dimension, a
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Figure 4.19 Load–displacement curve for vertical com-
pression combined with shear for two different structural
dimensions and a fixed unit-cell size.

more brittle structural postpeak response is expected, since the volume in which
energy is dissipated is smaller compared to the structural size. To show this
effect, the vertical compression–shearing test is repeated with the same unit-cell
dimensions, but with two different structural dimensions, namely, 800 ð 800 mm2

and 1600 ð 1600 mm2.
Figure 4.19 shows the load factor versus the displacement, normalized by

the structural size, for both structural dimensions, together with the structural
fundamental paths. For a fixed unit-cell size, a larger structure indeed clearly leads
to a more brittle structural response.

4.3.6.4 Masonry Shear Wall Test
Data related to large-scale tests on masonry structures are scarce in the literature
because of the practical difficulties associated with such experiments. Confined
shear wall tests are the most commonly used structural experiments [96]. Similar
experimental results were already used in Ref. [97] for the validation of a discrete
mesoscopic masonry model. For practical reasons, the tested structures usually
consist of only a few bricks. Since the scale separation between the structural and
mesoscopic scales remains intrinsically small in such panels, the corresponding
results cannot be used for the quantitative validation of homogenization based
models. However, given the lack of experimental data on large-scale structures,
the small-scale test data are nevertheless used here for a qualitative assessment of
the multiscale modeling. The type of test reported in Ref. [96] for shear walls with
openings are considered for this purpose, with altered mesoscopic and macroscopic
dimensions for the multiscale approach to remain applicable. The dimensions of
the opening are also modified with respect to the dimensions of the wall.
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Figure 4.20 Shear test on a wall with opening: two-phase loading and dimensions.

The wall geometry considered in the simulation is shown in Figure 4.20. It
consists of a planar masonry wall of dimensions 2500 ð 3000 ð 100 mm3. An
opening with dimensions 800 ð 1200 mm2 is present in the wall. The geometry is
slightly asymmetric in order to trigger an asymmetric response. The assumed size
of the bricks relative to the wall is shown in Figure 4.20 in order to emphasize
the costly character of a complete, fine-scale modeling of this structure. In the
experiments reported in Ref. [96], the top and bottom boundaries of the wall were
‘‘clamped’’ in steel beams. The loading was applied in two phases (Figure 4.20). In
a first phase, the wall was compressed by a vertical distributed load applied at the
top of the wall, resulting in a uniform vertical displacement. In the second loading
phase, the vertical displacement of the top was fixed and a horizontal shearing
force was applied. Here, the effect of the loading setup is represented by two bands
of elements with elastic behavior. The vertical displacement of the top boundary is
forced to remain uniform to simulate the presence of a steel beam. To represent
the (imperfect) clamping of the wall in the steel beam, a lower stiffness is assumed
for the two rows of elastic elements. The shearing load is applied as a distributed
load on the right-hand side of this row of elements.

Experimentally, a complex crack evolution pattern was obtained. The observed
crack pattern stages are illustrated in Figure 4.21, after Ref. [96]. Damage was first
initiated in the form of diagonal cracks, starting at corners of the opening and in
the middle of its top border (Figure 4.21, state A). These specific damage initiation
locations were linked to the small number of bricks in the specimen (the opening
in the wall had a width of approximately one brick). Soon after their initiation, these
diagonal cracks became inactive, upon the appearance of two tensile horizontal
cracks at the free boundaries (Figure 4.21, state B). Later, these horizontal cracks
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Figure 4.21 Shear test on a wall with opening – successive
cracking states observed in experiments [96].

were arrested and two of the diagonal cracks were reactivated and propagated
toward the top-right and bottom-left corners of the wall (Figure 4.21, state C).
Finally, a structural failure mechanism was observed, with compressive crushing
of two corners of the wall and of the two corners of the opening ahead of the
tensile cracks (Figure 4.21, state D). The created cracks define four distinct parts
of the wall, which rotate with respect to each other in an almost rigid manner, as
sketched in Figure 4.21, state E. Note that the diagonal cracking present in this test
causes nonorthotropic damage states, which are difficult to model with closed-form
models.

For the numerical simulation, the mesostructure of the material is made of bricks
of dimensions 90 ð 30 ð 100 mm3 with 10 mm thick mortar joints. The unit cell is
discretized with a rather coarse mesh of 120 elements, since the objective here is to
illustrate the application of the scale transition. Two elements are used on the width
of a joint. A biquadratic displacement field and a bilinear nonlocal strain field are
used at the mesoscopic scale, together with plane-stress assumption. Note that the
compressive crushing observed in the last cracking stage of the experiment cannot
be captured by this plane-stress computation. A generalized plane-state description
would be useful in this respect, but would require a considerably finer mesoscopic
discretization to simulate brick cracking [79]. A maximum principal stress criterion
is used for the brick material and a Drucker–Prager criterion with a compressive
cap is used for mortar. The same mesoscopic material parameters as reported in
Table (4.1) are used, except for the intrinsic length scale, which is taken here as
lc D 2.2 mm in order to have a sufficient number of elements within the localizing
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4.3 Continuous–Discontinuous Scale Transitions 155

zone for the coarse discretization used. At the macroscopic scale, a mesh of 48
elements is used with a biquadratic displacement interpolation and a four-point
integration scheme. Each iteration of the macroscopic solution procedure thus
requires the solution of 192 mesostructural boundary value problems. A resultant
compressive vertical load of 37.5 kN is considered for the first loading phase. The
computation is continued until loss of convergence, that is, the postpeak response
is not traced.

The evolution of the macroscopic localization during the computation is illus-
trated in Figures (4.22)–(4.27) for each of the states A, B, and C indicated in
Figure 4.21. In these figures, the embedded localization bands are represented
by their respective orientations for the Gauss points in which localization has ap-
peared. For each of these states, the mesoscopic damage field in typical unit cells is
shown. Unless stated otherwise, the unit-cell damage patterns are related to the lo-
calization band of the Gauss point where a band is present. The macroscopic stress
distribution is shown on the deformed shape of the structure – displacements have
been magnified by a factor of 1000.

As depicted in Figure 4.22, cracking initiates at the top-right and bottom-left
corners of the opening. This crack initiation is due to horizontal tension combined
with shear. At this stage, the orientation of the localization bands clearly reflects
the staircase damage pattern obtained at the mesoscopic scale, which involves
nonorthotropic damage effects. Some further damage evolution is already present
in nonlocalized Gauss points, indicating that the diagonal cracking propagates in
the direction of the corners of the wall. For the first localization band at the top
of the opening, further damage evolution already influenced the staircase pattern
in the situation represented in Figure 4.22. Fully anisotropic effects are, however,
still present due to unloading of the material surrounding the localization band,

Macroscopic
Σxx (MPa)

Embedded
discontinuities

Mesoscopic
damage

−0.6 −0.4 −0.2 0

0

0.2

0.4

0.6

0.8

1

(a) (b) (c)

Figure 4.22 State A – initiation of diagonal cracking: (a)
macroscopic horizontal stress distribution, (b) embedded
discontinuities, and (c) mesoscopic damage distributions.
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156 4 Computational Homogenization for Localization and Damage

Mesoscopic damage insurrounding
material

Mesoscopic damage in band
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Figure 4.23 Damage distribution in state A with diagonal
cracking: comparison between damage states inside and out-
side the localization band of the first localized Gauss point
above the opening.

which exhibits a staircase pattern as illustrated in Figure 4.23. The rather high
level of damage reached in the surrounding material has a considerable impact on
the aggregate response of this Gauss point, since the band occupies only a limited
volume fraction of the associated material volume.

Upon further shearing, tensile damage zones localize at the edges of the wall
as illustrated in Figure 4.24. During this stage, the existing diagonal cracks at
the top and bottom of the opening do not evolve strongly (top unit cell in

Macroscopic
Σyy (MPa)

Embedded
discontinuities

Mesoscopic
damage
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0.2

0.4

0.6

0.8

1

(a) (b) (c)

Figure 4.24 State B – appearance of lateral horizon-
tal cracks: (a) macroscopic vertical stress distribution,
(b) embedded discontinuities, and (c) mesoscopic damage
distributions.
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4.3 Continuous–Discontinuous Scale Transitions 157

Mesoscopic damage in
surrounding material

Mesoscopic damage in band
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Figure 4.25 Damage distribution in state B with horizon-
tal tensile cracking within the localization band and in the
surrounding material.

Figure 4.24). The multiscale approach is thus able to represent the transition from
the diagonal cracking to the tensile lateral cracking as observed in experiments on
small structures of a similar shape (Figure 4.21). The comparison of the damage
distribution within the band and in the surrounding material for the tensile cracks is
presented in Figure 4.25. A rather low damage level is obtained in the surrounding
material as a result of the pure mode I opening of the bed joint, for which the
behavior becomes unstable early in the damaging process.

After the opening of the horizontal tensile cracks, the growth of the diagonal
cracks near the opening is reactivated as observed in the experiments. This further
propagation is accompanied by a reduced progression of the lateral tensile cracks.
It is also observed that the embedded discontinuities near the corners of the wall
tend to be inclined toward a horizontal direction, as shown in Figure 4.26 (top and
bottom unit cells). The comparison between the damage distribution within the
band and in the surrounding material for a point located just below the top beam
is shown in Figure 4.27. Although damage is concentrated in the bed joints, as in
the case of the horizontal tensile cracks (Figure 4.25), the level of damage in the
surrounding material is considerably higher here. This reflects the fact that under
the compressive stress path followed by this point, damage may grow substantially
before triggering localization.

Finally, the damage continues to grow in the direction of the corners of the wall,
simultaneous with a reduced evolution of the lateral horizontal cracks (Figure 4.26).
The result of this damage evolution is that strong redistributions of stresses occur,
which lead to high compressive vertical stresses at four locations as observed in the
experiments (Figure 4.26a). Note also that the vertical tensile stress field is altered
around the horizontal cracks by the presence of the damage. Figure 4.26 also
confirms the presence of four highly compressed regions. The compressive failure
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158 4 Computational Homogenization for Localization and Damage
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Figure 4.26 State C – propagation of diagonal cracking:
(a) macroscopic vertical stress distribution, (b) embedded
discontinuities, and (c) mesoscopic damage distributions.
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Figure 4.27 Damage distribution in state C with compres-
sive bed joint damage within the localization band and in
the surrounding material.

at these locations represents the last stage of the cracking process as observed in
experiments. The use of a generalized plane state would have an impact at this
stage of the computation. Noteworthy is the fact that already at this stage, a good
indication of the structural failure mechanism is found. The deformed shape of
the wall depicted in Figure 4.26 shows that a mechanism is formed with the four
parts of the cracked wall, which rotate with respect to each other.

It is emphasized that the last stage, represented in Figure 4.26, corresponds to a
stage in which the final failure pattern has not yet been reached, since the postpeak

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



4.4 Closing Remarks 159

branch of the structural response was not traced. Nevertheless, a qualitatively correct
prediction of the evolution of damage is obtained by the multiscale approach. In
particular, the complex evolution of local cracking mechanisms, coupled with the
appearance of mesoscopic damaging zones, is captured in the same order as
observed experimentally.

4.4
Closing Remarks

The examples shown in the previous sections demonstrate the capability of the
computational homogenization methodology in general and in the context of
localization of deformation and damage in particular. The major benefit of the
method is that it requires no a priori assumptions on the macroscopic constitutive
response. As a result, it can represent extremely complex material behavior due to
evolving microstructures in a natural manner, as exemplified by the simulations of
masonry cracking shown in the previous section.

Although the conventional, first-order computational homogenization method is
well established, it is limited to problems in which a clear separation of scales exists
(Section 4.1). The extensions summarized in this chapter allow one to push the
concept beyond the conventional realm of homogenization, toward problems in
which damage and degradation lead to macroscopically localized solutions and the
scale separation principle is thus violated. As discussed in Section 4.2, continuous–
continuous scale transitions can be extended to include higher order deformation
gradients. The resulting framework can be used for problems with mild localization
phenomena. Where the localization is more pronounced, perhaps culminating
in final fracture, a transition must be made to a discontinuous description. One
possible approach here is to employ the continuous– discontinuous scale transition
discussed in Section 4.3; similar and alternative routes have been suggested, for
instance, in Refs [67–69].

Unfortunately, the increasing complexity of the material behavior dealt with, as
well as of the interaction between the different spatial scales of a problem, at the
same time, requires an increasingly complex computational treatment. Quasi-brittle
materials such as the brick masonry considered in Section 4.3 are perhaps the most
challenging in this respect, as they present the added difficulty of snapbacks and
other instabilities at several spatial scales. Although the cornerstones of a general
framework for them are now in place, many of the remaining bricks are presently
under development – see, for example, Refs [98, 99] for recent developments.
However, the specialization to other application domains may also present further
challenges, perhaps requiring the combination of the methods developed here with
other extensions of the first-order framework as listed in Section 4.1.4. We believe
that we are still far from employing the full potential of these computational scale
transitions and that the subject will therefore remain an active field of research in
the years to come.
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5
A Mixed Optimization Approach for Parameter Identification
Applied to the Gurson Damage Model
Pablo Andreś Muñoz-Rojas, Luiz Antonio B. da Cunda, Eduardo L. Cardoso,
Miguel Vaz Jr., and Guillermo Juan Creus

5.1
Introduction

Numerical simulation of metal-forming operations has experienced a steady growth
in the last decade, mainly due to the development of robust elastic–plastic finite el-
ement commercial packages. Large strain plasticity, contact and friction modeling,
meshing and remeshing procedures, and complex material constitutive relations
are some areas that experienced growth in the last years. In spite of the widen-
ing spectrum of successful modeling strategies, the determination of material
parameters still constitutes a challenge. The most common strategies to determine
material parameters are based on standard mechanical tests assuming uniform
stress–strain fields. Such strategies are well known and generally easy to be imple-
mented in industries. However, it is worth noting that material parameters should
be determined on the basis of experiments that reproduce stress–strain states close
to the intended application of the material.

Many different strategies have already been conceived and proposed for the
identification of constitutive parameters of a wide range of materials, most of
which are based on the solution of so-called inverse problems. Techniques to
solve inverse problems (e.g., genetic algorithms (GAs) and gradient-based opti-
mization techniques, among others) provide adequate tools to address parameter
identification. Higher complexity of material constitutive relations would require
more elaborate and robust identification techniques (the number of parameters
and the corresponding degree of interdependence play a fundamental role in the
success or failure of a given identification strategy). For instance, a fully coupled
elastic–plastic and damage material model requires not only a reliable finite ele-
ment approximation but also an optimization strategy able to avoid the many local
minima typical of this class of materials.

In this chapter, the major concern is the identification of the material parameters
of the Gurson model for ductile damage evolution. Section 5.2 reviews the damage
model and highlights some important aspects through particular examples, espe-
cially the role played by its material parameters. Section 5.3 presents the general

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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166 5 Identification of the Material Parameters of the Gurson Model

concept used for parameter identification based on an optimization approach.
In order to skip local minima, the strategy uses a combination of evolutionary and
gradient-based optimization algorithms. General issues and individual modeling
aspects of both optimization techniques are discussed in Section 5.4. The approach
to sensitivity analysis used in conjunction with the gradient-based optimization pro-
cedure is summarized in Section 5.5, emphasizing applications for path-dependent
problems. Special attention is devoted to a modified finite difference method
and its particularization to a semianalytical approach. Section 5.6 summarizes
the proposed mixed optimization strategy. Section 5.7 presents applications for
identification of plastic and damage parameters of low carbon steel and aluminum
alloys. Finally, highlights of the proposed strategy are given in Section 5.8.

5.2
Gurson Damage Model

The purpose of this theory (originally presented by A. L. Gurson [1, 2] in a PhD
dissertation advised by J. R. Rice) was to develop approximate yield criteria and
flow rules for porous materials, focusing the effect of void nucleation, and growth,
as observed in ductile fracture. Porosity may be assumed as a measure of isotropic
damage according to the concept of Kachanov [3, 4].

Figure 5.1, taken from the original work [2], defines macroscopic and microscopic
stress and strain and the spherical model of a unit cell. The isotropic damage

Σ2j, E2j

Σlj , Elj

sij , eij

Σ3j, E3j

2

3

o

bR

q

Spherical model

Unit sphere
Principal axis system

f

2

3

1

1

Figure 5.1 Void-matrix aggregate, with random void shapes
and orientations, evidencing macroscopic and microscopic
tensor quantities, and also the unit cell model studied by
Gurson [2].
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5.2 Gurson Damage Model 167

variable is the volumetric void fraction or porosity f = Vv/V , where Vv is the
volume of voids in a representative small volume V, corrected for effects as stress
concentration, and so on; f is defined at each point of the continuum.

The yield criterion is approximated through an upper bound approach. Simplified
physical models for ductile porous materials (as aggregates of voids and ductile
matrix) are employed, with the matrix material idealized as rigid–perfectly plastic
obeying von Mises yield criterion. Using a distribution of macroscopic flow fields
and working with a dissipation integral, the upper bound for the macroscopic stress
fields required for yield is determined [2]. The locus in stress space determines the
yield surface. It is also shown that normality holds for this yield surface.

The yield surface originally proposed by Gurson had the form

� = T2
eqv + 2f cosh

(
Tnn

2

)
− 1 − f 2 = 0 (5.1)

with

Teqv =
(

3sijsij

2σ 2
y

)1/2

, sij = σij − pδij, p = 1/3σijδij, Tnn=3p

σy
(5.2)

where σij are the Cauchy stresses and σy is the yield stress in simple tension.
A prior model, the Drucker–Prager theory [5], also proposed a yield criterion

dependent on hydrostatic stress in the general form√
1/2sijsij = a1 + a2p (5.3)

The importance of Gurson theory comes from the establishment of a direct
relationship between the effect of the hydrostatic stress p and the porosity f.

The equation usually employed in computational damage analyses, the so-called
Gurson–Tvergaard model [2, 6], differs from Eq. (5.1) and considers a yield surface
defined by

� =
√

3

2
sijsij − ωσy = 0 (5.4)

where

ω =
[

1 − 2α1 f cosh
(

α23p

2σy

)
+ α3f 2

]1/2

(5.5)

In the expressions above, αi are material parameters. The original Gurson’s model
[2] does not include the parameters αi. The introduction of these parameters
was proposed by Tvergaard [6, 7] to improve the approximation of experimental
results for slip bands at low values of f. The first parameter (α1) is a coefficient
multiplying the porosity f, to be adjusted by comparing numerical simulations
of the representative volume element (RVE) aggregates and the predictions of
the model [6]. As the element studied by Gurson was a single hollow sphere,
disregarding interaction among voids, this coefficient attempts to introduce the
void interaction effect. The values proposed by Tvergaard are

α1 = 1.5, α2 = 1.0, α3 = α2
1 (5.6)
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168 5 Identification of the Material Parameters of the Gurson Model
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Figure 5.2 Gurson yield surface for a porous material,
showing the influence of pressure and volumetric void
fraction.

According to Thomason [8], α1 allows to adjust the influence of f on the yield
surface, while α2 allows to represent the pressure effect. The parameter α1 may also
be interpreted as the inverse of fU, which in turn is the volumetric void fraction that
corresponds to rupture in the absence of hydrostatic pressure ω(p = 0, σy, f ) = 0,

fU = 1

α1
(5.7)

In Figure 5.2, yield surfaces for different levels of void contents are shown in a
plot of normalized deviatoric stress versus normalized pressure. It can be seen that
the elastic domain depends on the hydrostatic pressure. When the volumetric void
fraction f decreases, the influence of pressure also decreases, leading to a larger
elastic domain. For f = 0, the model reduces to the classical von Mises model,
which is independent of pressure. It should be noted here that, in the absence of
hydrostatic pressure, the coefficient ω reduces to

ω = 1 − α1 f = 1 − f

fU
(5.8)

It must be emphasized that rupture only occurs at a porosity level fU in the absence
of pressure. In the presence of pressure, rupture takes place for a porosity value
lower than fU. The combinations of pressure and porosity that lead to rupture can
be determined from the equation

2

3α2
arc cosh

(
1 + ( f /fU)2

2( f /fU)

)
− p

σy
= 0 (5.9)

derived by imposing the condition ω = 0. Figure 5.3 shows combinations of
pressure and porosity corresponding to Eq. (5.9) for α2 = 1.0 and α2 = 0.7.
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5.2 Gurson Damage Model 169
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Figure 5.3 Combinations of pressure and porosity values
that correspond to loss of the load-bearing capacity (ω = 0).

The plastic strain rate tensor is given by the normality rule

Dp
ij = λ̇

∂�

∂σij
(5.10)

and the equivalent plastic strain rate is defined as

ε̇p =
√

2/3D
p
ijD

p
ij (5.11)

In damage theory, in addition to the yield criteria and flow rule, a damage evolution
law (porosity) is required. The basic mechanisms of damage evolution considered
in the Gurson model are nucleation, growth, and coalescence of voids. The onset
of nucleation is mainly due to material defects in the presence of tension. Growth
takes place when voids (preexistent or nucleated) change their size according to the
volume change in the continuum. Coalescence is related to the fast rupture process
that occurs after the volumetric void fraction reaches a limit, usually indicated by
fC. Coalescence consists in the union of neighboring voids due to the rupture of
the ligaments among them.

The equations that govern damage evolution are modeled in a simplified form
as follows. First, it is assumed that the total void rate is given by

ḟ =
{

ḟn + ḟg f ≤ fC
ḟc f > fC

(5.12)

where ḟn is the void nucleation rate, ḟg is the void growth rate, and ḟc is the void
coalescence rate. Thus, as long as f is smaller than a characteristic value fC, only
nucleation and growth develop. Above fC, only coalescence takes place.

The nucleation rate is proportional to the equivalent plastic strain rate

ḟn = A(εp)ε̇p (5.13)
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170 5 Identification of the Material Parameters of the Gurson Model

Chu and Needleman [9] propose a statistical distribution for A(εp) as

A(εp) = fN

sN
√

2π
exp

[
−1

2

(
εp − εN

sN

)2
]

(5.14)

where fN is the void nucleation volumetric fraction, εN is the mean plastic strain
for nucleation, and sN is the standard deviation for the distribution. Sometimes it
is assumed that nucleation does not take place when the material is compressed
[10]. The compression state is indicated by a negative pressure p, so that

A(εp) = 0 if p < 0 (5.15)

The void growth rate is controlled by mass conservation through the expression

ḟg = (1 − f )Dp
ii (5.16)

Voids increase or decrease their volume according to the volume variation in the
continuum. Coalescence is governed [11] by the relation

ḟc = fU − fC

ε

ε̇p (5.17)

where 
ε is a material parameter that controls the coalescence rate.
An alternative strategy to account for void coalescence [12] replaces the volumetric

void fraction, f, in the Gurson yield surface (Eq. (5.6)) by a corrected volumetric
void fraction f ∗ given by

f ∗ =
{

f f < fC
fC + (1.0−fC)

( fF−fC) ( f − fC) f > fC
(5.18)

where fF is a material parameter. In this case, only nucleation and growth are
considered in Eq. (5.12).

The three mechanisms of evolution of voids described in the previous paragraphs
can be classified into reversible and irreversible. The nucleation and coalescence
mechanisms are irreversible. Thus, it is natural to assume that the phenomena Eqs
(5.13) and (5.17) are governed by the equivalent plastic strain, since this measure is
always positive. The growth mechanism is reversible, making it possible to assume
its dependence on the volume change (Eq. 5.16): if the volume reduces, growth rate
is negative, and, conversely, if the volume increases, growth rate is positive.

The presence of embedded voids in a metallic matrix changes also the elastic
behavior. This effect is usually accounted for by adopting the Mori–Tanaka [13]
relations,

K = 4K0G0(1 − f )

4G0 + 3K0f
(5.19)

and

G = G0(1 − f )

1 + 6K0 + 12G0
9K0 + 8G0

f
(5.20)

in which K0 and G0 are the undamaged values of compressibility and shear
modulus, respectively. There are other proposals to include the effect of porosity
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Figure 5.4 Dependence of Young modulus on the void
volumetric fraction as introduced by the Mori–Tanaka
equations.

on elastic constants [14–16], leading to similar results. Figure 5.4 shows the
dependence of damaged Young modulus on the porosity evaluated from Eqs (5.19)
and (5.20).

5.2.1
Influence of the Parameter Values on Behavior of the Damage Model

The material parameters present in the Gurson damage model can be grouped [17]
into three classes:

1) Constitutive parameters, related to the Gurson yield surface (α1, α2 e α3);
2) Initial parameters, associated with the origin of the porosity, if present in the

virgin material ( f0) or nucleated by plastic straining ( fN, sN, and εN); and
3) Critical parameters, related to the interaction between neighboring voids,

describing the coalescence stage and the final rupture of the material.

The constitutive parameters α1 and α2 act as multipliers on the volumetric void
fraction and on the pressure, respectively, thereby increasing the possibility to
adjust the Gurson yield surface to available experimental or numerical data. Larger
values of α1 and α2 correspond to a smaller elastic domain. Figure 5.5 shows the
dependence of Gurson yield surface on the α2 parameter.

The second group of parameters is related to the origin of the voids. Some choices
must be made with relation to the origin of voids. A nonnull initial porosity, f0, can
be employed in two situations: (i) when the material actually contains preexisting
voids and (ii) when voids are developed from inclusions that break or debond
from the matrix in a very low strain level. Otherwise, it is usual to employ a
strain-governed nucleation equation, as proposed by Chu and Needleman [9], and
described by Eqs (5.13) and (5.14).

The value of fN determines the level of nucleated voids. The parameter εN

corresponds to the mean equivalent plastic strain at which nucleation is developed.
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172 5 Identification of the Material Parameters of the Gurson Model
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Figure 5.5 Dependence of Gurson yield surface on α2.
Results presented for α2 = 0.7 and α2 = 1.0.
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Figure 5.6 Evolution of porosity in the nucleation stage
for different values for εN and sN. The simulations show
localized nucleation around εN if a smaller value of sN is
employed.

The nucleation standard deviation, sN, controls the localization of nucleation
around εN. Figure 5.6 shows two nucleation processes for different εN, in which
smaller values indicate an earlier nucleation. The same figures show results for
different sN, so that smaller values of sN correspond to a faster nucleation, with
nucleation localized around the mean equivalent plastic strain nucleation εN.

Figure 5.6 also indicates that the imposed nucleation void volumetric fraction,
fN, is not reached. This is because the porosity evolution law in the nucleation
stage, given in a rate form, ḟn, must be integrated as the material is plastically
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5.2 Gurson Damage Model 173
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Figure 5.7 Dependence of the nucleation evolution rate
on the equivalent plastic strain, indicating the undesired
possibility of part of the area under the curve be located
in the ‘‘fictitious negative’’ domain of the equivalent
plastic strain. Such characteristics are directly affected by the
relation between εN and sN.

deformed. If an inadequate relation between sN and εN is employed, a significant
part of the porosity evolution rate ḟn will take place in a ‘‘fictitious negative’’ part
of the equivalent plastic strain domain (Figure 5.7). In this case, no integration is
performed due to the positive nature of the equivalent plastic strain, leading to an
incomplete nucleation.

In order to avoid this problem, a relation between sN and εN in the form

εN ≥ z. sN (5.21)

must be taken into consideration. Therefore, each value of z corresponds to a
different level of nucleation. For instance, to ensure a nucleation level of at least
95% of fN, it is necessary to employ z = 1.645; a nucleation level of 97% of fN
requires z = 1.882 and, to attain a nucleation level of 99% of fN, z = 2.337 must be
employed.

An important issue to be addressed concerns the influence of the pressure sign
on the nucleation of voids. There are some possible strategies to account for this
effect. The first approach considers void nucleation completely independent of
the pressure sign [18, 19]. For a material without initial porosity, this strategy
leads to a Gurson yield surface symmetric in relation to pressure, as indicated
in Figure 5.8. On the other hand, nucleation can be associated with debonding
between inclusions and metallic matrix, which, in this case, will be reduced if the
region is submitted to negative pressure p (compression).

To avoid the aforementioned contradiction, there are proposals that consider
nucleation only for p > 0 (tensile stress states). The first consequence can be
described as follows: for an initially void-free material, the deformation behavior
changes to a mixed form depending on pressure, from Gurson behavior in tension
to von Mises behavior in compression, as indicated in Figure 5.9. This approach
has also its drawbacks. When considering a material initially compressed and
plastically deformed to an equivalent plastic strain level higher than εN, if loading
is reversed and the hydrostatic stress state in the material changes to tension,
nucleation will not take place. If there are no nucleated voids, voids will obviously
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174 5 Identification of the Material Parameters of the Gurson Model
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Figure 5.8 Gurson yield surface associated with a virgin
material free of voids with nucleation law independent of the
pressure sign: the yield locus is symmetric with respect to
pressure.
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Figure 5.9 Gurson yield surface associated with a virgin
material free of voids with nucleation inhibited in com-
pression: von Mises behavior in compression and Gurson
behavior in tension.

not grow and the material will continue obeying von Mises yield surface even for a
higher level of plastic straining and positive hydrostatic tension. Finally, it should
be remarked that both described approaches give the same response to monotonic
positive hydrostatic pressure.

The third class of parameters includes those related to the coalescence of
voids. The void coalescence rate defined by Eqs (5.11) and (5.16) presents two
material parameters: fC and 
ε. The former indicates the initial level of voids at
which coalescence onsets, whereas the latter indicates how fast coalescence takes
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5.2 Gurson Damage Model 175
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Figure 5.10 Normalized force versus displacement for a
tensioned material obeying Gurson behavior. It can be seen
that after yielding there is decay in tension corresponding
to nucleation, and that the final branch corresponding to
rupture starts earlier or later depending on fC and with its
slope depending on 
ε.

place. Considering a material submitted to uniform tension, it can be seen that
coalescence parameters controls the final branch of the load–displacement relation
presented in Figure 5.10: fC controls the start of the branch and 
ε controls its
slope. Smaller values of fC cause the final branch to start earlier and smaller
values of 
ε correspond to a steeper slope. Figure 5.11 illustrates the evolution of
porosity for a tensioned material showing the three mechanisms of void evolution:
nucleation, growth, and coalescence.

5.2.2
Recent Developments and New Trends in the Gurson Model

The Gurson model has been modified by several authors, particularly in respect
of its parameters. There are proposals to make those parameters functions of
porosity [20, 21], stress triaxiality [22], and void shape [23]. Extensions of the
model to kinematic hardening have also been proposed [24–26]. Further enhance-
ments include thermomechanical coupling [27], making it possible to account for
temperature-dependent parameters.

Several authors addressed special issues related to void size and shape. Thomason
[8, 28] introduced a model incorporating Rice and Tracey equations [29], which
is able to represent both void growth and its change of shape. For this model,
the αi parameters proposed by Tvergaard [6, 7] would be unnecessary. Klöcker
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Figure 5.11 Evolution of porosity for a tensioned material
obeying Gurson behavior showing the three mechanisms
of void evolution: nucleation, growth, and coalescence. The
parameter 
ε is the equivalent plastic strain increment from
the beginning of coalescence until the final rupture of the
material.

and Tvergaard [23] also proposed a modification of the Gurson model to account
for changes in void shape and the coalescence process itself. Zhang and Niemi
[30] presented a coalescence mechanism that avoids the need to experimentally
determine the critical value of the coalescence onset, fC. In this model, voids are
assumed to remain spherical during growth with coalescence onset controlled
by the stress triaxiality level. The void size effect was also addressed by Wen
et al. [31], who demonstrated that the yield surface is larger for materials with
very small voids. This effect becomes important for high porosities. Voyiadjis and
Kattan [21] proposed a formulation that introduces damage through a damage
tensor. The authors extended the Gurson model to account for a yield surface with
porosity-dependent parameters.

Gurson-type models have also been used in conjunction with typical frac-
ture mechanics approaches. For instance, Aravas and McMeeking [32] used the
crack tip opening displacement (CTOD) theory coupled to a Gurson-type model
to study fracture initiation. Kikuchi et al. [33] studied the interaction between
the macrocrack and microvoids near the crack tip using the J2 corner theory.
The dynamic crack growth and mesh sensitivity for blunt and sharp cracks
were analyzed by Needleman and Tvergard [34]. Ductile crack extension in pre-
cracked Charpy specimens subjected to static and impact loading was discussed
by Koppenhoefer and Dodds [35]. The cyclic J-integral combined to a modified
Gurson–Tvergaard model was also used to approximate low-cycle fatigue [36].
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5.3 Parameter Identification 177

Important research effort is also being dedicated to the numerical problems ob-
served in the integration of the nonlinear equations in finite element elastic–plastic
damage codes. The main difficulty is the lack of objectivity that is observed in the
results of Gurson damage problems as well as in all solutions that involve soften-
ing. A subject that requires particular attention is the influence of mesh size in
finite element analysis using Gurson model, as well as in all situations that involve
softening. In such cases, results become strongly mesh dependent, unless special
procedures are employed. Strategies, including nonlocal models and gradient plas-
ticity, have been used to avoid mesh sensitivity. This class of models introduces
a characteristic length associated with the material structure but unrelated to the
mesh size (e.g., Refs [37–43] for general materials). Nonlocal strategies for the
Gurson model have been proposed by Leblond et al. [44], Tvergaard and Needleman
[45], and Reusch et al. [46, 47]. Gradient plasticity formulations consider that the
yield surface depends not only on internal variables but also on their gradients. As
discussed by Gologanu et al. [48] and Ramaswamy and Aravas [49, 50] within the
framework of the Gurson model, this dependence leads to a behavior similar to
nonlocal approaches. An extension of Leblond et al. [44] to an elastic–viscoplastic
version of the Gurson model was introduced by Tvergaard and Needleman [45].
A viscoplastic formulation introducing a characteristic length in the context of
Gurson damage was also used by Stainier [19].

5.3
Parameter Identification

As seen in Section 5.2, phenomenological models can be applied to consider the
effects of nucleation, growth, and coalescence of voids in the yield surface of ductile
materials. Therefore, in order to have a fairly complete description of the material
behavior upon yielding, two aspects of the material laws must be accounted for:
(i) the yield surface definition and its evolution, which is given by the Gurson model
defined in Eqs (5.4) and (5.12); and (ii) the work-hardening, generically defined by
the yield stress and its dependence with respect to the equivalent plastic strain,
which, in this work is, represented as

σy = (P2 − P1)[1 − exp(−P3 εp)] + P4(εp)P5 + P1(1 + P6 εp)P7 + P8 εp (5.22)

Hence, by adjusting the set of damage parameters, given by Sd ={ fU, flim, f0,
fN, fC, sN, εN, 
ε}, and the set of elastic–plastic parameters, represented by
Sep = {P1, . . . , P8} (or a subset of Sep), it is possible to obtain an approximation
to an experimental load–displacement evolution. A numerical load–displacement
curve can be obtained by selecting arbitrary values for the parameters in the sets Sd

and Sep, and by simulating the experimental test using a finite element model. In
general, and most certainly, the curves will not match, as illustrated in Figure 5.12.

Figure 5.12 shows experimental and numerical load–displacement curves of a
tensile test with discrete values sampled at different deformation stages. The present
work takes experimental points as reference and interpolates their numerical
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178 5 Identification of the Material Parameters of the Gurson Model
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Figure 5.12 Sketch of experimental and numerical curves
for parameter identification. Specimen used in tensile tests
and the corresponding finite element mesh.

counterparts. The sum of the gaps between the experimental and the interpolated
numerical points is computed, which is used to quantify the difference between
both curves as

W(b) =
√√√√ 1

N

N∑
i=1

wi

(
FFE

0,i (b) − Fexp
i

Fexp
i

)2

(5.23)

where Fexp
i and FFE

0,i are, respectively, the axial load measured in the tensile test, and
the corresponding load computed by finite elements (and interpolated for a given
experimental point i), b represents all material parameters being identified, N is the
total number of experimental points and wi is a weight which can be used to favor
matching in specific regions of the curves. A measure of the difference between
the experimental and numerical values of the final necking radius is defined as

T(b) =
∣∣∣∣dFE − dexp

dexp

∣∣∣∣ (5.24)

in which dFE and dexp are the final neck diameters computed by finite elements and
measured in the tensile test, respectively. In order to make the numerical and the
experimental curves match, the following optimization problem is defined:

Min S(b) = p1
W

W0
+ p2

T

T0
(5.25)

where S is the objective function, p1 and p2 are weight values, and the subscript 0
indicates reference parameters, which are defined according to the optimization
approach: W0 = T0 = 1 for GAs, and W0 are T0 the initial values in the case of
gradient-based methods. Equation (5.24) helps guiding the optimization procedure
to the correct material parameters, as one can find different sets of design variables
(plastic and damage parameters in the present work) that minimize W, but only
one corresponds to the physical reality of the problem.

If this objective function exhibits a strict global minimum, and the optimization
scheme is able to determine it, the material parameters of sets Sd and Sep would be
those that can best represent the experimental behavior. However, as discussed in
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5.4 Optimization Methods – Genetic Algorithms and Mathematical Programming 179

the next sections, the determination of the global minimum is not a straightforward
task. Some tools aiming at finding a minimum using optimization methods are
presented in Section 5.4.

It is worth remarking that any finite element simulation of elastic–plastic
problems requires a uniaxial true stress–strain function of the material (e.g.,
the yield stress defined in Eq. (5.22)). Standard tensile tests are frequently used
to determine such curves. However, uniaxial stress states in tensile testing can
only be assumed up to the onset of microvoid nucleation and necking, thereby
limiting its use to relatively small plastic deformations. Metal-forming applica-
tions, nonetheless, require material modeling able to handle large plastic strains.
The identification strategy discussed herein aims at such problems, in which
both the triaxial stress state at necking and microvoid nucleation are accounted
for.

5.4
Optimization Methods – Genetic Algorithms and Mathematical Programming

Basically, mathematical programming deals with the minimization of functions in
problems that might include constraints. In a general form [51], these problems
can be stated as

Minimize g0(b) b ∈ Rn

such that hi(b) = 0 i = 1 . . . l

gj(b) ≤ 0 j = 1 . . . m

b− j ≤ bj ≤ bj k = 1 . . . m (5.26)

where b is a point in Rn on which upper bounds (bk) and lower bounds (b−k) are

imposed, g0(b) is the function to be minimized (objective function), hi(b), i = 1, . . . , l
are equality constraints and gj(b), j = 1, . . . , m, are inequality constraints. The last
set of inequalities defines the so-called side or lateral constraints, since they directly
limit the extreme values of the design variables. The objective function and
constraints are assumed to be continuous and twice differentiable in Rn. They can
be either linear or nonlinear and might be either explicitly or implicitly dependent
on b. The region of Rn in which all the constraints are satisfied is called feasible
region of the design space.

The optimization problem posed by Eq. (5.25) is a particular case of Eq. (5.26), in
which only lateral constraints are imposed. This class of problems are nonconvex
and nonlinear, demanding an appropriate strategy for a successful solution. As
nonconvexity ensures the presence of multiple local minima, a mixed approach
combining GAs and gradient-based procedures is proposed. The former aims to
skip local minima, whereas the latter intends to refine a coarse solution in the
neighborhood of the global minimum. A review of the characteristics of each of
these strategies is presented in the next sections.
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180 5 Identification of the Material Parameters of the Gurson Model

5.4.1
Genetic Algorithms

Traditional gradient-based optimization algorithms start from a given point in
the design space and change this point in order to improve the design. This
improvement is based on a descent direction, which is obtained by the derivative
information in the vicinity of the point [51]. As the derivatives provide always a
measure of the local behavior, this procedure cannot guarantee convergence to
a global minimum. Thus, if the objective function is nonconvex (Figure 5.13),
gradient-based methods starting from different points could lead to different local
minima. For instance, an optimization starting from point (x = 2.0, y = 1.6) would
converge to the closer minimum, which is located far from the global minimum
(Figure 5.14). In order to avoid convergence to local minima and also to overcome
the nondifferentiability of some problems, it is advisable to use the so-called
evolutionary algorithms (EAs).

EAs are a class of iterative generic population-based stochastic optimization
methods that uses concepts and mechanisms based on biological evolution [52].
In the EAs, each candidate solution plays the role of an individual (a point in the
design space) taken from a population, and then some individuals in the population
are selected to build next generations. Selection and evolution of the population takes
place after recursive application of some operators that mimic biological processes.
Such algorithms require neither derivative information nor further knowledge
about the functions involved, making them prone to deal with discontinuous
and/or nonconvex problems. Additionally, the intrinsic parallel nature of EAs and
the possibility to provide a number of potential solutions to a given problem make
them well suited to solve multiobjective optimization and scheduling problems. In
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Figure 5.13 Nonconvex function z
(
x, y
) = x sin(4x) + 1.1 cos(2y).
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5.4 Optimization Methods – Genetic Algorithms and Mathematical Programming 181
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10

8

6

4

2

0
2 4 6 8 10

−10

−5

0

5

10

Starting point

Figure 5.14 Minimization of the function
shown in Figure 5.13. Gradient-based
method (left, lower corner), starting from
(x = 2.0, y = 1.6), and genetic algorithms,
with the 1st population (�), 5th population

(•), and 10th population (∗). The GA
sampled a point close to the global
minimum, whereas the gradient-based algo-
rithm converged to a local minimum.

this section, a special class of EAs known as genetic algorithms is detailed. Firstly,
a general explanation of the method is given, followed by some details of the
implementation considered in this work.

5.4.1.1 Formulation
A general optimization problem aims at finding the minimum value of a given
objective function f : Sf → R, where Sf is the set of all feasible points. Each point
in the space of feasible solutions is called a chromosome or an individual and each
chromosome is formed by genes (design variables). Each gene is usually represented
by real (base 10) or binary numbers (base 2), although other representations are
also possible. A given collection of individuals is called a population, representing a
set of possible solutions to the given problem. In this text, it is considered that the
population has a fixed size µg. Figure 5.15 depicts the tasks employed in the GA.

First, a random set of individuals is generated to account for the first generation
(t = 0). Considering a given population Pt, some individuals are selected according
to a predefined measure of quality (for example, a comparison of their objective
function value to other individuals of the same population). The selected individuals
(mates) are stored in a subset of the current population, Rt with size λg < µg, also
known as the mating pool (MP) (Figure 5.16).

Depending on a given probability pc, pairs of individuals in Rt are recom-
bined to generate two new individuals (offspring), in a process known as crossover
(Figure 5.17). The new individuals form a new set of candidate solutions Ct, which
can be modified by a further operator, known as mutation (Figure 5.18).

Mutation changes the value of some genes in the population, generating a new
set of individuals Mt according to a predefined probability. After these procedures,
a new generation Pt+1 is built by selecting individuals from Pt and Mt, in a
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182 5 Identification of the Material Parameters of the Gurson Model
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Figure 5.15 Overview of the genetic algorithm.
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Figure 5.16 Mating pool stage.
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C M Figure 5.18 Mutation stage.

process known as replacement. This process continues until a predefined number
of generations is reached or a given criteria is satisfied.

This procedure is known to lead to global optimum in various problems,
despite lacking a solid mathematical background. When dealing with GAs, the
most accepted explanation for the behavior of the method is known as the
building-block hypothesis [52]. In this hypothesis, individuals with common parts of
their chromosomes, for instance, 1∗∗0∗∗ (where the symbol ∗ can be 0 or 1), share
a particular schema template. Instead of trying every conceivable combination
of bits, the GA combines (by means of crossover and mutation) individuals
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184 5 Identification of the Material Parameters of the Gurson Model

with better objective functions and common schemas. Thus, simple schemas
are tested and recombined at each generation in order to build an optimal (and
complete) chromosome. Those simple schemas are called building blocks. The main
problem with the building-block hypothesis is the absence of mathematical proof
of convergence. In fact, it is difficult to ensure the convergence of a GA, unless
all possible combinations have been tested. Arabas [53] studied the convergence
of floating-point-based EA without crossover. In his work, it is established that
a generational (iterative) selection and mutation-based EA will generate at least
one point arbitrarily close to the global solution. A more detailed discussion on
the implementation of GAs is given by Goldberg [52] and careful study on the
mathematical foundations of the GAs is provided by Burjorjee [54].

5.4.1.2 Implementation
In this work, a simple and efficient GA was implemented (Figure 5.15). The initial
population is obtained by a homogeneous Gaussian distribution and has a fixed
size µg. At each generation, the mating pool, MP, with µg/2 pairs is selected
by means of a binary tournament and those individuals have a probability pc of
being combined using one-point crossover. Binary tournament means that two
individuals from the MP are randomly chosen and the fitter of the two is selected
as a parent. This procedure is performed twice (in order to select two parents) for
each operation of crossover.

The crossover is followed by the mutation of the mating pool according to a given
mutation probability, mp. In sequence, Pt and Mt are sorted and a given number
of best individuals of both sets are chosen to build the new generation (elitism).
As some individuals are kept among generations, a database is used to store the
chromosome and the fitness of the best individuals at each generation. In addition,
as the evaluation of the objective function of one individual does not depend on
the evaluation of another individual in the same generation, it is recommended to
implement this procedure by making use of multiple processors/computers. This
particular implementation used the multiprocessing python library to achieve this
goal, so that the fitness evaluation could be performed by all computers available
in the local network. The examples in this text were evaluated using 16 processors,
allowing simultaneous computation of 16 individuals.

One key point when using GAs is the termination criterion. In this work, a fixed
number of generations (100) was adopted, but when using GA to obtain material
parameters, one can also visually compare the experimental and the numerical
curves to assess convergence.

5.4.2
Gradient-Based Methods

5.4.2.1 General Procedure
The philosophy underneath most of gradient-based optimization methods is to
produce a sequence of improved approximations to the optimum according to the
following scheme [51, 55, 56].
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5.4 Optimization Methods – Genetic Algorithms and Mathematical Programming 185

1) Start with an initial trial point b1.
2) Find a suitable direction Zi (i = 1 in the beginning of the process) which points

toward the general direction of the optimum.
3) Find an appropriate step length λ∗

i to move along the direction Zi.
4) Obtain the new approximation bi+1 as

bi+1 = bi + λ∗
i Zi (5.27)

5) Test the optimality condition with respect to bi+1. If bi+1 is optimum, stop the
procedure. Otherwise, set a new i = i + 1 and repeat step (2) onward.

Sometimes the line search defined by steps (3)–(4) is replaced by an alternative
update scheme for the design variables. Furthermore, the iterative procedure sum-
marized by Eq. (5.27) is valid for both unconstrained and constrained optimization
problems.

In this work, two gradient-based optimization algorithms were employed: se-
quential linear programming (SLP) and globally convergent method of moving
asymptotes (GCMMA). In SLP, there is no line search and Eq. (5.27) is particularized
by assuming λ∗

i = 1. In the GCMMA, different schemes for updating the design
variables have been proposed. Although there are versions that use the scheme
given by Eq. (5.27), the following sections present a particular implementation
using a different approach.

5.4.2.2 Sequential Linear Programming (SLP)
SLP is given by the recursive application of an optimization algorithm in which, at
each iteration, both the objective function and the constraints are linearized with
respect to the design variables. Thus, in the qth design point, the optimization
problem posed in Eq. (5.26) is replaced by

Minimize g0(bq) + ∂g0(b)

∂b

∣∣∣
q
(b − bq) = 0 b ∈ Rn

Such that hi(bq) + ∂hi(b)
∂b

∣∣∣
q

(b − bq) = 0 i = 1 . . . l

gj (bq) + ∂gj(b)

∂b

∣∣∣ (b − bq) ≤ 0 j = 1 . . . m

b−k ≤ bk ≤ bk k = 1 . . . n (5.28)

Care must be taken because the linearization is valid only in a certain neighborhood
of the origin. In order to avoid large errors and to improve conservativeness,
artificial lateral constraints on the design variables are added to the optimization
problem. These constraints are called moving limits, since they are updated at each
optimization iteration step according to the nonlinearity level.

5.4.2.3 Globally Convergent Method of Moving Asymptotes (GCMMA)
The original algorithm of the method of moving asymptote (MMA) Svanberg [57]
is based on local function approximations as

g̃(b) = g(bq) +
∑
+

∂g(bq)

∂zk
(zk − zq

k) +
∑
−

∂g(bq)

∂yk
(yk − yq

k) (5.29)
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186 5 Identification of the Material Parameters of the Gurson Model

where zk and yk are intermediate variables given by zk = 1
/(

Uk − bk
)

and yk =
1
/(

bk − Lk
)
, and Uk and Lk are lower and upper asymptotes which define the region

of local approximation. After some manipulations, Eq. (5.26) can be rewritten as

g̃(b) = g
(
bq
)+

∑
+

pq
k

(
1

Uk − bk
− 1

Uq
k − bq

k

)

+
∑
−

qq
k

(
1

bk − Lk
− 1

bq
k − Lq

k

)
(5.30)

where

pq
k = (Uq

k − bq
k

)2 ∂g (bq)

∂bk
and qq

k = (bq
k − Lq

k

)2 ∂g (bq)

∂bk
(5.31)

and the symbols
∑
+

and
∑
−

collect the linearization terms with positive and

negative derivatives, respectively.
The inequality Lq

k < bq
k < Uq

k must hold in order to ensure convexity of the
approximations and to avoid a null denominator. Since this strategy is not globally
convergent, Zillober [58] and Svanberg [59–61] presented modified versions with
global convergence characteristics. Zillober [58] introduced a line-search strategy
and Svanberg [59] proposed an algorithm consisting of a different manner to
calculate coefficients pk and qk in Eq. (5.31).

For an approximation around point bq, one has

if
∂g(bq)

∂bk
> 0,


 pq

k = (Uq
k − bq

k

)2 ( ∂g(bq)
∂bk

+ ρq

2

(
Uq

k − Lq
k

))
qq

k = (bq
k − Lq

k

)2 ρq

2

(
Uq

k − Lq
k

) (5.32)

if
∂g(bq)

∂bk
< 0,

{
pq

k = (Uq
k − bq

k

)2 ρq

2

(
Uq

k − Lq
k

)
qq

k = (bq
k − Lq

k

)2 (− ∂g(bq)
∂bk

+ ρq

2

(
Uq

k − Lq
k

)) (5.33)

where ρq are strictly positive parameters (in order to ensure convexity of the
approximation), which are used together with the asymptotes Lq

k and Uq
k . Note

that there is one value of ρq for each of the approximated functions (objective or
constraint). This modification results in the introduction of a second asymptote,
creating an approximation with a global minimum (see Figure 5.19).

After defining the approximations, the key point is a heuristic rule for updating the
value of ρq. The original scheme [59] gave place to a more efficient strategy proposed
by Svanberg [60, 61]. In the latter, the algorithm for solving the optimization
subproblem consists of two nested iterative loops. In the external loop, the convex
approximation is defined using the values of the objective function, constraints,
and their derivatives on the design point. In the internal loop, only the parameter
ρj is adjusted, making the approximation increasingly convex until g̃j(bk) ≥ gj(bk).
The asymptotes Lq

k and Uq
k must be updated at each qth external iteration. Svanberg

proposes

Lq
k = bq

k − sk

(
bq−1

k − Lq−1
k

)
(5.34)
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5.5 Sensitivity Analysis 187

A

bk

g
(b

k
)

Lk Uk

Figure 5.19 Convex approximation using
GCMMA.

and

Uq
k = bq

k + sk

(
Uq−1

k − bq−1
k

)
(5.35)

where sk is prescribed heuristically depending on the values of bq
k, bq−1

k , and bq−2
k ,

and on the iteration number.

5.5
Sensitivity Analysis

In nonlinear problems such as those involving large strain elastoplasticity with
frictional contact and damage, computation of each displacement increment de-
pends on the constitutive model and the stress integration algorithm employed.
This dependence directly affects displacements, stresses, and internal variables
history. Therefore, in order to perform the displacement sensitivity analysis at the
nth load increment, it is necessary to differentiate displacements, stresses, and
internal variables at the load increment n − 1.

There are three main approaches to sensitivity analysis in nonlinear problems.
(i) the analytical method is efficient and accurate but frequently limited to particular
cases. The analytical sensitivity analysis may clearly be difficult when nondifferen-
tiable functions are involved and when complex constitutive laws are considered,
especially in large strain situations. The consideration of a damage model falls
within the latter case. (ii) The finite difference method is very simple and general,
but usually requires a much higher computational cost. Moreover, in opposition to
analytical methods, the finite difference method does not provide accurate results
in large strain situations that require remeshing [62, 63]. (iii) The semianalytical
approach is computationally cheaper but still suffers the remeshing limitation
(Figure 5.20).

This section reviews a modified finite difference sensitivity method presented
by Muñoz-Rojas et al. [64] for applications to path-dependent nonlinear problems.
The method considerably reduces the computational time usually associated to
finite differences and successfully handles the limitations regarding remeshing.
Moreover, a particularization of the procedure recovers the semianalytical approach
developed by Hisada [65].
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188 5 Identification of the Material Parameters of the Gurson Model

Sensitivity analysis

Continuum equations

Adjoint method

Analytical methodSemianalytical methodFinite differences

Direct method

Discrete equations

Simple
General
High computational cost
Inaccurate when
remeshing is required

•
•
•

General
Computationally attractive
Inaccurate when
remeshing is required

•
•
•

Efficient and accurate
Restricted to particular cases
Diffculties: Non differentiable functions

•
•
•

• Complex constitutive laws
Change the domain
Boundary conditions

Figure 5.20 Alternatives for sensitivity evaluation.

5.5.1
Modified Finite Differences and the Semianalytical Method

Despite its apparent simplicity, the tensile test involves complex physical phe-
nomena such as large strain, elastoplasticity, and damage, thereby requiring a
demanding computational analysis. The numerical simulations uses an incremen-
tal hypoelastic finite element code based on a Lagrangian description of motion and
additive decomposition of the strain tensor [66]. The stress integration algorithm
uses the combination of the method of instantaneous rotation [67] and radial
return.

The discretized form of the nonlinear equilibrium equations is given by

F(un, Un−1, b) = µnQ(b) (5.36)

Un =
n∑

i=1

ui (5.37)

where the upper index n stands for the nth load step; F is the vector of internal
forces, which is dependent on the displacement increment vector un, on the total
displacement vector Un−1, and on the design variables vector b; Q is the vector of
applied loads; and µn is an amplitude parameter. By using the Newton–Raphson
method, Eq. (5.36) yields

F(un
ω+1, Un−1, b) ≈ F(un

ω, Un−1, b) + KT (un
ω+1 − un

ω) = µnQ(b) (5.38)

KT = ∂F(un
ω)

∂un
(5.39)
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5.5 Sensitivity Analysis 189

where KT is the tangent matrix, and, when ω = 0, the term un
0 corresponds to the

initial estimate.
Equation (5.38) is rearranged so that

un
ω+1 = un

ω + K−1
T [µnQ(b) − F(un

ω, Un−1, b)] = un
ω + K−1

T Rn
ω (5.40)

in which Rn
ω is the residual of the equilibrium equations in the nth step and ωth

iteration.
The problem stated by Eq. (5.36) is slightly modified by a perturbation δbk on

the kth design variable, so that the corresponding perturbed equilibrium equations
and their solution are

F(un

, Un−1


 , b + δbk) = µnQ(b + δbk) (5.41)

Un

 =

n∑
i=1

ui

 (5.42)

where δbk = [0 . . . δbk · · · 0
]
.

The traditional forward finite differences would estimate the displacement
sensitivity by simply performing the operation

dUn

dbk
≈ Un


 − Un

δbk
(5.43)

However, this would require the solution of a complete independent analysis
for each design variable, which is prohibitively expensive (even worse for central
differences). A modified finite difference alternative is detailed in the following
paragraphs.

The analysis begins with a separate set of data for the unperturbed and perturbed
problems. The load history is divided into nine increments, and the procedure
starts with the search of equilibrium for the first load (solution) increment of the
unperturbed problem. Once this condition is achieved within the tolerance imposed
for the iterative solution method, all the nodal and Gauss-point information is
stored in a binary file. In sequence, the data of the first perturbed problem is
loaded and a new analysis takes place. Noticeably, the converged configuration of
the unperturbed problem is taken as the first solution estimate of the perturbed
problem. Moreover, the tangent matrix of the unperturbed problem is used in a
modified Newton–Raphson scheme, increasing the convergence rate at low cost.
The same tolerance is imposed to both unperturbed and perturbed problems. After
convergence is reached, the information is stored in a binary file. This procedure
is repeated for every design variable. In each load step, after all the perturbed
problems have converged, the sensitivity obtained in the increment is determined
by finite differences and the total sensitivity up to the step is given by Eqs (5.37),
(5.42), and (5.43). At the end of the cycle, the procedure is repeated for each solution
increment until the last step.

Hence, the perturbed incremental displacement is given by the iterative solution
of

un

k,ω+1 = un


k,ω + K−1
T Rn

ω(un

k,ω; Un−1


k ; b + δbk); un

k,0 = un (5.44)
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190 5 Identification of the Material Parameters of the Gurson Model

Haftka [68] demonstrated that large errors might be obtained when adopting
the solution of the original problem as an initial estimate for the corresponding
perturbed problem. This happens because the convergence of the original problem
is reached within a certain tolerance, admitting a nonzero residual. Therefore, when
un


k,0 = un is used as the initial estimate for the perturbed problem, two situations
compete: the effect of the perturbation and the enhancement of the initial estimate
(a further decrease of the aforementioned residual). This shortcoming can be
avoided by restating Eq. (5.44) as

un

k,ω+1 = un


k,ω + K−1
T [Rn

ω(un

k,ω; Un−1


k ; b + δbk)
−Rn(un, Un−1, b)]; un


k,0 = un (5.45)

Convergence of Eqs (5.40) and (5.45) is achieved iteratively so that∣∣Rn
ω

(
un

ω, Un−1, b
)∣∣

µnQ (b)
≤ TOL and∣∣∣Rn

ω

(
un


k,ω; Un−1

k ; b + δbk

)
− Rn

(
un, Un−1, b

)∣∣∣
µnQ (b)

≤ TOL (5.46)

The total unperturbed and perturbed displacements are then evaluated by Eqs
(5.37) and (5.42), and the displacement sensitivity can be approximated by Eq.
(5.43).

Sensitivity analysis using central differences is analogous to the procedure
described previously. In this case, however, the displacement sensitivity with
respect to the parameters is


Un


bk
= Un


+ − Un

−

2δbk
(5.47)

This method has shown enhanced efficiency when compared to traditional finite
differences and admits an extension to handle remeshing situations [64], which,
however, will not be detailed in the present contribution. It is worth noting that, if
Eq. (5.45) is not iterated to satisfy a prescribed tolerance, but rather computing just
one Newton–Raphson iteration step, the method approaches Hisada’s semianalytical
method [65]. On the other hand, if central differences are adopted, the additional
term involving the residual of the original problem is canceled (Eq. (5.46)). In this
case, and if no remeshing is required, Kleinermann’s [69] formulation is recovered.

The iterative procedure represented in Eq. (5.45) is interpreted graphically
in Figure 5.21. It shows a modified Newton–Raphson method applied to the
curve F (b + δb) using the unperturbed tangent matrix K and initial estimate Un,
approaching point 2 at each load increment. It can be seen that, if only one
iteration is performed, Hisada’s semianalytical method is obtained, approximating
the solution in point 2 by point 1. Hisada, Chen, and coworkers [70, 71] used this
method for a wide range of applications. Provided the perturbation is sufficiently
small, the unbalance error was considered acceptable. The present work adopts
this strategy.

The sensitivity of the objective function (5.25) is given by

dS(b)

dbk
= p1

1

W0

dW

dbk
+ p2

1

T0

dT

dbk
(5.48)
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5.5 Sensitivity Analysis 191
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Figure 5.21 Structural re-
sponse with respect to pa-
rameter bk (a) and iterative
refinement using the tangent
matrix of the unperturbed
problem (b).

where

dW

dbk
= 1

2


 1

N

N∑
i=1

wi

(
FFE

0,i (bj) − Fexp
i

Fexp
i

)2



−1/2

1

N

N∑
i=1

2wi

(
FFE

0,i (bj) − Fexp
i

Fexp
i

)
1

Fexp
i

dFFE
0,i

dbk
(5.49)

and

dT

dbk
= sign

(
dFE − dexp

dexp

)(
1

dexp

ddFE

dbk

)
(5.50)

Hence, in the case of the present application, the sensitivity of the reactions and
final necking diameter are evaluated, respectively, as

dFn

dbk
≈ 
Fn


bk
= Fn


 − Fn

δbk
(5.51)

and

d(dFE)n

dbk
≈ 
(dFE)n


bk
= (dFE)n


 − (dFE)n

δbk
(5.52)

where Fn

 and Fn are the reactions of the perturbed and unperturbed problems at

the nth load step,
(
dFE
)n



and
(
dFE
)n

are the specimen diameters in the necking
section at the nth load step and the upper index FE has been omitted for notation
consistency with the equations throughout the work.
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192 5 Identification of the Material Parameters of the Gurson Model

5.6
A Mixed Optimization Approach

The key point of the present approach is the combination of a GA with
gradient-based procedures. After a given number of generations in the genetic
stage, the solution is expected to be in the neighborhood of the global minimum.
The result is then introduced as initial estimate in a gradient-based optimization
procedure aiming at refining the solution. This strategy is depicted in Figure 5.22.

5.7
Examples of Application

In this section, the mixed optimization procedure described in Sections 5.4–5.6
is applied to identify material parameters of low-carbon steel and aluminum
alloys. The procedure is based on tensile tests of cylindrical specimens. Owing
to symmetry, the finite element simulations were performed using one-fourth
reduced models. Following Cunda [72], linear axisymmetric quadrilateral elements
were adopted with one integration point for both deviatoric and volumetric parts.
Owing to the low acquisition rate and the global nature of measured parameters,
measurement noise was not accounted for. In both examples, the Poisson coefficient
was assumed constant and equal to 0.3.

5.7.1
Low Carbon Steel at 25 ◦C

This example summarizes the results of parameter identification based on a tensile
test of low carbon steel at room temperature [73]. The tensile testing specimens
were machined according to the standard ABNT NBR ISO 6892 [74] (similar to the
ASTM E 8M [75] with 10 mm of nominal diameter at its central section). A universal
testing machine EMIC DL30000 coupled to an automatic data-acquisition system
was also used. The load–displacement curve was measured using an extensometer
with a 50 mm initial gauge length and a crosshead speed of 1.0 mm min−1.
Measurements were performed during the whole deformation process up to the
final fractured state, as illustrated in Figure 5.23. The final diameter immediately
prior to the fracture was also included in the optimization processes in order to
overcome the nonconvexity typical of such problems. This effect is accounted for
by the second term of Eq. (5.25). In addition, weight parameters of Eq. (5.25) used
in the simulations are p1 = p2 = 1.

The specimen was described using axisymmetry so that one-fourth of the
geometry was modeled. The finite element mesh used in the simulations has 200
elements and 231 nodes. The mesh topology and its spatial gradation were adapted
from Souza Neto et al. [76]. The geometry of the specimen and corresponding mesh
are presented in Figures 5.23 and 5.24.
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Figure 5.22 Mixed optimization strategy.
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194 5 Identification of the Material Parameters of the Gurson Model

Figure 5.23 Tensile testing specimens.

Ux = 0 mm

Uy = 6.26 mm Figure 5.24 Finite element
mesh.

In the case of the present low-alloy steel, numerical experiments have shown that
some parameters impose a small effect on the global response. Therefore, only the
parameters representing the void fraction formation, fN, standard deviation for the
void creation, sN, the equivalent plastic deformation around which microvoids are
nucleated, εN, and the critical void fraction for coalescence, fC, were determined.
In addition to the damage parameters, this example uses a yield stress curve given
by

σy = σ0 + (σ∞ − σ0)[1 − exp(−δεp)] + γ εp (5.53)

where σ0, σ∞, δ, and γ are the material parameters. This curve can be obtained
from Eq. (5.21) by considering nonzero values for the parameters P1, P2, P3,
and P8. The yield stress and the damage parameters, fN, sN, εN, and fC, are
adopted as design variables of this problem. The remaining damage parame-
ters fU, flim, f0, and 
ε are assumed to have fixed values of 0.666, 0.99, 0.00,
and 0.50, respectively. Therefore, in this case, there are a total of eight design
variables.

A problem observed in this simulation is related to the fact that the GA
generates some individuals with fC < fN, which are not physically viable. In
this case, a high fitness value is associated with those individuals in order
to prevent the appearance of such cases in future generations. The final ex-
perimental neck radius was 2.75 mm. The search for the optimized material
parameters using the GA approach was applied to 100 generations, leading to
a reasonable match to the experimental stress–strain curve, while satisfying
the radius constraint (final radius = 2.7423 mm). The deformed mesh superim-
posed to the deformed specimen is displayed in Figure 5.25. The convergence
of the objective function is presented in Figure 5.26 and the material pa-
rameters obtained are shown in Tables 5.1 and 5.2. The Young modulus,
E = 210025.30 MPa, and the parameter P1 = 340.0 MPa, were assumed constant
in the simulations.

In this example, the gradient-based GCMMA optimization scheme was used
to refine the solution given by the GA. In this stage, the following relaxations
were adopted: only the elastic–plastic parameters were allowed to change, the final
radius constraint was not introduced, and the stress–strain matching between
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5.7 Examples of Application 195

5.50 mm Figure 5.25 Necking and deformed FE mesh.
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Figure 5.26 Convergence of the genetic algorithm.

Table 5.1 Hardening parameters obtained with genetic algorithms.

P1 P2 P3 P8

340.00 477.859 24 19.804 497 196.578 69

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



196 5 Identification of the Material Parameters of the Gurson Model

Table 5.2 Damage parameters obtained with genetic algorithms.

fN εN sN fC

2.932 551 3e–3 0.123 167 16 8.266 862 2e–2 0.341 153 47

Table 5.3 Final hardening parameters obtained by using gradient-based optimization.

P1 P2 P3 P8

337.031 38 470.384 80 17.338 554 207.387 12
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GCMMA result with relaxation
on final radius

Figure 5.27 Stress–strain curves for the genetic algorithm
and after application of the gradient-based optimization
procedure.

experimental and numerical curves (Eq. 5.22) was applied only up to the maximum
stress point. Such conditions produced a better overall curve matching, but the final
neck radius increased to 3.05 mm. In this case, the four elastic–plastic material
parameters are given in Table 5.3. The experimental and optimized stress–strain
curves are displayed in Figure 5.27.

It is worth remarking that the ratio εN/sN is equal to 1.496, (see Table 5.2) which,
as discussed in Section 5.2.1, corresponds to 93% of nucleation level for fN.
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5.7 Examples of Application 197

5.7.2
Aluminum Alloy at 400 ◦C

The second example concerns a tensile test of 7055 aluminum alloy at a constant
temperature of 400◦C [77]. The dimensions of the specimen are 9.81 mm of nominal
diameter at its central section and 75 mm initial gauge length. A crosshead speed
of 1.0 mm min−1 was applied. The heating was achieved with a heater band
that enclosed the specimen and fixture. The device contained two independent
heating zones (one at the top, the other at the bottom) to ensure a nearly
constant temperature distribution. The thermal insulation to the environment was
guaranteed by a thick layer of polymer foam.

The darkened region in Figure 5.28 shows the mesh used in the finite element
model, with a total of 500 elements and 561 nodes. The topology of this mesh
was proposed by Cunda [72]. The gray area represents the extensometer region.
Prescribed displacements are applied incrementally in the right face, from 0 to
5 mm (corresponding to a total of 10 mm for the specimen).

Uy = 5 mm

Ux = 0 mm

Figure 5.28 Mesh and boundary conditions adopted in the FEM simulation.
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Figure 5.29 Stress–strain curve obtained using genetic
algorithms after 100 generations (dotted line).
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198 5 Identification of the Material Parameters of the Gurson Model

The design variables considered in this example are the elastic–plastic parame-
ters, P1, P2, P3, P6, P7, P8, and the damage parameters, fN, sN, εN, and fC. The same
fixed damage parameters of the first example are also used in this problem.
The Young modulus of the aluminum alloy is E = 10269.17 MPa. The objective
function shown in Eq. (5.25) is used with p1 = 1 and p2 = 0.

Figure 5.29 presents the results after 100 generations. The thick and the dotted
lines correspond to the experimental and numerical curves, respectively. It can
be observed in the figure that the specimen exhibited a very ductile behavior.
Figure 5.30 shows a detail of the ruptured section. Although the yield stress
estimate can be further improved, it is clear that the overall approximation is
very good. The parameters obtained with the proposed approach are presented in
Tables 5.4 and 5.5. Table 5.5 shows that the ratio εN/sN is equal to 1.452, which
corresponds to 93% of the nucleation level for fN, according to discussion presented
in Section 5.2.1. The convergence of the objective function is shown in Figure 5.31.

The material parameters given in Tables 5.4 and 5.5 are used as the starting
point for the gradient-based algorithm. In this case, optimization was performed
using SLP. Although this class of problems has many local minima, the results
obtained using GAs seem to have provided a quasi-global starting point to the
mathematical programming approach. The material parameters obtained are given

Figure 5.30 Ductile fracture of the
aluminum specimen at 400 ◦C.

Table 5.4 Elastic–plastic parameters obtained with genetic algorithms.

P1 P2 P3 P6 P7 P8

183.643 9 72.502 63 3.349 972 0.4 684 500 0.6 723 966 91.921 26

Table 5.5 Damage parameters obtained with genetic algorithms.

fN εN sN fC

1.953 155e–003 3.225 605e–001 2.221 714e–001 9.439 231e–002
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Figure 5.31 Convergence of the genetic algorithm.

Table 5.6 Final elastic–plastic parameters obtained using gradient-based optimization.

P1 P2 P3 P6 P7 P8

177.058 17 82.712 942 3.260 126 2 0.454 193 5 0.615 508 9 91.097 022

Table 5.7 Final damage parameters obtained using gradient-based optimization.

fN εN sN fC

2.436 038 4e–03 3.642 685 4e–01 2.057 972 3e–01 1.0 118 938e–01

in Tables 5.6 and 5.7, whereas the final stress–strain curve is depicted in Figure 5.32.
In this example, the ratio εN/sN is equal to 1.770 (see Table 5.7), reaching 96% of
the nucleation level for fN.

It is important to note that the formulation adopted does not ensure unicity
of the material parameters. This is consistent with results obtained by Spring-
mann and Kuna [78] and means that a different set of plastic and damage
parameters could lead to nearly the same dotted curve depicted in Figure 5.28.
One way to circumvent this inconvenience is to provide more information to
be matched between experiment and simulation [79, 80], as performed in the
example discussed in Section 5.7.1.
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Figure 5.32 Final stress–strain curve obtained with
gradient-based optimization (dotted line).

5.8
Concluding Remarks

Application of identification procedures to material modeling has become of
paramount importance for the success of simulation of metal-forming processes.
Moreover, a combination of damage approaches to the classic elastic–plastic
formulations makes it possible, not only to more accurately describe material
behavior but also to predict failure onset in complex forming operations. This has
prompted the development of new and innovative techniques aiming at improving
the quality of the parameters identified and at reducing the overall computation
time. The present work is one in which a new mixed approach based on a
combination of GA and gradient-based optimization strategies is proposed for
the determination of plastic and damage parameters. The method accounts for
an elastic–plastic formulation at finite strains, fully coupled to a Gurson-type
damage model. The strategy was successfully applied to tensile tests of low carbon
steel and aluminum alloy specimens using an objective function combining the
force–displacement curve and the final diameter immediately prior to fracture.
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6
Semisolid Metallic Alloys Constitutive Modeling for the
Simulation of Thixoforming Processes
Roxane Koeune and Jean-Philippe Ponthot

6.1
Introduction

Historically, metal forming has always been a major concern for human beings in
their quest to craft different kinds of objects, weapons, tools, and so on. Different
techniques for metal forming have been developed, and most of these can be
classified into two main categories: casting and forging.

Casting: The alloy is first heated up to its melting point, then the liquid material
is poured into a die so that it takes the desired shape. The biggest part of the
energy consumed in the process concerns the heating of the material. This kind
of process allows to produce a large variety of complex geometries, most notably
thin-wall components that allow the manufacturing of lighter parts. However,
during solidification, the material tends to shrink, and this inevitably leads to
porosities that weaken the mechanical properties of the final product.

Forging: The alloy is kept in the solid state and is deformed into the desired
shape. In this case, the consumption of energy is mainly due to the load necessary
for producing the prescribed deformation. This kind of process can offer a very
good level of mechanical properties but is limited to simpler designs than with
casting. Moreover, the waste of material is higher than that in casting.

Semisolid thixoforming: is an intermediate process. It relies on a particular
behavior that can be exhibited by semisolid materials. These materials display
thixotropy, which is characterized by a solidlike behavior at rest and a liquidlike
flow when submitted to shear. This behavior is illustrated in Figure 6.1 where the
metal can be cut and spread as easily as butter.

A family of innovative manufacturing methods based on this thixotropic behavior
has been developed and has gained interest over the past 30 years. These processes
present several advantages, such as energy efficiency, production rates, smooth die
filling, low shrinkage porosity, which together lead to near net shape capability
and thus to fewer manufacturing steps than with classical methods. Semisolid
material processes have already proved to be efficient in several application fields,
such as military, aerospace, and most notably automotive industries. Examples
of parts that have already been produced by semisolid processing are illustrated

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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206 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

Figure 6.1 Photographic sequence illustrating the
thixotropic behavior of a semisolid alloy slug [1].

Figure 6.2 Parts that can be produced
by semisolid processing.

in Figure 6.2. Thixoforming of aluminum and magnesium alloys is state of the
art and a growing number of serial production lines are already operating all
over the world. However, so far, there are only few applications of semisolid
processing of higher melting point alloys such as steel. This can partly be attributed
to the high forming temperature combined with the intense high temperature
corrosion that requires new technical solutions. However, the semisolid forming
of steels reveals high potential to reduce material as well as energy consumption
compared to conventional process technologies. In this way, a lot of effort is
currently being put into broadening the range of materials specifically designed for
thixoforming.

In this context, simulation techniques exhibit great potential to gain a good
understanding of these semisolid manufacturing routes and may be very helpful in
the development of the process. Therefore, this chapter focuses on the background
rheology and mathematical theories of thixotropy in order to develop constitutive
models and to simulate thixoforming processes by means of, for example, the finite
elements method.

After a short review on the technical aspects of semisolid metal processing, the
specificities of the thixotropic behavior that have been observed experimentally and
that need to be inserted in the models are detailed. In essence, thixotropic materials
are highly temperature and rate sensitive so that computational modeling must
include nonsteady-state and thermomechanical effects.
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6.2 Semisolid Metallic Alloys Forming Processes 207

To set up the theoretical framework in which these simulations are established,
continuum mechanics aspects as well as associated computational procedures
like kinematics in large deformations or thermomechanical finite deformation
constitutive theory are described. Treating semisolid material, containing both
liquid and solid in more or less large quantities, can be done using the mathematical
framework of both liquid dynamics or solid mechanics. Thus, both formalisms are
detailed and compared to each other.

A state of the art in modeling of thixotropy is also gathered. It can be roughly
categorized as one-phase or two-phase models. Different existing theories to
mathematically reproduce thixotropic behavior are explained.

A thermomechanical and transient one-phase model, using the solid mechanics
formalism that is extended here to be able to simulate fluid flows, is then detailed.

Finally, as an illustration of possible applications, the simulation of a few bench
tests is conducted. The computed results are described, analyzed, and compared to
references.

For the interested reader, there are several books [2–4] devoted to semisolid
metal processing.

6.2
Semisolid Metallic Alloys Forming Processes

By definition, a thixotropic material behaves as a solid when allowed to stand
still and as a liquid (it flows) when submitted to deformation. The viscosity of a
thixotropic material decreases with shearing (it is said that the material thins) and
increases again at rest (the material thickens).

Some examples of thixotropic systems include [5] the following:

• flocculation under interparticle forces: paints, coatings, inks, clay slurries, cos-
metics;

• flocculation of droplets: emulsions;
• flocculation of bubbles: foams;
• interlocking of growing crystals: waxes, butter, chocolate;
• agglomeration of macromolecules/entanglement: polymeric melts, sauces; and
• agglomeration of fibrous particles: tomato ketchup, fruit pulps.

Among those examples, a couple of thixotropic materials that can be encountered
in everyday life can help to better understand this particular thixotropic behavior:
Ketchup flows out of its bottle more easily if shaken previously. Certain kinds of
paints stick on paintbrushes and walls but flow and spread when worked with the
brush.

Some decades ago, a lot of work was done on the deformation of alloys during
solidification in order to better understand some defects inherent to casting. In
this environment, at the Massachusetts Institute of Technology (MIT) in the 1970s,
Spencer et al. [6] discovered that metallic alloys in the semisolid state with some
specific microstructure could also display thixotropy.
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Figure 6.3 Apparent viscosity versus
solid fraction for Sn– 15% Pb stirred at
various shear rates during continuous
cooling [6].

This discovery has given rise to considerable interest and resulted in new metal
forming processes – a whole family of semisolid processes.

6.2.1
Thixotropic Semisolid Metallic Alloys

It all started with the very unexpected results of some viscosity measurements of
alloys during solidification carried out at the MIT. The solidification of a nonpure
material occurs in a finite range of temperatures at which two phases coexist: a
liquid and a solid phase. The material is then in the semisolid state. Thus, during a
solidification experiment, the percentage of solid contained in the semisolid, called
the solid fraction – denoted by fs – increases1). In these experiments, the viscosity
measured as a function of the solid fraction depending on whether the alloy was
continuously stirred or not. In both cases, the apparent viscosity increases with
the solid fraction, as the material solidifies. This rise in viscosity speeds up at
a certain solid fraction level, as the material stiffens. It is this starting point of
sudden stiffening that depends on the conditions of solidification. So, the stirred
melt starts to stiffen at a much higher solid fraction than the unstirred one. We
can see in Figure 6.3 that this ‘‘critical’’ solid fraction increases with the strain rate.

1) At the same time, the percentage of liquid
contained in the semisolid, called the liquid
fraction – denoted by fl = 1 − fs – decreases.
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6.2 Semisolid Metallic Alloys Forming Processes 209

(a) (b)

Figure 6.4 Comparison between dendritic (a) and globular
(b) microstructures in a semisolid alloy sample.

These experiments showed that the viscosity of a semisolid metallic alloy was very
sensitive to the shear rate. Viscosity is a measure of how easy it is for a material to
flow. Thus, at the same solid fraction, the stirred melt would flow more easily than
the unstirred one.

Flemings and his MIT group, who discovered this phenomenon, attributed
it to the microstructure evolution of the molten alloy. It was well known that
a steady solidification led to a dendritic microstructure, with solid dendrites
particles lying in the liquid matrix. They proposed that a vigorous agitation
during solidification leads to a nondendritic but rather spheroidal or globular
microstructure because the shearing would continuously break up the arms of
the dendrites. A comparison between dendritic and globular microstructure is
shown in Figure 6.4, where the liquid phase is dark and the solid phase is
light.

A higher shear rate leads to particles closer to pure spheres and, hence, to a lower
viscosity and to a better flow. Thus they found that semisolid metallic alloys with a
nondendritic microstructure are thixotropic.

6.2.2
Different Types of Semisolid Processing

As explained in the previous section, the key point of semisolid forming processes
is the thixotropy of metallic alloys at the semisolid state. For this, a spheroidal
microstructure is required. Thus, semisolid-forming processes take place in several
steps:

• production of nondendritic microstructures;
• reheating to the semisolid state; and
• forming.
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Figure 6.5 Schematic illustration of different routes for semisolid metal processing.

Depending on the type of the process, the reheating step can be avoided. The
standard terminology is as follows.

Rheoforming refers to a process where the raw material is brought to the total
liquid state before being cooled down to the desired semisolid state. In this case,
the metal is liquid at the start of the forming process and the reheating stage is not
needed.

Thixoforming refers to a process where an intermediate solidification step occurs.
In this case, the metal is solid at the start of the forming process.

In addition, semisolid forming processes can be seen as an intermediate family
of processes between casting and forging. Therefore, depending on the liquid
fraction, the forming stage can be close to casting or to forging. So, in the case
where the liquid fraction is relatively high (i.e., above about 50%), the process is
closer to casting. On the other hand, a process working with lower liquid fraction is
closer to forging.

The different types of semisolid processes can be categorized as thixocasting,
thixoforging, or rheocasting2), illustrated in Figure 6.5.

6.2.2.1 Production of Spheroidal Microstructure
Conventional partial solidification or remelting leads to solid dendrites in a
liquid matrix, which is precisely what is to be avoided in an efficient semisolid
process. Therefore, the stage of production of a globular microstructure is critical
and requires the development of innovative processes besides regular casting or
forging processes. In his book [7], Suéry classifies the processes into two main
categories. The first category contains processes where the main microstructure

2) Nowadays, there is no ‘‘rheoforging’’
process.
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6.2 Semisolid Metallic Alloys Forming Processes 211

modification occurs during solidification; it does not matter then whether the
semisolid thixotropic material is then formed right away (prefix rheo-) or cooled
back down to the solid state and reheated before the forming step (prefix thixo-).
The other category includes processes where remelting plays the major part in
structure modification.

Microstructure Modification during Solidification The goal of this kind of processes
is to act on the solidification stage in order to avoid the development of dendrites.
According to Suéry [7], this can be done in three ways:

• Mechanical methods impose shearing to the structure under solidification. The
shearing can be produced by different kinds of stirring (mechanical, passive, or
electromagnetic stirring), by ultrasound or by electric shocks.

• Chemical methods modify the composition of the alloy to get grain refinement
and equiaxed microstructures.

• Thermal methods use some appropriate cooling conditions to get globular
microstructures. For example, maintaining a dendritic structure in the semisolid
temperature range for a period of time can produce a relatively coarse globular
structure by natural maturing. The hold time needed for maturing depends on
the size of the dendrites, which in turn depends on the cooling rate. Thus, the
fastest solidification possible is tried for in order to get the finest structure before
remelting it.
Another example is used in the process of new rheocasting (NRC). The alloy
is molten at its near-liquidus temperature and then cooled down slowly and
homogeneously. The liquid metal that is lightly overheated passes under the
liquidus in a rapid and homogeneous way. This produces the nucleation of
numerous and thus small grains that remain spheroidal during the slow cooling.

Certain methods can be combined together to get a better efficiency.

Microstructure Modification during Remelting The achievement of the nondendritic
microstructure is made during the remelting stage, although the structure of the
alloy at the initial solid state is also very important. These processes can be sorted
into three kinds [7].

• Powder metallurgy: The partial remelting of a fine powder made of several alloys
with different solidus temperatures can lead to a globular microstructure under
proper heating conditions.

• Deformation processes: The metallic alloy is submitted to plastic deformation
before being remelted. If the deformation is high enough, a fine grain recrys-
tallization occurs during remelting and the liquid penetrates the recrystallized
boundaries. There are different processes of this kind depending on the temper-
ature at which the plastic strain is imposed. A route called strain-induced melt
activated (SIMA) involves hot working (above the recrystallization temperature),
while the process of recrystallization and partial remelting (RAP) involves warm
working (below the recrystallization temperature).
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212 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

• Thixomolding [8]: This is an exception to the terminology ‘‘thixo’’.
Thixomolding is a licensed process highly effective for magnesium alloys.
Metal pellets are injected into a continuously rotating screw. The shear induced
to the material by the screw generates enough energy to heat the pellets into
the semisolid state and creates a globular structure. The material is then directly
injected into a die.

6.2.2.2 Reheating
The reheating of the material up to the adequate semisolid state is necessary only
in thixoforming processes. This stage of the process is a very important one and
must be of good quality to meet the desired liquid fraction. Indeed, the liquid
fraction is a crucial parameter for the quality of die filling. The liquid fraction
and thus the temperature should be as uniform as possible to get a homogeneous
behavior.

There exist two main routes for this reheating step: the resistance furnace and
the inductive heating.

Heating by Resistance Furnace These furnaces supply the heat by convection and
radiation. The heating times are higher than that in induction heating. Above
the industrial inconvenience of considerable waste of time, these long heating
times lead to a nonhomogeneous microstructure. Indeed, the solid phase maturing
depends on the hold time in the semisolid state so that a slow heating can lead to
larger solid grain size close to the skin than in the heart of the slug.

It is possible to speed up the resistance heating by improving the heat transfer,
thanks to forced air convection or even convection in a liquid, but these means are
not very efficient in general.

Inductive Heating Inductive heating, which, unlike resistance furnace, supplies
the heat directly inside the billet, and is the most employed heating route in
thixoforming. It has the advantage of being much faster than the previous heating
by resistance furnace; this results in enhanced productivity and energy effi-
ciency and avoids the problem of grain size mentioned in the case of resistance
heating.

A primary circuit transmits electric energy to the metallic billet, which plays the
role of secondary circuit. The electric energy is then converted into heat by Joule
effect losses.

In practice, as illustrated in Figure 6.6, the sample is set inside an inductor
supplied with alternative current. This produces an alternative magnetic field that
creates induced currents, called Foucault currents, inside the billet. These currents
dissipate heat inside the sample by the Joule effect.

If no particular care is taken, the induced currents and the resulting heat
can be nonhomogeneous inside the billet. By the laws of electromagnetism, also
known as Maxwell’s laws, it can be shown that the intensity of the induced
current decreases exponentially from the skin to the heart of the sample. This
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Figure 6.6 Schematic illustration of the
inductive heating device.

phenomenon is called the skin effect. In fact, the main part of the transferred power
is confined close to the surface of the sample. The heart of the billet is heated
afterward by thermal conduction from the surface. Therefore, there is a radial
inhomogeneity of the temperature (and thus of the liquid fraction). A temperature
gradient along the axis can also appear since the length of the inductor is not
infinite.

However, unlike resistance heating, these inhomogeneities can be avoided, or at
least reduced to a minimum by a careful set up of the inductive heating process
parameters. Collot [9] states that thermal and energy efficiency of the induction
can be qualified by two main values: the penetration depth and the dissipated
power. These quantities depend on various parameters that can be divided into
two families depending on whether they characterize the primary (the inductor
geometry, the current frequency or intensity) or the secondary circuit (the material
properties or the size of the billet). The parameters of the first kind are chosen
according to those from the second family.

These parameters are numerous and interconnected and a description of the
influence of each is beyond the scope of this chapter. However, a parameter that
plays a major role in temperature homogeneity is the evolution of the power
supply. In fact, it is important to calibrate the right heating cycle with, for in-
stance, some stages of lower power that leave some time for the conduction to
homogenize the temperature. In practice, the determination of such an appro-
priate heating cycle, which keeps reasonable temperature gradients, is a major
concern.

6.2.2.3 Forming
The last – but not least – step consists in deforming the slug into the desired
shape.

As already mentioned, there exist different kinds of forming processes depend-
ing on the liquid fraction obtained after reheating. Among those, it is possible
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Casting on
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Casting on
horizontal press

Extrusion Cross - extrusion

Forging

Figure 6.7 Illustration of the main kinds of semisolid forming processes.

to make other differentiations depending on the die device as illustrated in
Figure 6.7: extrusion, vertical, or horizontal press, and so on. Nowadays, some
processes are already in use in production, while others are still in the development
stage. The forming can also be continuous or the billets can be treated one by
one.

Semisolid processes are used to treat mainly aluminum, magnesium and steel
alloys. Some bronze or copper alloys can also be treated by semisolid processing.
The main fields of application are the automotive, aerospace, and military indus-
tries. More or less geometrically complicated parts can be produced by semisolid
processing, as already illustrated in Figure 6.2. In addition, thixomolding mainly
produces magnesium alloy components for cellular phones, portable computers,
cameras, and so on.

One crucial advantage of thixoforming over solid forging is the reduction in the
number of manufacturing steps needed to reach the final step by eliminating some
operations (forging steps, clipping, punching, final machining) and incorporating
all the remaining operations into a single line [10]. This is illustrated in Figure 6.8
where the component can be obtained in a single pass by thixoforming. However,
the transfer from one technology to another is never straightforward and another

Forging Thixoforging

Figure 6.8 From forging to thixoforging of a flange: reduc-
tion in the number of manufacturing steps and geometry
redesign.
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6.2 Semisolid Metallic Alloys Forming Processes 215

factor that is illustrated by Figure 6.8 is the necessary geometry redesign and resize
of the existing forged component for thixoforming. It is, of course, necessary for the
redesign to keep connecting and functional dimensions unchanged. In the case of
the flange represented in Figure 6.8, the number of sharp edges has been reduced
to a minimum. This allows to obtain a laminar flow of the semisolid material and
to prevent tool material deterioration.

On the other hand, the redesign can take advantage of the enhanced freedom in
part design that is offered by thixoforming.

A point common to all types of processes is that liquid and solid phases can move
apart, which causes segregations that can lead to inhomogeneities in the properties
of the final product. So, in all cases, the process should be designed to minimize
this effect.

Another concern, which is common with classical solid or liquid forming
processes, is the lifetime of the die. The manufacturing costs of a die makes it
worthwhile to put in significant effort into the design to increase the average life of
the die.

6.2.3
Advantages and Disadvantages of Semisolid Processing

As with any manufacturing process, there are certain advantages and disadvantages
in semisolid processing.

The main advantages of semisolid processing, relative to die casting, have been
gathered by Atkinson [1] as follows:

• Energy efficiency: Metal is not being held in the liquid state over long periods of
time.

• Production rates are similar to or better than that for pressure die casting.
• Smooth filling of the die with no air entrapment and low shrinkage porosity gives

parts of high integrity (including thin-walled sections) and allows application of
the process to higher strength heat-treatable alloys.

• Lower processing temperatures reduce the thermal shock on the die, promoting
die life and allowing the use of nontraditional die materials and processing of
high melting point alloys such as tool steels that are difficult to form by other
means.

• Lower impact on the die also introduces the possibility of rapid prototyping dies.
• Fine, uniform microstructures give enhanced mechanical properties.
• Reduced solidification shrinkage gives dimensions closer to near net shape and

justifies the removal of machining steps; the near net shape capability reduces
machining costs and material losses.

• Surface quality is suitable for plating.

The main disadvantages are as follows:

• The cost of raw material can be high and the number of suppliers small.
• Process knowledge and experience has to be continually built up in order to

facilitate application of the process to new components.
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216 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

• This leads to potentially higher die development costs.
• Initially at least, personnel require a higher level of training and skills than with

more traditional processes.
• Temperature control: Solid fraction and viscosity in the semisolid state are very

temperature dependent. Alloys with a narrow temperature range in the semisolid
region require accurate control of the temperature.

• Liquid segregation due to nonuniform heating can result in nonuniform compo-
sition in the component.

6.3
Rheological Aspects

Modigell and Pape [11] describe rheology as an interdisciplinary science connecting
physics, physical chemistry, chemistry, and engineering sciences. The word ‘‘rhe-
ology’’ combines the Greek words rheo, which means ‘‘flow’’ and logos, meaning
‘‘science’’. Rheology deals with simultaneous deformation and flow of materials
[12]. It is quantitatively expressed in relations between forces acting on bodies and
the resulting deformations.

Probably because of the ‘‘flow’’ connotation, the word rheology is mainly used
in fluid mechanics. However, in general, it is concerned with the mechanics of
deformable bodies and can be seen as a discipline that aims at modeling material
behavior under any of the mathematical frameworks detailed in Section 6.4.2. Two
branches of rheology working together have been distinguished by Modigell and
Pape [11]. The first one, often called rheometry, should give reliable experimental
data to set up heuristically defined equations. The other one is theoretical and tries
to derive constitutive relations by structural considerations. This section focuses
on the second part.

6.3.1
Microscopic Point of View

First, thixotropy in a microscopic point of view is treated, and more specifically, the
microscopic origin of thixotropy is explained.

6.3.1.1 Origins of Thixotropy
It has already been mentioned in Section 6.2 that the origin of thixotropy could be
found in the globular microstructure of the material. This section focuses on the
reasons why such a structure is required and how it leads to thixotropy.

Agglomeration The basic phenomenon of thixotropy is the tendency of the solid
particles to agglomerate. Atkinson [1] explains that this agglomeration occurs
because particles collide (either because the shear brings them into contact
or, if at rest, because of sintering) and, if favorably oriented, form a bound-
ary. ‘‘Favorable orientation’’ means the fact that if the particles are oriented in
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6.3 Rheological Aspects 217

such a way that a low energy boundary is formed, it will be more energeti-
cally favorable for the agglomeration to occur than if a high energy boundary is
formed.

Particle Size Once the bonds are formed, the agglomerated particles sinter, with
the neck size increasing with time.

Because of shearing, the existing bonds between particles are broken down and
the average agglomerate size decreases [1].

Thus, there exists a concurrency between two antagonist phenomena: buildup
and breakdown. This will dictate the size of the particles that, in turn, will influence
the material behavior.

Physical Basis of Thixotropy When the slurry is at rest, gravity will bring the
particles into contact and there is no important shear force to break the bonds.
Thus, a 3D network can build up throughout the material and the semisolid will
support its own weight and can be handled like a solid.

During a deformation, both buildup and breakdown happen. Actually, shear
not only breaks the bonds but also forces particles into contact with each other.
Thus, agglomeration still occurs. This process is influenced by the shear rate in
two opposing ways. Increasing the rate of shear not only increases the possi-
bility of particle–particle contact but also decreases the time of contact [1]; yet,
the formation of a new solid–solid boundary needs time to be accomplished.
Overall, the structure is more or less unstructured by the deformation and
the material responds by a more or less viscous flow, depending on the shear
rate.

Importance of Spheroidal Structure During deformation, bonds are broken and
the solid globules are able to roll over each other while the fluid surrounding
them acts as a lubricant. The ease with which particles are able to move past
each other depends on the liquid fraction, the size of the particles, and the degree
of agglomeration. This deformation mechanism is illustrated in Figure 6.9 and
explains why a globular structure is required. Indeed, the globular particles move
more easily over each other than dendritic phases that tend to interlock during
application of an external force.

The viscosity in the steady state depends on the balance between the rate
of structure buildup and the rate of breakdown. It also depends on the particle
morphology. The closer the shape to that of a pure sphere, the lower the steady-state
viscosity [1].

6.3.1.2 Transient Behavior
We have seen that the thixotropic material is highly dependent on the load rate
and history. Moreover, during a forming process, the slurry undergoes a sudden
increase in shear rate. So, the thixotropic transient behavior is much different
than the one under steady-state conditions, and that is the first one that has to be
introduced in the simulations.
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218 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

Figure 6.9 Microstructural deformation
mechanism in a semisolid metallic alloy with
globular microstructure.

Shear-Rate Step-Up and Step-Down Experiments An experiment that is well rep-
resentative of the thixotropic behavior is the shear rate step up and step down,
illustrated in Figure 6.10. This figure represents the results of the numerical simu-
lation of a simple shear test by the finite element method and using the constitutive
model described in Section 6.6. It is in qualitative agreement with the experiments.
For a thixotropic material at rest, when a step increase in shear rate is imposed, the
shear stress will peak and then gradually decrease until it reaches an equilibrium
value for the shear rate over time [1]. Similarly, when the shear rate is suddenly
decreased, the material responds by an undershoot in shear stress before another
stabilization.

Comparison of semisolid Metallic Alloy with Other Thixotropic Systems The expla-
nation of this transient behavior typical of thixotropic systems can be found in a
deeper detailed description of the microscopic mechanisms of thixotropy. For this,
Atkinson [1] compares semisolid thixotropic metallic alloy with other thixotropic
systems. Indeed, the semisolid metallic systems have much in common with
flocculated suspensions.

Figure 6.11 represents a classical diagram of the microstructure evolution and
the stress response to a change of shear rate during a simple shear experiment
on such systems. This behavior also applies for semisolid metallic alloys with a
globular microstructure. At equilibrium, the microstructure has got enough time
to adapt to a new shear rate level. So, Figure 6.11 distinguishes the equilibrium
flow dotted curve from the isostructure evolutions represented by plain lines.

Starting from point ‘‘a’’, at which the microstructure consists of large particles
agglomerates, the shear rate is first increased from γ̇1 to γ̇2. In the first step, the flow
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Figure 6.10 Shear rate step-change experiment (numerically generated).

follows the plain line to go toward point ‘‘a′’’ and then gets back on the equilibrium
flow curve by a structure break up until the size corresponds to the flow curve that
passes through point ‘‘b’’. This point corresponds to a new microstructure made
of much smaller agglomerates than the initial one.

Then, the shear rate is reduced back to γ̇1 and the flow curve corresponding to
the new microstructure is followed up to point ‘‘b′’’. The new equilibrium is then
reached by collision and agglomeration of individual particles to get back to point
‘‘a’’ and its corresponding microstructure made of large flocs.

Atkinson [1] studied the similarities and differences between thixotropy in
semisolid metallic systems and that in other thixotropic systems. These are
associated with the nature of the forces between the particles. In general, the
forces between particles include the following: van der Waals attraction, steric
repulsion due to adsorbed macromolecules, electrostatic repulsion due to the
presence of like charges on the particles and a dielectric medium, and electrostatic
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Figure 6.11 Thixotropic behavior in the case of flocculated suspensions [1].

attraction between unlike charges on different parts of the particle (e.g., edge/face
attraction between clay particles). In semisolid metallic slurries, none of these
forces apply. What must actually be occurring in structural buildup is a process
akin to adhesion in wear.

Another difference between thixotropic flocculations and metallic systems is the
coarsening of the microstructure over time. In the case of metallic alloys, it has
already been mentioned that during an isothermal hold in the semisolid state,
the average size of the solid particles gets progressively larger. This has a major
influence on the material behavior.

Finally, many thixotropic systems show ‘‘reversibility,’’ that is, the slurries have
a steady-state viscosity characteristic of a given shear rate at a given solid fraction
regardless of past shearing history. However, in semisolid alloy slurry systems,
the evolution of particle shape (and size) with time and stirring (Figure 6.13)
is irreversible in the sense that a globule cannot convert back to a dendrite.
The measured viscosity is then expected to depend on the shearing and thermal
history.

Microstructural Explanation of Thixotropic Transient Behavior Quaak [13] proposed
the mechanism illustrated in Figure 6.12 as the microstructural basis of thixotropic
transient behavior. Right after a change in shear rate, the structure remains
unchanged (‘‘isostructure’’). During this transient period, structure evolution has
no time to occur and the structure still corresponds to that of the previous
shear rate. It is not yet very clear whether the isostructural material behaves
in a Newtonian way or as a shear thickening flow, but this transient period
corresponds to the overshoot (or undershoot in the case of a decrease in shear
rate) in the response of the material to the rapid shear rate change observed in
Figure 6.10.
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Figure 6.12 Microstructural basis of thixotropic transient behavior [13].

There is then a fast mechanical process of deagglomeration where the bonds
are broken, followed by a slower diffusional process where fragments coarsen
and progressively get spheroidal. These two processes correspond to the return to
equilibrium, with the shear stress evolution going back on the equilibrium shear
stress that corresponds to the new shear rate level.

Step-Change Experiment Purpose: Identification of Material Parameters We have
seen that the key for the thixotropic behavior is the balance between two antagonist
phenomena: buildup and breakdown. Thus, these processes have to be inserted
in models of thixotropy and need to be characterized. For this, two relaxation
times can be quantified, thanks to shear rate step-change experiments: breakdown
time and buildup time. The breakdown time is the characteristic time for the
slurry to achieve its steady-state condition after a shear rate change from a lower
value to a higher value, while the buildup time is for a change from a higher
shear rate to a lower shear rate. The times for breakdown are faster than those
for buildup. The breaking up of ‘‘bonds’’ between spheroidal solid particles in
agglomerates is likely to be easier than the formation of bonds during shear-rate
drops [1].

On the basis of these experiments, some tendencies can be highlighted:

• Regardless of the initial shear rate, both the viscosity and the breakdown time
decrease with increasing final shear rate.

• During a change in shear rate, the height of the peak in stress evolution is
proportional to the change in shear rate.

• With longer rest times, the peak stress increases and the breakdown time de-
creases. Atkinson [1] argued that this is consistent with microstructural evidence
showing that increasing the rest time increases the solid-particle sizes and the
degree of agglomeration. This increase would impede the movement of the
particles upon the imposition of the shear stress.

• The overshoot increases with increasing solid fraction.
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222 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

Figure 6.13 Structure evolution during solidification with vigorous agitation [14].

6.3.1.3 Effective Liquid Fraction
During the formation of the globular microstructure, some liquid can get entrapped
inside solid grains. For example, during solidification with vigorous agitation,
Flemings [14] proposed that the structure evolution was described by Figure 6.13.
This figure shows how liquid can get entrapped within solid globules (see also
Figure 6.4).

This part of the liquid does not contribute to the flow. Thus, although the liquid
fraction may take a certain value governed by the temperature (and indeed kinetics
as the thermodynamically predicted liquid fraction is not achieved instantaneously
on reheating from the solid state), in practice, the effective liquid fraction should
be distinguished and is smaller than (or equal to) the liquid fraction. This tends to
increase the viscosity in a nonnegligible way since it is very sensitive to the liquid
fraction.

During a deformation, solid bonds get broken and some of the entrapped liquid
is released, leading to an increase in the effective liquid fraction. This accentuates
the ease with which the material under load will flow and causes a decrease in the
viscosity.

6.3.2
Macroscopic Point of View

Now that the microscopic basement of thixotropy has been well established, let us
focus on some macroscopic facts.

6.3.2.1 Temperature Effects
First of all, temperature affects the microstructure via the liquid fraction, with a
significant effect on viscosity.

In addition, viscosity is itself highly dependent on temperature. For a Newtonian
fluid (e.g., the liquid matrix in a semisolid slurry), the viscosity decreases with an
increase in temperature.

Finally, over time, the microstructure will coarsen by diffusion and this will be
accelerated as the temperature increases.

Thus, the thixotropic material behavior depends highly on temperature, its
variation as well as its history, and a constitutive model of thixotropy should
therefore be thermomechanically coupled.

6.3.2.2 Yield Stress
Nowadays, there is still a dispute over whether thixotropic semisolid alloys display
yield and whether they should be modeled as such. Anyway, in terms of modeling
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6.4 Numerical Background in Large Deformations 223

semisolid alloy die fill, the use of a yield stress may be appropriate because a vertical
billet does not collapse under its own weight unless the liquid fraction is too high [1].

Moreover, Section 6.4.2.8 shows that the introduction of a finite yield stress in
the constitutive model is needed for the prediction of the residual stresses. Yet, in
forming processes, the residual stresses are an important indicator of the quality
of the final product and a good model should be able to take this into account.

6.3.2.3 Macrosegregation
When semisolid metallic slurries are being deformed, a pressure gradient occurs.
It induces a relative motion between the liquid and the solid grains. Thus, liquid
tends to flow out toward the surface of the component. This phenomenon can be
compared to the squeeze of a sponge and is therefore called sponge effect.

It creates segregation between the two phases, from which result nonhomoge-
neous properties, especially in terms of liquid fraction.

Moreover, it may lead to a too high liquid fraction at the boundaries, which
causes deficiencies inherent to casting (shrinkage, porosities, etc.).

This phenomenon cannot be totally eradicated, but can be reduced to its
minimum by an appropriate choice of process parameters. For this, it must
be well understood and its introduction into modeling may help.

6.4
Numerical Background in Large Deformations

Numerical simulations can be of great help in the development of the thixoforming
technology. This section gives a brief review of the theoretical background in which
such modeling can be implemented.

During a forming process, large deformations occur. Thus, the hypothesis of
small strains and of linear elasticity is no longer applicable to simulate such
processes, and the numerical problem is thus nonlinear. The aim of this section is
to explain and compare different formulations that deal with large deformations,
in terms of kinematics and material behavior description.

6.4.1
Kinematics in Large Deformations

In large deformations, the current and initial configurations are significantly
different (Figure 6.14). This implies that the expressions of variables, volume
integrals, and so on depend on the configuration, which is not the case under the
small strains hypothesis. So, the use of a specific formulation is required to deal
with large deformations.

6.4.1.1 Lagrangian Versus Eulerian Coordinate Systems
Let X be the position vector of a material particle in the reference configuration of
volume V0 (Lagrangian coordinates), x be the position vector of the same material

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



224 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

Reference
configuration

V0

e3

e1

e2

X

x

dX

dX
p

p

f

Current
configuration

V(t )

Figure 6.14 Current and reference configurations in large deformations.

particle but in the current configuration of volume V(t) (Eulerian coordinates), any
property can be described as a function of x (spatial representation) or X (material
representation).

In the Lagrangian, also called material, coordinate system, the initial position X
must be known and is used as the independent variable. The displacement is

u = x(X, t) − X (6.1)

Thus, the formulation tracks specific identifiable material particles that are carried
along with the deformation. In this case, the movement of free boundaries is
easily followed and is thus computed automatically. Another advantage of this
formulation is that history-dependent materials are relatively easy to handle.
However, the knowledge of the history of the particles from the initial conditions
is required and is not always easy to get in the case of a fluid flow. In addition,
the mesh, which is attached to the material, can be rapidly distorted. For these
two reasons, the theory in fluid mechanics is usually developed in the Eulerian
representation.

In the Eulerian, also called spatial, coordinate system, the initial position X is
treated as a dependent variable. In the case of fluid mechanics, this initial position
X is usually unknown. Thus, it is the velocity rather than the displacement that is
estimated:

u̇ = ẋ = dx
dt

(6.2)

So, the Eulerian representation observes the velocity at locations that are fixed in
space. Since the mesh is attached to spatial coordinates, the material flows through
the mesh that remains perfectly undistorted. However, the drawback of such a
fixed mesh is that free boundaries are difficult to track.

It is generally assumed that the current position can be written in terms of the
reference coordinates by the one-to-one relationship,

x = φ(X, t) (6.3)

To take advantage of both formulations, while avoiding their drawbacks,
mixed Lagrangian–Eulerian approaches have been developed, like the arbitrary
Lagrangian–Eulerian (ALE) formulation [15] that is used in the applications shown
in Section 6.7.
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6.4 Numerical Background in Large Deformations 225

6.4.1.2 Deformation Gradient and Strain Rate Tensors
This section gives a brief review of some kinematics notations used in large
deformations.

The deformation gradient, which describes the motion from the reference
configuration to the current one, is a two-point tensor:

F = ∂x
∂X

with J = det F > 0 (6.4)

The spatial gradient of velocity is given by

L = ∂ ẋ
∂x

= ḞF−1 (6.5)

and can be split into its symmetric and antisymmetric parts, according to

L = D + W (6.6)

With

D = 1

2
(L + LT) strain rate (symmetric) (6.7)

W = 1

2
(L − LT) spin tensor (antisymmetric) (6.8)

By essence, the spin tensor is neglected under the small strains hypothesis and is
thus specific to large deformations.

6.4.2
Finite Deformation Constitutive Theory

Behaviors of material submitted to large deformations, as well as metallic alloys at
high temperature or, more specifically, thixotropic material, are highly nonlinear.
This section thus sets the framework in which a constitutive law of thixotropy can
be established.

6.4.2.1 Principle of Objectivity
Constitutive equations must be invariant under changes of frame of reference3).
Indeed, two different observers of the same phenomenon should observe the same
stress tensor in a given body, even if they are in relative motion. Functions and
fields are called frame in different or objective if they transform according to the
rules established for the change of frame. The constitutive equations must be
written only in terms of objective quantities. However, the spin tensor W and thus
the spatial gradient of velocity L are not objective; and so is the time derivative
of any Eulerian second-order objective tensor (e.g., the Cauchy stress tensor σ is
objective, and it is easy to demonstrate that σ̇ is not). If a constitutive law uses
time derivative, it should be rewritten into a new form. For example, an objective

3) A frame of reference is a set of points mov-
ing in a rigid body motion (linked to an
observer).

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



226 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

derivative of the stress tensor can be used, like the Jaumann derivative, which is
written as

∇
σ

J
= σ̇ − Wσ + σW (6.9)

We have seen in Section 6.2 that a thixotropic behavior is mainly characterized
by a high dependence on strain rate. So, it is often found in the literature that
thixotropic material properties depend on time and that there exist models where
the variable time is explicitly introduced into the constitutive law. Yet, time is not
an objective quantity and this rate sensitivity (rather than time sensitivity) exhibited
by thixotropic material should be taken into account by other means, such as a
strain rate dependence since D is indeed an objective quantity.

6.4.2.2 Different Classes of Materials
Semisolid contains both liquid and solid and behave as a solid or as a fluid
depending on local process conditions. Thus, the first distinction to be made is
between solid and liquid materials.

It is interesting to note that the designation of solid or liquid is more or less a
matter of convenience. Actually, this designation intrinsically depends on the ratio
of the material characteristic time τchar with the experiment duration τexp. This is
expressed by the Deborah number [16] : De = τchar/τexp. So, at room temperature,
the characteristic time of glass is of the order of a century while the one of water is
of a nanosecond. So, if the experiment duration is some hundreds of years, glass
could be considered as a liquid (deterioration of stained glass window in very old
churches is an experimental proof that ‘‘solids’’ flow). ‘‘It therefore appears that
the Deborah number is destined to become the fundamental number of rheology,
bringing solids and fluids under a common concept’’ [16]. The larger the Deborah
number, the more solid the material; the smaller the Deborah number, the more
fluid it is.

Still, in the present framework, the experiment durations are in the order of the
second and the classical concept of liquid and solid remains applicable.

Solids As a solid is deformed beyond a certain level of strain, permanent,
nonrecoverable, or plastic deformation can occur. The plastic behavior depends
on the loading history. Among solid materials, we can distinguish the different
behaviors illustrated in Figure 6.15 for a 1D problem:

• Elastic: Reversible and time independent. The mechanical energy is stored into
elastic strain. The elastic strain response is instantaneous when the stress is
modified. This behavior is generally observed in rubber materials or under the
small strains hypothesis.

• Viscoelastic: Reversible but time dependent (creep, relaxation). Upon load release,
some time is required before total recovery.

• Elastoplastic: Irreversible and time independent. Permanent deformations are
induced. This behavior is typical of metallic alloys at room temperature.

• Elastovisco-plastic: Irreversible and time dependent. This behavior is typical of hot
metallic alloys including thixotropic semisolid metallic alloys.
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Figure 6.15 Different types of solid material behaviors in a
stress–strain diagram (ε̇ is the strain rate).

There are two main ways to describe a ‘‘solid’’ constitutive law: hypo- and
hyperelastic formulations. In hyperelastic formulations, stresses are derived from
a potential while in hypoelastic formulations they are represented by an evolution
law of the type

σ̇ = f (σ, L) (6.10)

which, in order to fulfill the objectivity principle, has to be rewritten:

∇
σ = f (σ, D) (6.11)

In this chapter, only the hypoelastic formulation is treated.

Liquids Liquids have very weak resistance to shear and tensile loading. Liquids
cannot prevent themselves from shearing because they cannot develop enough
restoring force to balance such a stress (as solids do). This means that any shear
stress applied on a liquid leads to steadily increasing strains and, thus, to a flow.
Therefore, it does not make sense to relate stress to strain (as it is done for solids),
but rather to strain rate. The main material parameter of this relationship is the
viscosity η, which is not necessarily constant since internal structural changes
induced by the deformation can cause a variation of viscosity. Thus, one can write
a canonical constitutive equation of the form:

σ = g(D, η) (6.12)

The deformation is irreversible as the mechanical energy is converted into heat via
dissipation through the viscosity.

There are four types of liquid behaviors illustrated in Figure 6.16 for a simple
shear test:

• Newtonian: Linear viscous behavior, characterized by a constant viscosity.
• Pseudoplastic: Also known as shear-thinning Behavior, the viscosity is not

constant and is called the apparent viscosity. It decreases when the shear rate
increases.
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Figure 6.16 Different types of liquid material behaviors.

• Dilatant: Also known as shear-thickening Behavior, the viscosity increases with the
shear rate.

• Bingham: The concept of plasticity is introduced in this model by means of a
yield stress. This behavior is similar to the rigid4) viscoplastic solid behavior.

The following sections focus on the mathematical formulation for these different
behaviors. First, two ideal behaviors of linear elastic solid and viscous liquid
are developed. Then, some more sophisticated models lying between these two
‘‘frontiers’’ are presented and compared.

6.4.2.3 A Corotational Formulation
As explained in Section 6.4.2.1, in order to satisfy the principle of objectivity,
some ‘‘generalized time derivative,’’ such as the Jaumann derivative had to be
introduced. These slightly complicated expressions can be transformed to a much
simpler relation provided an appropriate change of frame, such as in a corotational
frame, is performed. A corotational frame can be generated as follows.

Given any skew-symmetric tensorω, it is possible to generate a group of rotations
ρ, by solving

{
ρ̇ = ωρ
ρ(t = t∗) = I

(6.13)

Thanks to this group of rotations, it is possible to generate a change of frame from
the fixed Cartesian axes to a frame rotating with a spin ω. This rotating frame is
called a corotational frame. Field quantities components in the rotating frame can
then be expressed in terms of the same quantity in the fixed Cartesian axes as

sC = s for a scalar (6.14)

qC = ρTq for a vector (6.15)

σC = ρTσρ for a second order tensor (6.16)

HC = ρT[ρTHρ]ρ for a fourth order tensor (6.17)

4) In a rigid model, the elastic part of the
deformation is negligible. In this case, there

is no strain below the yield stress (infinite
elastic modulus).
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6.4 Numerical Background in Large Deformations 229

In this corotational frame, the Cauchy stress tensorσC, as well as its time derivative
σ̇C, can be written, respectively, as

σC = ρTσρ (6.18)

σ̇C = ρT(σ̇ − ωσ + σω)ρ ≡ ρT ∇
σ ρ (6.19)

By comparing the expressions of the objective Jaumann derivative (6.9) with the
time derivative of the Cauchy tensor in the corotational frame (6.19), one can notice
that an objective derivative, such as the Jaumann rate, transforms into a simple
time derivative in the rotating frame whose rotation is such that ω = W.

For example, relation (6.11) can be rewritten, providedω in Eq. (6.13) is identified
to the spin tensor W:

σ̇C = f C(σC, DC) (6.20)

with

σ̇C = ρT ∇
σ

J
ρ (6.21)

σC = ρTσρ (6.22)

DC = ρTDρ (6.23)

In the following sections, since all quantities are expressed in the corotational
frame, for the sake of simplicity, we omit the exponent ‘‘C’’ for such quantities

(thus, in particular, one has
∇
σ

J
→ σ̇C written as σ̇).

However, it may be noted that the corotational frame is only used for solid
description, while the fluid description sticks to the fixed Cartesian frame. It
should, however, be clear that corotational frame is only a tool to help integrating
the constitutive law (6.20) and that once Eq. (6.23) has been integrated, the resulting
stress tensor is brought back to fixed cartesian axis by using the inverse of Eq.
(6.23); see Ref. [17] for details.

6.4.2.4 Linear Elastic Solid Material Model
In a hypoelastic formulation, Hooke’s law of linear elasticity can be expressed as

σ̇ = H : D (6.24)

where H is Hooke’s tensor (fourth-order constant tensor) and the symbol ‘‘:’’
represents the double contraction of two tensors, that is, (H : D)ij = HijklDkl.

In the case of an isotropic material, the general Hooke’s tensor can be reduced
to two scalar quantities called the Lamé coefficients: λe and µe, and Eq. (6.24) can be
written as

σ̇ = 2µeD + λetr(D)I (6.25)

or, in terms of the deviatoric part of the strain rate tensor D̂ = D − 1
3 tr(D)I:

σ̇ = 2GD̂ + K tr(D)I (6.26)
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230 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

with

• G = E
2(1+ν) = µe, the shear modulus

• K = E
3(1−2ν) = λe + 2

3 µe, the bulk modulus
• E, Young’s modulus
• ν, Poisson’s ratio

The volumetric part of the stress tensor can be seen as the hydrostatic pressure
p in the solid, and the constitutive equation is often written as

σ̇ = 2GD̂ + ṗI (6.27)

with ṗ = K tr(D).

6.4.2.5 Linear Newtonian Liquid Material Model
For liquids, it is generally assumed that the stress tensor results from two uncoupled
phenomena: the hydrostatic pressure p5) and the flow, which displays viscous
resistance. Thus, the stress tensor is split into two parts:

σ = s′ + pI (6.28)

where s′ is called the extra stress tensor. The hydrostatic pressure p does not depend
on the strain field and the constitutive law is expressed in terms of the extra stress
only. Since liquids are generally isotropic, it can be written by analogy with the
elastic constitutive equation:

s′ = 2µνD + λν tr(D)I (6.29)

or in terms of the deviatoric part of the strain rate tensor D̂:

s′ = 2ηD̂ +
(

λν + 2

3
µν

)
tr(D)I (6.30)

where η = µν is the viscosity of the material.
In many cases, λν + 2

3 µν is chosen to be equal to zero (Stoke’s hypothesis) so
that the second term of Eq. (6.30) can be neglected and eventually, we can write

σ = 2ηD̂ + pI (6.31)

which has a form similar to relation (6.27).
The schematic 1D representation of both linear solid and liquid models is

pictured in Figure 6.17.

5) Usually, fluid and solid formulations use
opposite sign conventions for the hydro-
static pressure. As liquids can only sus-
tain compression loads (thus negative 1D
stresses in the ‘‘solid’’ convention), the fluid

formulations generally consider compres-
sion as positive and traction as negative. For
a matter of uniformity, the solid convention
is adopted all along this chapter.
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6.4 Numerical Background in Large Deformations 231

s s s s
E

Elastic solid

h

Viscous liquid

Figure 6.17 Schematic 1D representation of linear solid and liquid behaviors.

s sE
sy

+  =∋ ∋∋e p

Figure 6.18 Elastoplastic behavior schematic 1D representation.

6.4.2.6 Hypoelastic Solid Material Models
Viscous effects are initially neglected and are studied later in this section.

The concept of yield stress σy is the key point of the formulation. Below this
stress, the material behavior is assumed to be linear elastic and to obey Hooke’s
law. Beyond it, nonreversible phenomena occur and the material behavior becomes
nonlinear.

Basic Hypoelastic Hypotheses The basic assumption for hypoelastic models con-
sists in an additive split of the strain rate into two parts: an elastic and reversible
part De and an irreversible plastic part Dp:

D = De + Dp (6.32)

Figure 6.18 illustrates this split in the specific case of a small strains 1D problem,
for which the equation ε̇ = ε̇e + ε̇p implies ε = εe + εp. By obvious inspection of
the system in Figure 6.18 and of the subsystem (that must be in equilibrium) in
Figure 6.19, one can write in 1D:

σ = Eεe = E(ε − εp) (6.33)

or

σ̇ = Eε̇e = E(ε̇ − ε̇p) (6.34)

which is generalized to 3D as

σ̇ = H : (D − Dp) (6.35)

Plastic Part of the Strain Rate Evolution This section focuses on the concepts of
plastic strain, of yield stress, and of its evolution.

s sE

∋e Figure 6.19 Elastic subsystem at equilibrium that leads
to the constitutive relation σ = Eεe.
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232 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

• Yield criterion: To define the onset of plastic deformation, the stress state is
compared to the yield stress. For this quantitative comparison, a scalar quantity
is needed. In general, the stress is a tensor and a way to measure its magnitude
must be adopted. Thus, the existence of a yield surface f , defined in the 6D space
of stresses, is assumed. This surface detects whether the deformation is elastic
or plastic:

f (σ, T , q) = 0 (6.36)

where T is the temperature and q is the set of internal parameters, which
describes, at the macroscopic level, the microscopic state of the material and
which is an image of the past history of the deformation (so far, T and q are
considered as parameters).
This surface divides the space into three regions, as illustrated in Figure 6.20:

f < 0 : Elastic deformation domain

f = 0 : Plastic deformation domain

f > 0 : No-access region

Thus, one of these three areas is characterized by a nonadmissible behavior
and a restriction on the behavior evolution to thermodynamically admissible
states should be set up by f (σ, T , q) ≤ 0. This additional condition imposes
that, during a plastic deformation, the yield criterion evolves and the undergone
thermodynamical states must remain on the evolving function f = 0 or, in
other words, that the stress state must remain on the subsequent yield surface.
The mathematical expression of this condition, which is called the consistency
condition, is

ḟ = ∂f

∂σ
: σ̇ + ∂f

∂q
∗ q̇ + ∂f

∂T
Ṫ = 0 (6.37)

where the symbol ‘‘∗’’ represents the product if used with two scalars, the scalar
product if used with two vectors of the same dimension a and b (a ∗ b = aTb =
aibi), and a double contraction if used with two second-order tensors A and B
(A ∗ B = A : B = AijBij).

f > 0

f < 0

No-access
region

Elastic
domain

Yield
surface

f = 0

Figure 6.20 2D representation of the yield surface (the actual space is 6D).
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6.4 Numerical Background in Large Deformations 233

The function f can be expressed as a function of the scalar representation of the
stress state σ and of a critical stress σcrit:

f = σ − σcrit (6.38)

There exist several expressions for the yield surface function f depending on the
criterion used for the equivalent stress σ and on the critical stress σcrit. In the
following sections, the von Mises criterion is adopted, which means that the von
Mises equivalent stress σ VM and the yield stress σy are used. The equation of this
particular yield surface is written as


f (σ, T , q) = σ VM − σy(q, T)

σ VM =
(

3
2

(s − C(q, T)) : (s − C(q, T))
)1/2 (6.39)

where C is the backstress deviatoric tensor relative to kinematic hardening.
In the space of principal stresses (i.e., eigenvalues of the stress tensor), this
equation represents a cylinder whose axis is the angle trisector of the principal
stresses (hydrostatic state of stresses: σ1 = σ2 = σ3), whose radius is equal to√

2/3σy, and whose center is at a distance of C (called equivalent backstress) from
the origin, given by

C =
√

3

2
C : C (6.40)

• Flow rule: It is assumed that the evolution of the plastic part of the strain rate
runs along the normal direction to a scalar plastic potential g and also that this
plastic potential g is identified as the yield surface f itself (associative plasticity).
This gets

Dp = ξ
∂g

∂σ
= ξ

∂f

∂σ
(6.41)

where ξ (σ, T , q) is a consistency or flow parameter. It can be calculated using the
consistency condition (6.37).

By defining � = ξ

∣∣∣∣∣∣ ∂ f
∂σ

∣∣∣∣∣∣ and the unit external normal direction N (such that

N : N = 1) to the yield surface f , the flow rule can be expressed by

Dp = ξ
∂f

∂σ
= �N (6.42)

In the particular case of von Mises criterion and isotropic hardening, the normal
direction can be written as

N = s√
s : s

(6.43)

• Internal variables evolution laws and hardening: Internal variables change with
irreversible deformations. The parameters of the yield criterion evolve with those
internal variables according to hardening laws.
There exist several possibilities of such internal variables, the one picked here
being the equivalent plastic strain εp. It is defined through its rate by

ε̇
p =

√
2
3

Dp : Dp (6.44)
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234 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

which, according to Eq. (6.42), leads to

ε̇
p =

√
2

3
� (6.45)

In the case of the von Mises criterion (Eq.(6.39)), the internal parameters have
an impact on the yield stress σy and on the backstress tensor C. So, two types of
hardening can be set apart:
• The isotropic hardening refers to the evolution of the yield stress σy, namely,

the radius of the yield surface. It represents an inflation of the yield surface.
• The kinematic hardening refers to the evolution of the backstress tensor C,

namely, the position of the center of the yield surface in the stress space.
It represents a shift of the yield surface.

In the following sections, only the isotropic hardening is considered.
The isotropic hardening law will complete the present constitutive formulation.
It describes the evolution of the yield stress during a plastic deformation. For
example, a linear hardening is written as [18]

σy(εp, T) = σ 0
y

(
1 − ωσy (T − Tref )

)
+ h(T)εp (6.46)

where ωσy is the linear softening coefficient of the initial yield stress σ 0
y , Tref is

the reference temperature at which the yield stress is equal to σ 0
y , and h is an

hardening coefficient (h is constant in the case of linear hardening). Several more
or less complex forms can be defined to simulate the yield stress evolution.

Stress Rate As in the elastic case, the stress rate tensor can be split into its
volumetric and deviatoric parts:

σ̇ = ṡ + 1

3
tr(σ̇)I = ṡ + ṗI (6.47)

In many cases, the hydrostatic pressure p does not induce any plastic deformation.
Actually, the von Mises criterion, which is written in terms of the deviatoric stress
tensor, is independent of the hydrostatic pressure. The plastic strain rate is thus
deviatoric (Eqs (6.42) and (6.43)) and the trace of the elastic strain rate tensor is
equal to the one of the total strain rate tensor. Considering Eq. (6.26), the pressure
variation can be written as

ṗ = K tr(De) = K tr(D) (6.48)

However, the deviatoric elastic strain rate does depend on the plastic strain rate:

D̂e = D̂ − D̂p = D̂ − Dp (6.49)

Considering Eqs (6.25) and (6.42), the deviatoric stress rate is written as

ṡ = 2GD̂e = 2G(D̂ − Dp) = 2G(D̂ − �N) (6.50)
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6.4 Numerical Background in Large Deformations 235

Viscous Effects To describe a viscoplastic behavior, a von Mises yield criterion can
still be used. In this case, the region f > 0 is no longer forbidden, but a stress state
inside this region means that the behavior is viscoplastic. Thus, the consistency
condition (6.37) is no longer applicable and an additional equation is required to
describe the evolution of �. This evolution law represents the viscous behavior.
One largely used example of such law is the Perzyna model:

� =
√

3

2

〈
σ − σy

k(εvp)n

〉1/m

(6.51)

where m is a viscosity exponent, n a hardening exponent, k a viscosity parameter,
and 〈〉 the Mac Auley brackets. All these parameters can depend on the temperature
and on the internal variables.

Keeping a unified formalism with plasticity, the total strain rate is split here such
that D = De + Dvp, where Dvp represents the viscoplastic (irreversible) part of the
strain rate. In such a formalism, the flow rule can still be written:

Dvp = �N =
√

3

2

〈
σ − σy

k(εvp)n

〉1/m

N (6.52)

By combining Eqs (6.45) and (6.51), we get the von Mises criterion generalized to
viscoplastic behavior, that is, where σcrit has been generalized to take into account
viscous effects:{

f = σ VM − σcrit = 0
σcrit = σy + k(εvp)n(ε̇

vp
)m (6.53)

Figure 6.21 illustrates the elastoviscoplastic model under small strains assumptions
and in the case of 1D problem. It is an extension of Figure 6.18 to viscous behavior.

Thermal Strain Rate To take into account the thermal dilatation of the material,
an additional contribution to the strain rate is inserted: the thermal strain rate Dth.
The most common way to express this quantity is as follows [18]:

Dth = αṪI (6.54)

where α is the linear dilatation coefficient.

s s

sy

h

+

E

∋e ∋vp ∋=
Figure 6.21 Elastoviscoplastic behavior
schematic 1D representation.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



236 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

6.4.2.7 Liquid Material Models
In a liquid formalism, the constitutive law is simply driven by the apparent viscosity
evolution. A widely used viscosity law is the Herschell–Bulkley expression:

η = σ 0
y

ε̇
+ k(ε̇)m−1 (6.55)

Introducing this expression into the linear liquid formula (6.31) leads to the overall
constitutive law:

σ = 2

(
σ 0

y

ε̇
+ k(ε̇)m−1

)
D̂ + pI (6.56)

6.4.2.8 Comparison of Solid and Liquid Approaches
Behavior of liquids and solids under hydrostatic pressure are comparable, so we
focus on the deviatoric stresses to highlight the main differences between both
formalisms. First, we look at the linear models. With a fluid formalism, in the
incompressible linear (Newtonian) case, we have, according to Eq. (6.31),

Liquid approach: s = 2ηD̂ (6.57)

With a solid formalism, in the linear (elastic) case, we have, according to
Eq. (6.27),

Solid approach: ṡ = 2GD̂ (6.58)

We can see that if the deformation is frozen (D̂ → 0, which does not mean that
there is no strain left), the deviatoric stresses given by the fluid law (6.57) tends to
zero whatever the viscosity.

Let us now compare both formulations when nonlinearities are introduced. In
the general viscoplastic model, by rearranging Eqs (6.39), (6.42), (6.43), (6.45), and
(6.53), we can show that

s = 2
3

[
σy + k(εvp)n(ε̇

vp
)m

] Dvp

ε̇
vp (6.59)

which is equivalent to the deviatoric part of the liquid Eq. (6.56) in the particular
case of

• No hardening: At high temperatures, Strain hardening is really low and the solid
material will deform by viscous flow: σy = σ 0

y and n = 0.
• Rigid model: In the case of a liquid, the elastic part of the deformation is very

small and can be neglected: De 
 0 ⇒ Dvp 
 D = D̂ and ε̇
vp = ε̇.

So, the so-called solid formalism is not restricted to solid materials (at temperature
under solidus) and can also represent a fluid flow. In addition, this comparison
shows that the implication of the elastic deformation is necessary in case the
residual stresses are requested. Indeed, only a nonrigid solid formalism offers the
possibility to assess the residual stresses after unloading and cooling down to room
temperature. A constitutive law of the thixotropic behavior should be accurate
in the whole range of temperatures occurring during the full process, including
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6.5 State-of-the-Art in FE-Modeling of Thixotropy 237

cooling back to room temperature. A good model of thixotropy should then be able
to predict the behavior of a built up semisolid material, of free solid suspensions,
or even the elastic behavior (to describe the cooling down to room temperature and
thus the residual stresses).

6.5
State-of-the-Art in FE-Modeling of Thixotropy

This section lists the existing models of thixotropic behavior in a nonexhaustive
way. They are classified in terms of whether the modeling is one phase or two
phase.

The models should introduce the structural considerations discussed in the
previous section about rheology and should be thermomechanically coupled.

6.5.1
One-Phase Models

In one-phase models, the material is regarded as a single homogeneous (though
mixed) continuous phase and the relative displacement between the phases cannot
be taken into account.

This kind of modeling is relatively simple to implement as it concerns only the
constitutive law, which is not the case of a two-phase model. We have seen in
Section 6.4.2 that, using a liquid formalism, the constitutive law is driven by the
apparent viscosity and that a yield stress can be introduced. These two quantities are
also fundamental in the solid hypoelastic formulation, as it is driven by viscosity
and isotropic hardening6) laws. Thus, despite the fact that existing one-phase
models can differ by the formulation that is chosen (liquid or solid, hypoelastic
or hyperelastic, etc.), the models are classified by the choice of viscosity and yield
stress evolution form. All the equations that are presented in this section can be
implemented in any constitutive formalism.

During the process, the material structure changes with the strain history due
to the agglomeration of the particles and the breaking of the grain bonds. Thus,
some models use an internal scalar parameter that describes the state of the
microstructure. It can be the degree of structural buildup [19], the number of bonds
[1], or the average numbers of particles in each agglomerate [12]. Various names,
notations, and evolution descriptions can be found in the literature. However, all
these formulations can be reduced into a single one common to all models, which

6) No kinematic hardening has been proposed
for thixotropy yet. This is probably due to
the lack of experimental data. In addition, it
is commonly accepted that the thixotropic

behavior is mainly driven by viscous effects
so that it is not the considering such a
complex kinematic hardening.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



238 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

l = 1

Equivalent plastic strain rate

A
pp

ar
en

t v
is

co
si

ty

l = 0

evp

h Figure 6.22 Illustration of the cohesion
degree.

allows a more direct comparison. This formulation is detailed further (Section 6.6).
Here, the structural parameter that has been chosen to present all models is the
cohesion degree λ, illustrated in Figure 6.22. It characterizes the degree of buildup
in the microstructure. It can take values between 0 and 1: λ = 1 if the structure is
fully built up and λ = 0 if the structure is fully broken.

Many models also introduce the liquid fraction fl or the solid fraction fs as an
internal parameter. To ease their comparison, all models are presented here in
terms of the liquid fraction. Generally, this only depends on the temperature.

6.5.1.1 Apparent Viscosity Evolution
This section gives a nonexhaustive list of proposed mathematical descriptions
of the apparent viscosity in terms of the equivalent viscoplastic strain rate7)

noted ε̇
vp

and, in some cases, of the cohesion degree λ as well as the liquid
fraction fl.

Even though the yield stress is taken as a term of the viscosity in some liquid
models, it is not included here since the next section is devoted to the yield stress.

Models Based on the Norton–Hoff Law Many one-phase models [19, 20] are based
on the Norton–Hoff law, which in terms of the evolution of viscosity, is also known
as the Ostwald–de-Waele [1] relationship:

η = k(ε̇
vp

)m−1 (6.60)

The complex rheology of thixotropy is taken into account by means of the structural
parameter (and sometimes the liquid fraction) via the parameters k and m in
various ways. For example, Modigell and Koke [20] suggested

{
k = λk1ek2(1−fl)

m = m1
(6.61)

7) This is the most general term; it can be
reduced as the shear rate γ̇ in the case of

the description of a simple shear test with a
liquid formalism.
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6.5 State-of-the-Art in FE-Modeling of Thixotropy 239

Or, as another example, Burgos and Alexandrou [19] proposed the following
empirical relationships:{

k = k1ek2λ

m = m1 + m2λ + m3λ
2 (6.62)

where k1, k2, m1, m2, and m3 are constant material parameters.
Models of this kind have the advantage of being simple and numerically efficient.

The cited models have been implemented within a fluid formalism and validated
on shear-rate jump experiments. Thus, relatively simple experiments allow for
identification of material parameters.

Micro–Macro Model Favier et al. [21] developed a rigid thermoviscoplastic model
using micromechanics and homogenization techniques. This original model in-
dividualizes the mechanical role of the nonentrapped and entrapped liquid and
of the solid bonds and the solid grains in the deformation mechanisms. The
microstructure is represented by coated inclusions (Figure 6.23); the inclusion is
composed of the solid grains and the entrapped liquid, whereas the coating,
called the active zone, is composed of the solid bonds and the nonentrapped
liquid.

To determine the viscosity, a self-consistent approximation is used at two scales.
The macroscopic apparent viscosity η is deduced from the microscopic apparent
viscosities ηA and ηI of the active zone and of the inclusion, respectively, that are
both calculated from the liquid and solid behavior, according to Figure 6.24.

Subscripts ‘‘A’’ and ‘‘I’’ stand for the active zone and the inclusion, respectively,
and superscripts ‘‘s’’ and ‘‘l’’ correspond to the solid phase and the liquid phase,
respectively.

The variables f s,l
A,I are the fraction of the different separated scales. Among them,

the fraction of active zone fA is a material parameter. The solid fraction in the active
zone f s

A is equivalent to the cohesion degree λ. Indeed, if f s
A = 0, there are no solid

bonds, which corresponds to λ = 0. On the other hand, if f s
A = 1, all the liquid is

entrapped, which is characteristic of a fully built up structure (λ = 1). It can be
seen in Figure 6.24 that all the remaining ‘‘zone fraction’’ (fI, f s

I , f l
I , and f l

A) can be
deduced from fA and f s

A = λ.

200 µm

Coating

Inclusion

(Active zone)

Solid bonds

Solid grains
Nonentrapped liquid

Entrapped liquid

Figure 6.23 Microstructure of semisolid alloy and
schematic representation in the micro–macro model [21].

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



240 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

M
ic

ro
sc

op
ic

sc
al

e

H
om

og
en

iz
at

io
n

(A
ct

iv
e 

zo
ne

–
in

cl
us

io
n)

s
=

h
e

v
p

=
ƒ A

s A
+

ƒ Is
I

M
ac

ro
sc

op
ic

sc
al

e

A
ct

iv
e 

zo
ne

In
cl

us
io

n

O
ve

ra
ll 

se
m

is
ol

id
m

at
er

ia
l

Q
ua

nt
ity

:ƒ
A

Q
ua

nt
ity

:ƒ
I
= 

1 
– 

ƒ A

M
ic

ro
sc

op
ic

 b
eh

av
io

r:
H

om
og

en
iz

at
io

n 
(li

qu
id

–
so

lid
)

M
ic

ro
sc

op
ic

 b
eh

av
io

r:

(*
 S

el
f-

co
ns

is
te

nt
 s

ch
em

e)

H
om

og
en

iz
at

io
n 

(li
qu

id
–

so
lid

)

Lo
ca

liz
at

io
n:

e A
=

A
e

v
p

A

w
ith

 *
 A

I
=

5h

3h
+ 

2h
I

w
ith

ƒ A
A

A
+

ƒ I
A

I
= 

1

Lo
ca

liz
at

io
n:

e I
=

A
Ie

v
p

s A
=

h A
e A

=
ƒ A

s A
+

ƒ A
s

A
s

s
l

l

s I
=

h Ie I
=

ƒ I
s I

+
ƒ Is

I
s

s
l

l
Li

qu
id

 p
ha

se
 o

f t
he

 in
cl

us
io

n

Q
ua

nt
ity

:ƒ
I
= 

1 
– 

ƒ I

M
ic

ro
sc

op
ic

 b
eh

av
io

r:

Lo
ca

liz
at

io
n:

e I
=

A
Ie

I

s I
=

h Ie I  w
ith

 h
I
=

k l

l l
l

l
l

l
w

ith
ƒ I

A
I
+

ƒ I
A

I
= 

1
l

l
s

s
l

s

S
ol

id
 p

ha
se

 o
f t

he
 in

cl
us

io
n

Q
ua

nt
ity

:ƒ
I

→
ƒ I

ƒ I
+

ƒ A
ƒ A

=
ƒ s

5h
I

3h
I
+ 

2h
I

M
ic

ro
sc

op
ic

 b
eh

av
io

r:
s I

=
h Ie I  w

ith
 h

I
=

ks
s

s
s

s
m

−1
s

Lo
ca

liz
at

io
n:

e I
=

A
Ie

I

s
w

ith
 *

 A
Is

s
s

s
s

s

=

e I

S
ol

id
 p

ha
se

 o
f t

he
 a

ct
iv

e 
zo

ne

Q
ua

nt
ity

:ƒ
s

=
l

A

Lo
ca

liz
at

io
n:

e
s

=
A

s
e

A
A

A
A

w
ith

 *
 A

s
5h

A
=

3h
A

+ 
2h

As

M
ic

ro
sc

op
ic

 b
eh

av
io

r:
s A

=
h A

e A
  w

ith
 h

A
=

k s
S

s
s

s
m

−1
s

e A

Li
qu

id
 p

ha
se

 o
f t

he
 a

ct
iv

e 
zo

ne

Q
ua

nt
ity

:ƒ
A

= 
1 

– 
ƒ A

= 
1 

– 
l

Lo
ca

liz
at

io
n:

e A
=

A
A

e
A

w
ith

ƒ A
A

A
+

ƒ A
A

A
= 

1

M
ic

ro
sc

op
ic

 b
eh

av
io

r:
s A

=
h A

e A
  w

ith
 h

A
=

k l
l

l
l

l

s
l l

l
l

l
s

s

Fi
gu

re
6.

24
Se

lf-
co

ns
is

te
nt

ap
pr

ox
im

at
io

n
at

tw
o

sc
al

es
in

th
e

m
ic

ro
–

m
ac

ro
m

od
el

.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



6.5 State-of-the-Art in FE-Modeling of Thixotropy 241

The variables As,l
A,I are the localization variables of the equivalent plastic strain rate

from one scale to a smaller one. For example, As
I and As

A are the equivalent plastic
strain rate localization variables of the solid phase in the inclusion and the active
zones, respectively, and AI is the equivalent plastic strain rate localization variable
of the inclusions in the global semisolid material. According to the self-consistent
scheme, these variables depend on the viscosities, and the formulation can be
reduced to the system of three equations, Eqs (6.63)–(6.65) for three unknowns
(ηA, ηI, and η) that is solved numerically by Newton–Raphson iterations:

η = ηA + (1 − fA)(ηI − ηA)AI (6.63)

ηA = kl + λ
(

ks(ε̇
s
A)m−1 − kl

)
As

A with ε̇
s
A = As

A
1 − AI(1 − fA)

fA
ε̇

vp
(6.64)

ηI = kl + 1 − fl − fAλ

1 − fA

(
ks(ε̇

s
I)

m−1 − kl

)
As

I with ε̇
s
I = As

IAIε̇
vp

(6.65)

Overall, the predicted viscosity as a function of the strain rate is as represented in
Figure 6.25, in the case of tin-15% wt lead alloy. The model predicts a thixotropic
behavior characterized by a decreasing viscosity with increasing strain rate, followed
by a liquidlike behavior characterized by a very low (but nonzero) constant viscosity.
The transition between these ‘‘thixotropic’’ and ‘‘liquid’’ regimes has been observed
in real experiments, but is too drastic in the numerical simulations.Real mechanical
percolation effect is softer and more complex. This is due to the formulation of the
self-consistent model.

This model is more complex than the previous ones and is thus numerically
more expensive. However, according to the authors, it has the advantage that it is
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Figure 6.25 Evolution of the macroscopic apparent viscosity
as a function of the equivalent plastic strain rate predicted
by the micro–macro model in the case of a tin-15% wt lead
alloy.
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242 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

physically and not phenomenologically based, leading to a more straightforward
identification of the material parameters. In addition, it gives interesting results in
terms of the softening of the material that is experienced beyond a certain level of
deformation.

Law Considering the Effective Liquid Fraction Lashkari and Ghomashchi [12] con-
ducted viscometer measurements from which they deduced a viscosity law. This
is not strictly modeling since they did not implement it, but the formulation they
proposed is original and worth pointing out. Instead of introducing the structural
parameter via the power-law parameters, it is the effective liquid fraction that is
used. We have seen that some entrapped liquid is released with structure break
down; thus, it is clear that the effective liquid fraction depends on both the liquid
fraction and the structural parameter.

The authors use a fluid formalism and consider a microstructure made of
suspension of clusters. Thus, their results are not applicable if a solid network
exists in the material. They proposed the following viscosity law:

η = η0( f eff
l )−m (6.66)

where η0 is the viscosity of the liquid matrix and where f eff
l (λ, fl) is a function of

both the liquid fraction and the structural parameter. In their work [12], the authors
use another structural parameter, but for a matter of clarity to compare all the
different models, their formulation is rewritten here in terms of λ. They proposed
the relation

f eff
l = fl

[
1 − λ(1 − fl)

]
(6.67)

This formulation has not been validated yet, but can look attractive because of its
simplicity and its need for only two material parameters.

Models with No Structural Parameter Some authors have devised theories that
circumvent the use of any structural parameter such as λ, and instead use the
viscosity as a direct measure of the structural behavior.

In some cases [1], this is expressed by relating the rate of viscosity to the viscosity
difference between the steady state ηe and the current viscosity, which leads to a
differential equation of the type

dη

dt
= k(ηe(ε̇

vp
) − η)m (6.68)

where ηe can be expressed in different ways, for example, [1]

ηe = aeb(1−fl)(ε̇
vp

)c (6.69)

These models have been validated and matched to experiments with reasonable
accuracy.

The viscosity can also be expressed only in terms of the strain rate. As illustrated
in Figure 6.26, the Cross model [1] assumes that the behavior becomes Newtonian
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Equivalent plastic strain
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∋

Figure 6.26 Illustration of the ‘‘Cross
model’’.

at very low and very high strain rates:

η = η∞ + η0 − η∞
f (ε̇

vp
)

(6.70)

where as ε̇
vp → 0, η → η0 and as ε̇

vp → ∞, η → η∞
and where f (ε̇

vp
) can take different forms as [1]

f (ε̇
vp

) = 1 + k(ε̇
vp

)m (6.71)

or another example is given in Ref. [1]

f (ε̇
vp

) =
(

1 + (kε̇
vp

)m
) n−1

m
(6.72)

These models are only valid under steady-state conditions and it is discussed in
Section 6.3.1.2 that it is the transient behavior that is relevant for the modeling of
thixotropic die filling.

6.5.1.2 Yield Stress Evolution
At elevated temperatures of the order of the solidus, the yield stress and particularly
the hardening are really small. For this reason, many researchers do not include
them into their model. Yet, it has been demonstrated that they were important
to simulate properly the whole process including the cooling down back to room
temperature. In fact, no specific hardening law has been proposed in the frame
of the simulation of thixoforming, while only few yield stress descriptions as a
function of the liquid fraction and the structural parameters have been developed.

In their fluid dynamics model, Koke and Modigell [20] use the following
relationship in addition to the viscosity law (6.61):

σy = λσ 0
y (fl) (6.73)

where σ 0
y is the yield stress of a fully built up structure.

Also to complete their viscosity law (6.62), Burgos and Alexandrou [19] conducted
shear-rate jump experiments and ended up with the empirical law:

σy = ya

[
arctan

ybyc

yd
+ arctan

(
yb

λ − yc

yd − λ

)]
(6.74)

where ya,b,c,d are material parameters.
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244 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

6.5.2
Two-Phase Models

The main advantage of two-phase models, like those proposed by Kang et al.
[22], Choi [23], Zavaliangos [24], and Petera [25], is that they predict the relative
displacement between the solid and the liquid phase and can thus represent
macrosegregation. We have seen that this phenomenon cannot be totally eradicated
but that the choice of a judicious set of process parameters can minimize it. Thus,
that kind of models can be useful to optimize the process parameters in order to
avoid macrosegregation. For example, when working at very low liquid fraction,
the phenomenon of macrosegregation is not critical and the use of a two-phase
model is not necessary.

In such a two-phase model, a field representing the liquid phase flow is added.
During semisolid metal processing, the behavior of the liquid phase, which the
solid skeleton is deforming in, can be seen as a fluid flow through a porous
medium. This field is generally assumed to be governed by the Darcy law so
that the relative movement between the two phases will be linked to the pressure
gradient within the liquid. This section presents briefly the main features of this
formulation, which is close to the ones that are used in soil mechanics.

6.5.2.1 Two Coupled Fields
Two calculations are done simultaneously: The first one corresponds, as in
one-phase models, to the (thermo8)) mechanical equilibrium and the second
one represents the liquid flow.

Mechanical Analysis It ensures the momentum conservation of the whole biphasic
system is satisfied, it reads

{ ∇σ + ρb = 0 on V(t)
σn = t on S(t)

(6.75)

where ρb is the volumetric forces vector (inertial forces included) acting on the
current volume V(t) and t is the surface force vector acting on the current surface
S(t) whose external unit normal is n.

Liquid-Phase Flow It is governed by the Darcy law, which links the liquid flow
through the porous media to the hydrostatic pressure gradient:

flu̇sl = κ
ηl

(∇p − ρlg
)

(6.76)

8) As already mentioned, thermal effects
should be introduced in the modeling of
semisolid processes but, as for one-phase

models, the thermal field is not detailed
here.
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6.5 State-of-the-Art in FE-Modeling of Thixotropy 245

where u̇sl = u̇s − u̇l is the relative velocity between the liquid and the solid phases, ρl

is the liquid phase density, g is the acceleration of gravity, and κ is the permeability
tensor.

6.5.2.2 Coupling Sources
The two fields described above are interconnected. Mathematically, the connections
can be taken into account by the addition of some terms in one of the governing Eqs.
(6.75) and (6.76). However, it also can link variables appearing in these equations.
So, this section describes the coupling terms and shows how the unknowns can be
reduced to a set of two, which are the solid-phase displacements us (and rates u̇s)
and the hydrostatic pressure p.

Continuity Equation One of the first coupling sources between the liquid flow and
the mechanical equilibrium is the continuity equation, which is a consequence of
the mass conservations of both phases:

∂ρs

∂t
+ ∇(ρsu̇s) = 0 (6.77)

∂ρl

∂t
+ ∇(ρlu̇l) = 0 (6.78)

with ρs = ρfs and ρl = ρfl. Thus, we have, by adding Eqs (6.77) and (6.78),

∂ρ(

1︷ ︸︸ ︷
fs + fl)

∂t
+ ∇(ρ( fsu̇s + flu̇l)) = 0 (6.79)

In the case of incompressible material
(

∂ρ

∂t = 0
)

, we have the following continuity
equation:

∇u̇s − ∇ (
flu̇sl

) = 0 (6.80)

So, the Darcy law (6.76) can be rewritten only in terms of the displacement (rate)
of the solid phase and of the pressure p:

∇u̇s = ∇
[
κ

ηl

(∇p + (ρlg)
)]

(6.81)

Interaction Forces In addition, the liquid flow influences the mechanical equi-
librium by interaction forces between phases. For the mechanical analysis, the
liquid phase is considered as empty and is replaced by its hydrostatic pressure, as
illustrated in Figure 6.27. The total internal force ATσT acting on the semisolid
material is thus made of two contributions: a force Asσs acting on the solid region
of surface As and a force AlpI acting on the liquid zone of surface Al

9) [20]:

ATσT = Asσs + AlpI ⇒ σT = σeff + flpI (6.82)

9) The sign convention of negative compres-
sion is maintained though it was not the
one adopted by the authors of Ref. [22].
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Liquid

Solid

sT

ss

pI200 µm

Figure 6.27 Schematic representation of the
forces acting inside the semisolid material.

where σeff = As/ATσs is the effective stress, meaning the part of the stress tensor
that contributes to the constitutive law. Using an appropriate constitutive law
that links the stresses to the strains that are deduced from the displacements,
the effective stress σeff is thus related to the displacements of the solid phase
u̇s. Different constitutive laws have been proposed. For example, Kang et al. [22]
use a viscoplastic model with the porous Shima and Oyane yield criterion [26].
In addition, any of the constitutive laws presented in the previous section about
one-phase model can be used.

6.6
A Detailed One-Phase Model

In this section, one particular model [27, 28] is described in detail. The choice of
this specific model is motivated by the following arguments.

First, one-phase models are much simpler and thus lighter in terms of imple-
mentation and CPU costs. As long as macrosegregation is not a major concern, the
consideration of such a complex two-field calculation that is needed by two-phase
models is not necessary.

Another important point is the prediction of the residual stresses after unloading
and cooling back down to room temperature, which gives a good indication on the
quality of the final product and is thus an important feature that a model should
include. Along the fact that a billet at rest can sustain its own weight, the use of
a finite yield stress σy is also necessary for the prediction of the residual stresses.
Furthermore, neither liquid formalism nor rigid models can predict such residual
stresses.

The model should not only be able to describe the behavior of semi-solid
thixotropic structures but also should be able to degenerate to solid, liquid, as well
as free suspensions models.

The presented model then uses a solid thermo-elasto-visco-plastic formulation,
which has been described in Section 6.4.2.6 and considers the elastic part of the
deformation. The von Mises criterion (6.53), with n taken as 0 and with the apparent
viscosity η = k(ε̇

vp
)m−1 defined by analogy with liquid formalism, is used and can

be rewritten as

σ VM − σy(ε̇
vp

, εvp) − η(ε̇
vp

, εvp)ε̇
vp = 0 (6.83)
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6.6 A Detailed One-Phase Model 247

Also, the specific behavior of thixotropy, in both steady-state and transient condi-
tions, is integrated by means of two additional nondimensional internal parameters:
the liquid fraction fl and the cohesion degree λ that has been already mentioned in
Section 6.5.1.

Overall, the extended consistency equation [17] is written as

σ VM − σy( fl, λ, ε̇
vp

, εvp) − η( fl, λ, ε̇
vp

, εvp)ε̇
vp = 0 (6.84)

The following sections detail the expressions of both internal parameters as well
as of the isotropic hardening and viscosity laws. The model is then applied to the
numerical simulation of several experiments.

6.6.1
Cohesion Degree

The first internal parameter is the cohesion degree λ, discussed in Section 6.5.1.
The evolution of the structural parameter λ is obtained by a differential equation

that describes the kinetics between the agglomeration of the solid grains and the
destruction of the solid bonds due to shearing. It is assumed that the break down
term depends on the amount of existing bounds, while the build-up rate is a
function of the fraction of bonds that can still be created. Different expressions of
this type have been published [1, 19], whose most general form is given by

λ̇ = a(1 − λ)︸ ︷︷ ︸
build up

− bλ(ε̇
vp

)cedε̇
vp︸ ︷︷ ︸

break down

(6.85)

where a, b, c, and d are material parameters. The steady-state (or equilibrium)
cohesion degree λe can be defined as the one at which

λ̇(λe) → 0 ⇔ λe = a

a + b(ε̇
vp

)cedε̇
vp (6.86)

So, another equivalent form of the differential equation (6.85) to evaluate the
cohesion degree expresses that the evolution of the cohesion degree is proportional
to the distance from equilibrium [20]:

λ̇ =
(

a + bλ(ε̇
vp

)cedε̇
vp)

(λe − λ) (6.87)

If Eq. (6.85), or equivalently Eq.(6.87), is solved over a small time step �t (where it
can be assumed that the equivalent plastic strain rate is constant), one gets

λ(ti+1) = λe︸︷︷︸
steady-state

+ (
λ(ti) − λe

)
e

(
a+bλ(ε̇vp)cedε̇

vp )
�t︸ ︷︷ ︸

transient

(6.88)

So far, the cohesion degree does not depend on the liquid fraction, which is not
physically based. Actually, the cohesion degree depends on the liquid fraction since
it should be zero at liquid state and unity at solid state, whatever the strain rate.
There can be no solid bonds at a fully liquid state and a solid structure must be
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248 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

fully built up. Thus, to degenerate properly to a pure solid- or liquid-state behavior,
the liquid fraction should be introduced into, for example, Eq. (6.85) as

λ̇ = a(1 − fl)(1 − λ) − bflλ(ε̇
vp

)cedε̇
vp

(6.89)

Thus, if fl → 0, we have


λe = a(1−fl)

a(1−fl)+bflλ(ε̇vp)cedε̇
vp → 1 − fl

λ̇ → 0
λ → λe

(6.90)

And it is the same if fl → 1.

6.6.2
Liquid Fraction

The second internal parameter is the volume fraction of liquid fl present in the
mushy state.

In this model, the liquid fraction depends only on the temperature by the
steady-state Scheil [12] equation:

fl =
(

T − Ts

Tl − Ts

) 1
r−1

(6.91)

where r is the equilibrium partition ratio, and Ts and Tl are the solidus and liquidus
temperatures, respectively.

An alternative to the liquid fraction is the effective liquid fraction f eff
l described in

Section 6.5.1.1. It connects both new internal parameters λ and fl. Indeed, following
Lashkari and Ghomashchi [12], the effective liquid fraction is a combination
between both internal parameters fl and λ. As already discussed, the effective liquid
fraction is a corrected liquid fraction. It excludes the liquid that is entrapped inside
the solid grains (see micrograph in Figure 6.23) and that does not contribute to
the flow. With the breaking of the solid bonds, some of this entrapped liquid is
released. In this model, the chosen expression of the effective liquid fraction f eff

l in
terms of the liquid fraction fl and of the cohesion degree λ is simpler than the one
in Eq. (6.67) proposed by Lashkari and Ghomashchi [12]:

f eff
l = fl(1 − λ) (6.92)

6.6.3
Viscosity Law

Viscosity laws based on the Norton–Hoff law η = k(ε̇
vp

)m−1, like those proposed
by Burgos [19] or by Modigell [20] (Section 6.5.1.1), are not extensible to a fully
broken structure. In this case, λ = 0 and this parameter cannot act on the apparent
viscosity anymore, and this last one keeps increasing with the strain rate [29].

So, in the present model, a combination between the behavior of a built-up
structure and the low viscosity of free solid suspensions (whose behavior is
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Figure 6.28 Illustration of the viscosity law.

considered as Newtonian10)) is used. This leads to a smooth cubic interpolation
between both behaviors, illustrated in Figure 6.28:

η = ηsusp + λ2(3 − 2λ)(ηskel − ηsusp) (6.93)

where ηsusp = k1 and ηskel are the constant viscosity of the free solid suspensions
and the viscosity of the solid skeleton, respectively.

The viscosity of the agglomerated clusters ηskel is expressed by an extended
Norton–Hoff law where both internal parameters are introduced via the viscosity
parameters k and m. It is a combination between two viscosity laws proposed in the
literature, as it increases with the cohesion degree by an empirical law established
by Burgos et al. [19] and increases exponentially with the solid fraction [20]. Thus,
we have

ηskel = k(ε̇
vp

)m−1 (6.94)

with {
k = k1ek2(1−fl)ek3λ

m = (m1 + m3λ
2 + m4λ) em2(1−fl)

(6.95)

where k1, k2, k3, m1, m2, m3, and m4 are material parameters.

10) An alternative is to consider formula-
tion (6.66) proposed by Lashkari and

Ghomashchi [12] to describe the behavior
of dispersed suspensions.
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250 6 Semisolid Metallic Alloys Constitutive Modeling for the Simulation of Thixoforming Processes

6.6.4
Yield Stress and Isotropic Hardening

The isotropic hardening law is based on a simple linear hardening. As a liquid does
not display yield, this law also takes into account a decrease in the yield stress with
liquid fraction elevation. It is expressed as

σy = (1 − fl)h2 (σ 0
y + h1 εvp) (6.96)

where h1 is the linear hardening coefficient, and it is known that it is almost
negligible at high temperatures around the solidus. However, the use of such a
term allows to meet a classical linear hardening law at the solid state ( fl = 0),
particularly when one cools down the component to room temperature.

Then, to introduce the cohesion degree into the isotropic hardening law, the
effective liquid fraction f eff

l is used instead of the liquid fraction.
The isotropic hardening law is eventually written as

σy = (1 − f eff
l )h2 (σ 0

y + h1 εvp) = (
1 − fl(1 − λ)

)h2 (σ 0
y + h1 εvp) (6.97)

6.7
Numerical Applications

To illustrate the previously presented model, several numerical simulations have
been carried out using the finite elements code METAFOR [30].

To make a first validation of the presented material model, an academic sim-
ulation has been conducted. The choice of this test has been motivated by the
availability of some results in the literature [22], which offers the possibility to
validate the model by comparing its results with the reference. This test will also
allow to expose the different features of the model.

6.7.1
Test Description

The test, described in Figure 6.29, is axisymmetric. The initial cylinder is 10 mm
high and has a radius of 7.5 mm. One section is discretized using a 10–10 mesh. The
die velocity and temperature are 38 mm/s and 150 ◦C respectively. The Coulomb
friction coefficient is 0.3 and the interfacial conductance between the slug and the
die is 10 kWm−2K. Room temperature is 25 ◦C and the heat convection coefficient
is equal to 45 W m−2K. The initial temperature is such as the initial liquid fraction
will be 37%.

In these simulations, the material under study is a tin–lead alloy (Sn-15% wt Pb).
This material is not adapted to industrial applications, but is extensively used in
experimental researches on semisolid processing. Indeed, its fusion temperature is
low enough to avoid technical problem encountered with steel grades. The material
parameters for Sn-15%wt Pb are thus widely available in the literature [19, 21, 22]
and are detailed in Table 6.1.
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Inner
center

Figure 6.29 Description of the compres-
sion test.

Table 6.1 Material parameters for Sn-15% wt Pb alloy.

Mechanical properties: Young’s modulus: E = 38 − 0.1T (GPa)
Poisson’s ratio: ν = 0.4
Density: 7.7E3 (kg m−3)

Thermal properties: Thermal expansion: 23.5E−6 (1/K)
Conductivity: 60 W (m ◦C)−1

Heat Capacity: 220 J (kg ◦C)−1

Cohesion degree: a = 0.035 (1/s)
b = 0.15
c = 1.5 (s)
d = 0.001
λinitial = 1

Liquid fraction: Equilibrium partition ratio: r = 1.5
Solidus: Ts = 183 (◦C)
Liquidus: Tl = 210 (◦C)

Viscosity law: k1 = 0.45 (Pa)
k2 = 0.1
k3 = 12.173
m1 = 1
m2 = 0.1
m3 = m4 = 0

Hardening law: σ 0
y = 6.86 (MPa)

h1 = 11.43 (MPa)
h2 = 2.5

6.7.2
Results Analysis

6.7.2.1 First Validation of the Model under Isothermal Conditions

In a first step, isothermal simulations have been conducted at a temperature
of 199.4 ◦C, corresponding to a liquid fraction of 37%. Indeed, the chosen ref-
erence for the model validation is the simulations of the compression test
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Figure 6.30 Comparison of the loading pressure between isothermal models.

conducted by Kang et al. [22] with their isothermal two-phase model. They
present results on compression load, so Figure 6.30 shows the reference com-
pression load compared to the one obtained by the presented model. Although,
basically, the two models are quite different (as Kang’s model is two phase
while the presented model is one phase), it reveals a good agreement between
them.

6.7.2.2 Thermomechanical Analysis
Then, thermomechanical simulations have been carried out. In this case, the
contact with the colder die causes some solidification and leads to higher loading
pressure (not represented here) than under isothermal conditions (represented in
Figure 6.30).

The influence of die velocity and the ability of the model to reproduce
the transient thixotropic behavior has been studied by speeding the die ve-
locity up to 500 mm s−1 and comparing the viscosity evolutions at the inner
center of the cylinder (Figure 6.29) for different die velocities as shown in
Figure 6.31.

At the start of the loading, a peak of viscosity can be observed in Figure 6.31.
Then, a drop of viscosity occurs with loading. Comparing the behavior under
different deformation rates, it can be seen that the initial peak of viscosity is higher
for a higher die speed, but the following drop is much more drastic, leading to a
very low (but nonzero) viscosity at the end of the test. This is a characteristic of
thixotropic behavior.
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Figure 6.31 Apparent viscosity evolutions under different
loading velocities at the inner center of the cylinder.

6.7.2.3 Residual Stresses Analysis
In the last step, the residual stresses have been computed using a mechanical
analysis with imposed temperature evolution. This illustrates the aptitude of the
presented model to predict such residual stresses, which is one of its main
originality. The calculation is then made in two successive steps: the forming stage
with a uniform drop of 5 ◦C, representing the thermal die contact, is followed by
the unloading and the cooling down to room temperature.

Figure 6.32 compares the map of stresses at the end of the loading step to the
residual stresses. The stress concentration that appears on the upper edge of the
flattened cylinder after tool withdrawal is not quantitative because of the quality of
the mesh in this area. Nevertheless, the figure gives information about the quality
of the component for further use.

6.7.2.4 Internal Variables Analysis
Still in the case of the loading/unloading and cooling down steps, Figure 6.33
shows the evolution of the cohesion degree as well as the liquid fraction
compared to the effective liquid fraction at the inner center of the cylinder
(Figure 6.29). Before loading, the initial liquid fraction and cohesion degree are set
to 37% and 1, respectively. Thus, the effective liquid fraction starts at a value of
zero.

During the forming process, some solidification occurs (fl ↓) due to the thermo-
mechanical contact with the cold die. At the same time, the structure is broken
down by shearing, and the cohesion degree decreases. Overall, the effective liquid
fraction increases due to the release of some entrapped liquid.
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Figure 6.32 Map of stresses at the end of the loading step
(a) and map of residual stresses (b).
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Figure 6.33 Internal parameters evolutions.

Right after unloading, the cohesion degree remains constant for a small period
of time. In fact, at this stage, the temperature is still above the solidus and the
process of recovery is very slow.

During the cooling down stage, the formulation predicts a fully built-up structure
(λ = 1) when the solidus is reached, which makes physical sense.

6.8
Conclusion

Thixoforming processing of metallic alloys relies on the particular behavior ex-
hibited by semisolid materials with nondendritic microstructure. These materials
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display thixotropy, which is characterized by a solidlike behavior at rest and a
liquidlike flow when submitted to shear.

Processes of this kind have already been commercialized with different alloys
such as aluminum or magnesium, but the transfer of the technology to other
materials such as steel has not yet been accomplished. However, there is significant
interest in commercial use of thixoforming of steels. In this context, accurate
modeling can be a great help in die design, predicting appropriate processing
conditions, and minimizing defects. Thus, this chapter has focused on such
modeling and more particularly on the constitutive formulation of thixotropy.

As background the advantages and the disadvantages of types of semisolid
processes have been summarized. Rheological aspects and origins of thixotropy
have been laid and mathematical theories of thixotropy introduced. In addition,
the numerical framework for large deformation analysis has been introduced
particularly the development of constitutive laws.

Then, a review of existing modeling has been presented. Afterward, a specific
one phase model has been presented more closely. Some numerical illustrations
have also been shown.

What emerges here is that a great deal of models has already been proposed
in the literature. They can be categorized into a few types: one or two phase, in
the framework of fluid or solid mechanics, using a structural parameter or not.
Two-phase models are more complex and should be used only if macrosegregation
is a concern. Solid formalism allows predicting residual stresses after unloading
and cooling down. The use of a structural parameter offers the possibility to take into
account the transient behavior. Finally, the semisolid material is, by essence, very
sensitive to temperature, so the consideration of the thermomechanical coupling
is really important.
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Papadrakakis, B. Schrefler.

30. Metafor, University of Liège, Aerospace
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7
Modeling of Powder Forming Processes; Application of a
Three-invariant Cap Plasticity and an Enriched Arbitrary
Lagrangian–Eulerian FE Method
Amir R. Khoei

7.1
Introduction

Powder metallurgy is a highly developed method of manufacturing reliable ferrous
and nonferrous parts. The powder metallurgy process is cost-effective, because
it minimizes machining, produces good surface finish, and maintains close di-
mensional tolerances. The method is a material-processing technique utilized to
achieve a coherent near-to-net shape industrial component. The often extremely
high tolerance requirements of the parts and the cost for hard machining of a sin-
tered component are a challenge for die pressing. One of the main difficulties that
exists in the compaction-forming process of powders includes a nonhomogeneous
density distribution, which has wide ranging effects on the final performance of
the compacted part. The variation of density results in cracks and also in localized
deformation in the compact, producing regions of high density surrounded by
lower density material, leading to compact failure. The lack of homogeneity is
primarily caused by friction, due to interparticle movement, as well as relative
slip between powder particles and the die wall. The die geometry and the se-
quence of movement result in a lack of homogeneity of density distribution in a
compact. Thus, the success of compaction forming depends on the ability of the
process in imparting a uniform density distribution in the engineered part. In
order to perform such analysis, the complex mechanisms of compaction process
must be drawn into a mathematical formulation with the knowledge of material
behavior.

A number of constitutive models have been developed for the compaction of
powders over the last three decades, including micromechanical models [1–3],
flow formulations [4], and solid mechanics models [5–11]. The porous material
model, generally known as a modified von Mises criterion [12], has been used for
the simulation of powder-forming processes. This model includes the influence
of the hydrostatic stress component, and satisfies the symmetry and convexity
conditions required for the development of a plasticity theory. The yielding of
porous materials is more complicated than that of fully dense materials, because
the onset of yielding is influenced not only by the deviatoric stress components

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-32479-8
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258 7 Modeling of Powder Forming Processes

but also by the hydrostatic stress. It has been shown that the yield functions
proposed by various researchers satisfy the required conditions and reduce to the
von Mises yield function for fully dense materials. However, this model neglects
the hardening factor associated with the densification process, and does not predict
the dependence of compressive yield stress on relative density, as described by the
large discrepancies between experiment and theory.

The granular material model, which has been used for the modeling of frictional
materials such as soil or rock, is then adopted to describe the behavior of powder and
granular materials. This model reflects the yielding, frictional, and densification
characteristics of powder along with strain and geometrical hardening, which
occurs during the compaction process. The experimental results of Watson and
Wert [13] and Brown and Abou-Chedid [14] demonstrated that the constitutive
modeling of geological and frictional materials can be utilized to construct suitable
phenomenological constitutive models, which capture the major features of the
response of initially loose powders to the complex deformation processing histories
encountered in the manufacture of engineering components by powder metallurgy
techniques. In particular, they suggested that a two-mechanism model, such as
Drucker–Prager or Mohr–Coulomb and elliptical cap models, which are widely
used for geological materials and exhibit pressure-dependent behavior can be
applied for modeling the behavior of powder materials. These models consist of
two yield surfaces: a ‘‘distortion surface,’’ which controls the ultimate shear strength
of materials and a ‘‘consolidation’’ or ‘‘cap’’ surface, which has an elliptical shape
and captures the hardening behavior of materials under compression.

The cone-cap model based on a density-dependent Drucker–Prager yield surface
and a noncentered ellipse was developed by Haggblad and Oldenburg [15], Aydin
et al. [16], Lewis and Khoei [17], Brandt and Nilsson [18], and Gu et al. [19]. A
double-surface cap plasticity model was proposed by Khoei and Azizi [20] for the
nonlinear behavior of powder materials. This model is based on the combination of
a convex yield surface consisting of an exponential failure envelope and an elliptical
hardening cap. The model comprises two surfaces, one to reflect shear failure and
the other to capture densification. A density-dependent endochronic theory was
developed by Khoei et al. [21, 22] and Khoei and Bakhshiani [23] based on coupling
between the deviatoric and hydrostatic behavior to simulate the compaction process
of powder material. A generalized single-cap plasticity with an isotropic hardening
rule was developed by Khoei and Azami [24, 25], which generate the elliptical yield
surface and double-surface cap plasticity as special cases. Recently, a three-invariant
plasticity model was developed by Khoei and DorMohammadi [26] based on the
isotropic–kinematic hardening rule for powder-forming process. An overview of
various plasticity models was addressed by Khoei [27] for the behavior of powder
die-pressing.

A feature of powder compaction simulation common with that of solid mechanics
constitutive models is the use of a Lagrangian kinematics formulation. This
approach has shown to be adequate for problems that do not exhibit large mass
fluxes among different parts of the sample. But in practical problems, as those
that appear in realistic design processes, the Lagrangian approach leads to highly
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7.1 Introduction 259

distorted and usually useless meshes [17]. This difficulty can be particularly
observed in higher order elements. Because of severe distortion of elements, the
determinant of Jacobian matrix may become negative at quadrature points, aborting
the calculations or causing numerical errors. In order to solve these problems, the
mesh-adaptive strategies were implemented by Khoei and Lewis [9]. However, it is
computationally expensive and information must be interpolated from the old mesh
to new mesh. Thus, an arbitrary Lagrangian–Eulerian (ALE) technique is employed
by Khoei et al. [28] to powder-forming process, which can alleviate many of the
drawbacks of the traditional Lagrangian formulation. ALE formulation is able to
overcome the finite element distortion while representing the boundaries correctly.
In the ALE technique, the computational grid need not adhere to the material
nor be fixed in space but can be moved arbitrarily. In this method, the reference
configuration is applied to describe the motion instead of material configuration
in Lagrangian and spatial configuration in Eulerian formulation. In Lagrangian
phase, the mesh and material movements are identical. In the Eulerian phase,
the mesh is allowed to have an arbitrary motion, independent of material motion,
keeping the mesh regular. Since the mesh and material movements are uncoupled,
the convective term appears in the balance of momentum equation. In the ALE
description, the choice of the material, spatial, or any arbitrary configuration yields
to a Lagrangian, Eulerian, or ALE description, respectively.

The extended ALE finite element technique was recently developed by Khoei
et al. [29] to model the large plastic deformation with moving boundaries. In this
approach, an ALE analysis is implemented into the large deformation extended
finite element method (X-FEM) based on an operator splitting technique. In
X-FEM, the discontinuities are taken into account by adding appropriate functions
into the standard approximation through a partition of unity method [30]. The
discontinuity in the displacement field is modeled by additional degrees of freedom
at nodal points of elements, which have been cut by discontinuity. This description
allows releasing the computational grids from conforming to the shape of the
discontinuity. In order to perform an extended ALE finite element technique, a
typical X-FEM analysis is first carried out with updated Lagrangian approach. The
Eulerian phase is then applied to update the mesh, while the material interface
is independent of the FE mesh. Special care has to be taken with respect to the
integration of constitutive equations, often denoted as the stress update, since the
stress field is usually discontinuous across the elements due to the fact that stress
values are only evaluated at discrete integration points. To handle this, an approach
called the Godunov scheme is used here for the stress update. This uncoupled
approach makes easy the extension of a pure extended Lagrangian FE code to the
ALE technique and allows the use of original updated Lagrangian program to solve
the relevant ALE equations.

The plan of this chapter is as follows: in Section 7.2, the three-invariant
cap plasticity model with isotropic–kinematic hardening rule is developed for
pressure-sensitive materials. The constitutive elastoplastic matrix and its compo-
nents are also extracted in this section. In Section 7.3, the ALE is presented in large
deformation problems. The algorithm of uncoupled ALE solution together with the
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260 7 Modeling of Powder Forming Processes

mesh motion strategy and stress update procedure based on Godunov method for
transferring of variables from Lagrangian mesh to relocated mesh is demonstrated
in this section. In Section 7.4, the X-ALE-FEM technique is described on the
basis of the combined ALE and X-FEM methods to reduce the mesh distortion
that occurred in conventional large X-FEM deformation. Finally, some concluding
remarks are given in Section 7.5.

7.2
Three-Invariant Cap Plasticity

The mechanical behavior of powders involves several interacting micromechan-
ical processes. First, at low pressure, particle sliding occurs leading to particle
rearrangement. The second stage involves both elastic and plastic deformation of
the particles via their contact areas leading to geometric hardening (i.e., plastic
deformation and void closure). Lastly, at very high pressure, the flow resistance
of the material increases rapidly due to material strain hardening. Therefore, it is
necessary that the constitutive model of powder captures the various behaviors of
compaction process. On the basis of these requirements, the constitutive model
is developed here for both isotropic and kinematic hardening behaviors based on
three invariants of stress states, J1, J2D, and J3D. As the first step in derivation of
plasticity model, a shear-failure function is defined as

Ff = f 2
d −

(
fd
f h

)2

J2
1 (7.1)

where J1 is the first invariant of stress tensor, and f h and fd are the hydrostatic
and deviatoric material functions, respectively, defined as functions of hardening
parameters. The function Ff captures the pressure-dependence of the shear strength
of material, which increases with more compressive mean stresses, as shown in
Figure 7.1a. It must be noted that different combinations of f h and fd lead to
different shapes of the yield surface. The initial yield surface f0 is offset from the
pressure-dependence function Ff , as shown in Figure 7.1b.

Considering the shear-failure function Ff , the yield function can be written in
( J1, J2D) stress space as

F1 = 2
3

J2D − Ff = 0 (7.2)

or

F1 = 2

3
J2D +

(
fd
f h

)2

J2
1 − f 2

d = 0 (7.3)

where J2D is the second invariant of deviatoric stress tensor. In the above relation,
we define the coefficients φh and φd in order to indicate the effect of material
functions f h and fd in the yield function. The yield function (7.3) can be therefore
rewritten as

F2 = 2
3

J2D +
(

φd fd
φh f h

)2

J2
1 − (φd fd)2 = 0 (7.4)
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7.2 Three-Invariant Cap Plasticity 261

Ff
Ff

Ff

Ff = fd
2

J1 = –fh

f0

– J1 – J1(a) (b)

Figure 7.1 (a) The shear-failure function Ff . (b) The
shear-failure function Ff and the initial yield surface f0.

Finally, applying the effect of third invariant of deviatoric stress tensor J3D into
Eq. (7.4), that is, the triangularity of deviatoric trace along the hydrostatic axis, the
yield function can be written in its final representation as

F(σ , α, κ) = ψJ2/3
3D + 2

3
J2D +

(
φd fd
φh f h

)2

J2
1 − (φd fd)2 = 0 (7.5)

where ψ is a constant, and α and κ are the kinematic and isotropic hardening
parameters, respectively. It must be mentioned that the material functions f h and fd
can be decomposed into two parts, the isotropic and kinematic parts, which control
the shape of yield surface (7.5). Figure 7.2 presents the 3D representation of yield
surface (7.5) for the isotropic and kinematic hardening behavior of material.

The isotropic and kinematic hardening parameters κ and α evolve with plastic
deformation. The evolution of κ is related to the mean stress, and more directly to
the volumetric plastic strain ε

p
v , that is, κ = ε

p
v , while the evolution of α is related

to the deviatoric plastic strain ep. As can be expected, the kinematic hardening
parameter α = {α1 α2 α3}T can be decomposed in two directions J1 and J2D in
meridian plane, which contains two parts as follows:

α = a1 exp
(

a2
(
(ep)T : ep)a3

)
m +

(
a4

(
(ep)T : ep)a3

)
ep (7.6)

where the first term controls the movement of yield surface in J̃1 axis and the second
term controls the movement of yield surface in perpendicular direction to J̃1 axis.

Figure 7.2 Trace of 3D representation of
yield surface (7.5) in principal stress space
for the isotropic and kinematic hardening
behavior of material.
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262 7 Modeling of Powder Forming Processes

In relation (7.6), m is the unit vector, defined as m = {1 1 1}T, and a1, a2, a3, and
a4 are the material parameters. The three components of the kinematic hardening
parameter α, namely, α1, α2, and α3, determine the values of the yield surface
movements in the directions of principal stresses σ1, σ2, and σ3, respectively.

7.2.1
Isotropic and Kinematic Material Functions

The material functions f h and fd control the size and movement of the yield surface
and are functions of hardening parameters. These functions can be decomposed
into two parts, the isotropic and kinematic parts, as

f h = fhisotropic + fh kinematic
(7.7)

fd = fdisotropic + fd kinematic
(7.8)

The isotropic part of material functions f h and fd are the exponential increasing
functions of the isotropic hardening parameter κ = ε

p
v , defined as

fhisotropic = (b1 + b2 exp(b3ε
p
v ))δ(εp

v ) (7.9)

fdisotropic = (c1 + c2 exp(c3ε
p
v ))δ(εp

v ) (7.10)

where b1, b2, b3, c1, c2, and c3 are the material parameters and δ(εp
v ) is defined as

δ(εp
v ) =

{
1 if ε

p
v �= 0

0 if ε
p
v = 0

(7.11)

In order to determine the kinematic parts of material functions (7.7) and (7.8),
consider two different stress spaces σi and Ξi; the former is located in the center
of yield surface before kinematic hardening and the latter is placed in the center
of yield surface after kinematic hardening (Figure 7.3). The distance of centers of
two coordinate systems can be defined by αi, in which the relationship between the
principal stresses in two stress spaces is defined as

Ξi = σi + αi (7.12)

The definitions of the parameters J1α and J2Dα are similar those of the invariants of
stress and deviatoric stress tensors:

J1α = α1 + α2 + α3 (7.13)

J2Dα = 1

6
[(α1 − α2)2 + (α2 − α3)2 + (α3 − α1)2] (7.14)

Considering the definition of the principal stresses in two stress spaces, defined by
Eq. (7.12), the three-invariant cap plasticity (7.5) can be written in the new stress
space as

ψJ2/3
IIID + 2

3
JIID +

(
φd fd
φh f h

)2

J2
I − φ2

d f 2
d = 0 (7.15)
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7.2 Three-Invariant Cap Plasticity 263

3

s3
a

s1

s2

2

1

Figure 7.3 The stress spaces before kinematic hardening σi

and after kinematic hardening Ξi.

where JI is the first invariant of stress tensor and JIID and JIIID are the second and
third invariants of deviatoric stress tensors in the second stress space, defined as

JI = J1 + J1α
(7.16)

JIID = J2D + J2Dα + Jσα (7.17)

where

Jσα = 2√
3

√
J2D

(
cos ω

(
α1 − 1

2
α2 − 1

2
α3

)
+

√
3

2
sin ω(α2 − α3)

)
(7.18)

where

ω = 1

3
cos−1

(
3
√

3

2

J3D

J3/2
2D

)
0◦ ≤ ω ≤ 60◦ (7.19)

Substituting relations (7.16) and (7.17) into the yield surface (7.15) in the absence
of third invariants of deviatoric stress with respect to Eq. (7.5), results in(

φd fd
φh f h

)2

= −2

3

( J2Dα + Jσα)

(2 J1αJ1 + J2
1α)

(7.20)

According to Eq. (7.20), the kinematic parts of material functions f h and fd can be
therefore written as

fh kinematic
= 1

φh
(2 J1αJ1 + J2

1α)1/2 (7.21)

fd kinematic
= 1

φd

(
−2

3
( J2Dα + Jσα)

)1/2

(7.22)
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264 7 Modeling of Powder Forming Processes

Finally, the material functions f h and fd can be defined by substituting Eqs (7.9),
(7.10), (7.21), and (7.22) into Eqs (7.7) and (7.8) as

f h = (
b1 + b2 exp

(
b3ε

p
v

))
δ
(
εp

v

) + 1
φh

(
2 J1αJ1 + J2

1α

)1/2
(7.23)

fd = (
c1 + c2 exp

(
c3ε

p
v

))
δ
(
εp

v

) + 1
φd

(
−2

3

(
J2Dα + Jσα

))1/2

(7.24)

7.2.2
Computation of Powder Property Matrix

The object of the mathematical theory of plasticity is to provide a theoretical
description of the relationship between stress and strain, or more commonly,
between increments of stress and increments of strain using the assumption
that the material behaves plastically only after a certain limiting value has been
exceeded. The elastoplastic constitutive relation in its incremental form can be
presented by dσ = Depdε, with dσ denoting the incremental stress vector, dε the
incremental strain vector, and Dep the constitutive elastoplastic matrix. The yield
surface F(σ , α, κ) = 0 determines the stress level at which the plastic deformation
begins. The material property matrix Dep is defined as

Dep = De − (∂F/∂σ )T DT
e De(∂Q/∂σ )

H + (∂F/∂σ )T De(∂Q/∂σ )
(7.25)

where n = ∂F/∂σ and ng = ∂Q/∂σ are the normal vectors to the yield and potential
plastic surfaces, respectively, and H is the hardening plastic modulus defined as

H = − ∂F

∂µ

dµ

dλ
(7.26)

where dλ is the plastic multiplier and µ = (ep, εp
v ).

In order to derive the constitutive elastoplastic matrix and its components, we
need to calculate De, n, ng, and H in Eq. (7.25). The normal vector to the yield
surface is determined by

n = ∂F

∂σ
= ∂F

∂J1

∂J1

∂σ
+ ∂F

∂J2D

∂J2D

∂σ
+ ∂F

∂J2/3
3D

∂J2/3
3D

∂σ
(7.27)

where

∂F

∂J1
= 2 J1

(
φd fd
φh f h

)2

+ φ2
d f 2

d

φ3
h f 3

h

2 J2
1 J1α√

−(2/3)(2 J1αJ1 + J2
1α)

(7.28)

∂F

∂J2D
= 2

3
+ 2 J2

1

fdφ2
d

φ2
h f 2

h

(
∂fd
∂J2D

)
− 2φ2

d fd

(
∂fd
∂J2D

)
(7.29)

∂F

∂J2/3
3D

= ψ + 2 J2
1

fdφ2
d

φ2
h f 2

h

(
∂fd

∂J2/3
3D

)
− 2φ2

d fd

(
∂fd

∂J2/3
3D

)
(7.30)
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7.2 Three-Invariant Cap Plasticity 265

The hardening plastic modulus H can be determined by substituting the yield
surface (7.5) into definition (7.26) as

H = −
((

∂F

∂f h

∂f h

∂ep

dep

dλ
+ ∂F

∂fd

∂fd
∂ep

dep

dλ

)
+

(
∂F

∂f h

∂f h

∂ε
p
v

dε
p
v

dλ
+ ∂F

∂fd

∂fd
∂ε

p
v

dε
p
v

dλ

))
(7.31)

where

∂F

∂f h
= −2 J2

1

(
φ2

d f 2
d

φ2
h f 3

h

)
(7.32)

∂F

∂fd
= 2 J2

1

(
φ2

d fd
φ2

h f 2
h

)
− 2φ2

d fd (7.33)

∂f h

∂ε
p
v

= (
b2b3 exp(b3ε

p
v )

)
δ(εp

v ) (7.34)

∂fd
∂ε

p
v

= (
c2 c3 exp(c3ε

p
v )

)
δ(εp

v ) (7.35)

∂f h

∂ep
= − 1

φh

( J1 + J1α)√
−(2 J1αJ1 + J2

1α)

(
2
∂α1

∂ep
+ ∂α2

∂ep

)
(7.36)

∂fd
∂ep

= (α2 − α1)

3φd
√

J2Dα + Jσα

(
∂α2

∂ep
− ∂α1

∂ep

)

+
√

J2D(cos ω − √
3 sin ω)

2φd
√

3( J2Dα + Jσα)

(
∂α1

∂ep
− ∂α2

∂ep

)
(7.37)

7.2.3
Model Assessment and Parameter Determination

7.2.3.1 Model Assessment
In order to demonstrate the performance of the proposed plasticity model in the
prediction of powder material behavior, experimental tests must be performed to
determine and calibrate the parameters of the material functions f h and fd, defined
by Eqs (7.23) and (7.24), in the yield surface (7.5). These two material functions
control the size and movement of the yield surface, and are decomposed into the
isotropic and kinematic parts, given by Eqs (7.7) and (7.8), as functions of the
hardening parameters κ and α, or directly the plastic volumetric strain ε

p
v and

the deviatoric plastic strain ep. It must be noted that the kinematic hardening
parameter α indicates the movement of the yield surface in the direction of the J1

axis and the direction perpendicular to it.
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266 7 Modeling of Powder Forming Processes

It is worth mentioning that different values of f h and fd result in different aspects
of the yield surface (7.5). Considering that the first two terms of Eq. (7.5) are zero,
it can be written as(

φd fd
φh f h

)2

J2
1 − φ2

d f 2
d = 0 (7.38)

The above equation generally yields three roots, the points of intersection of the
yield surface with the J1-axis, that is, J1 = ±φh f h and one more from fd = 0.0,
which has been defined in Eq. (7.24). If fd = 0.0 does not lead to any value for J1,
the yield surface of Eq. (7.5) yields to two roots for J1, J1 = ±φh f h, which result
in an elliptical shape in the meridian plane, as shown in Figure 7.4a. In this case,
the yield surface grows with densification, eventually becoming independent of the
hydrostatic stress J1 at full dense material, where the von Mises yield surface is
generated. This yield surface was developed by the authors for porous metal and
sintered powder based on an extension of the von Mises concept [12].

If fd = 0.0 leads to the value of J1 between −φh f h and +φh f h, the cone-cap
yield surface can be produced from Eq. (7.5) based on the intersection points of
J1 = −φh f h and the value obtained from fd = 0.0 for different values of isotropic
hardening. In this case, the yield surface grows with densification and reduces to
the Drucker–Prager yield function for full dense bodies, as shown in Figure 7.4b.
This yield surface is very similar to the double-surface cap models, that is, a
combination of the Mohr–Coulomb or Drucker–Prager and elliptical surfaces,
which has been extensively used by authors to demonstrate the behavior of powder
and granular materials [15–19]. It is worth mentioning that as the double-surface
plasticity consists of two different yield functions, special treatment is necessary in
order to avoid numerical difficulties in the intersection of these two surfaces [24];
however, the single-yield surface (7.5) does not have such a drawback. Furthermore,
the parameter ψ in the yield surface (7.5) causes the triangularity of deviatoric trace
along the hydrostatic axis. In this case, the yield surface is similar to the irregular
hexagonal pyramid of the Mohr–Coulomb and cone-cap yield surface employed by
researchers for the description of soil and geomaterial behavior.

(a) (b)

Figure 7.4 Trace of the 3D yield function in the principal
stress space for the isotropic hardening behavior. (a) The
elliptical yield surface. (b) The cone-cap yield surface.
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7.2 Three-Invariant Cap Plasticity 267

7.2.3.2 Parameter Determination
The important issue in the prediction of powder material behavior is the identifica-
tion of the parameters of the proposed plasticity model. The calibration procedure
for three-invariant isotropic–kinematic cap plasticity is carried out, based on a
series of isostatic and triaxial tests. An organized approach to determine model
parameters is to utilize an optimization routine. Mathematically, an objective
function and a search strategy are necessary for the optimization. The objective
function, which represents the constitutive model, captures the material behavior
and can be used in a simultaneous optimization against a series of experimental
data. The simplest search strategy is based on the direct search approach that is
proved to be reliable, and its relative simplicity makes it quite easy to program into
the code.

For the proposed constitutive model, a total of 10 material constants need to
be determined for the material functions f h and fd. The parameters of isotropic
parts of f h and fd (i.e., b1, b2, b3, and c1, c2, c3) are first evaluated using the confining
pressure test, where the values of J2D and J3D in the yield surface (7.5) are zero.
The parameters of the kinematic parts of f h and fd (i.e., a1, a2, a3, and a4) are
then estimated performing the least squares method (LSM) method on the data
obtained by a series of triaxial tests. These parameters control various aspects of
predicted stress–strain curves obtained numerically by fitting the stress path to the
triaxial and confining pressure tests. The procedure of parameter determination is
performed as follows:

• Step 1: On the basis of the results obtained from the confining pressure test, the
values of J1 are evaluated using the yield surface (7.5) where the values of J2D

and J3D are zero. From the values of volumetric strain εv, the elastic and plastic
volumetric strains, εe

v and ε
p
v , are estimated. The parameters b1, b2, and b3 in the

isotropic part of f h are computed. The parameters c1, c2, and c3 in the isotropic
part of fd are then calculated by an LSM on the data obtained from the confining
pressure test.

• Step 2: Applying the results of the triaxial tests and the isotropic parameters of f h

and fd obtained from step 1, the kinematic parameters of f h and fd, that is, a1, a2,
and a3, in the first term of relation (7.6) are first estimated. The parameter a4 in
the second term of relation (7.6) is then obtained by performing the LSM on the
data obtained from the triaxial tests.

In order to determine and calibrate the powder parameters of the proposed
plasticity model for an iron-based powder (95% by weight), a set of compaction
experiments performed by Doremus et al. [31] is proposed here. Both isostatic and
triaxial tests are driven to determine and calibrate the parameters of the model.
The raw material is composed of iron, copper, wax zinc stearate, in which the
last two components are admixed as internal lubricants. The density of the solid
phase is about 7.54 g cm−3 and the tap powder density is about 3.67 g cm−3. The
particles have irregular shapes and their sizes are between 10 and 100 µm. The
compacted specimen has an initial height H0 of 42 cm and diameter D0 of 20 cm.
The triaxial tests consist of an initial isostatic compaction step up to a pressure
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268 7 Modeling of Powder Forming Processes
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Figure 7.5 Iron powder component. (a, b) The variation of
density with hydrostatic pressure in the isostatic compres-
sion test. (c, d) The axial stress versus axial strain in triaxial
tests.

value of 400 MPa, followed by a subsequent uniaxial compaction step. This step is
carried out by keeping pressure constant and increasing the axial stress up to the
maximum value of 1250 MPa. The material parameters calibrated for the proposed
yield surface are as follows:

a1 = 2.0e − 17 a2 = 35.16 a3 = 0.08 a4 = −0.05
b1 = 260.2 b2 = 8.586e − 2 b3 = −9.2
c1 = 610.5 c2 = 1.75 c3 = −10.85

The variation of density with hydrostatic pressure is presented in Figure 7.5a
for the isostatic test. This evolution is the characteristic of powders. It shows
a good agreement between experimental and numerical results for the isostatic
compression step. Figure 7.5b illustrates the isotropic hardening behavior of powder
due to expansion of the yield surface on increasing the hydrostatic pressure. Clearly,
the effect of confining pressure on isotropic hardening of powder can be observed in
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7.3 Arbitrary Lagrangian–Eulerian Formulation 269

this figure. Figure 7.5c,d correspond to the complete triaxial compression tests. The
variations of the axial stress with axial strain are shown in Figure 7.5c at different
values of hydrostatic pressure. Figure 7.5d presents the relevant yield surfaces
corresponding to the isotropic and kinematic hardening behavior in complete
triaxial tests. As can be observed, the proposed model captures the behavior of
powder in complete triaxial experiment. This representation clearly shows how the
yield surface grows isotropically and moves kinematically on increasing the axial
strain.

7.3
Arbitrary Lagrangian–Eulerian Formulation

The ALE technique was developed to overcome the Lagrangian finite element
distortion by taking the advantages of both Lagrangian and Eulerian methods.
The technique has been proposed in various solid and fluid mechanics, includ-
ing incompressible hyperelasticity [32], nonlinear dynamic analysis [33], strain
localization [34], nonlinear solid mechanics [35, 36], metal forming [37–39], hy-
perelastoplasticity [40, 41], and finite strain plasticity [42]. A fully coupled implicit
ALE formulation was presented by Bayoumi and Gadala [43] for large deforma-
tion dynamic problems. The ALE technique was proposed by Khoei et al. [44]
in large plastic deformation of pressure-sensitive materials. A key issue in ALE
formulation is an efficient mesh motion technique in order to achieve the satis-
factory results. There are various mesh relocation techniques, based on a uniform
distribution of the equivalent plastic strain indicator [37], the transfinite map-
ping algorithm using the nodal relocation [38], the ALE split operator [40], and
so on. These techniques are able to retain the shape of the elements by equal-
izing their size and by avoiding shape distortion without changing the mesh
topology.

The main difficulty in extending the ALE formulation from fluid to solid
mechanics is the path-dependent behavior of material models used in solid
mechanics. The constitutive equation of ALE nonlinear mechanics contains a
convective term which reflects the relative motion between the physical motion
and the mesh motion. In fluid mechanics, the convective effects only occur in
the mass balance, momentum balance, and energy balance, but not in the consti-
tutive equation. The correct treatment of this convective term in the constitutive
equation is the key point in ALE nonlinear solid mechanics. The most popular
approach to deal with the convective term is the use of a split, or fractional-step
method. Each time step is first divided into a Lagrangian phase and an Eulerian
phase. Convection is neglected in the material phase, which is thus identical to
a time step in a standard Lagrangian analysis. The stress and plastic internal
variables are then transferred from Lagrangian mesh to the relocated mesh in
order to evaluate the relative mesh–material motion in the convection phase.
To handle this, an approach called the Godunov scheme is used for the stress
update [44].
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270 7 Modeling of Powder Forming Processes

7.3.1
ALE Governing Equations

In the ALE description, three different configurations are considered: the material
domain �0, spatial domain �, and reference domain �̂, which is called ALE domain.
The material motion is defined by xm

i = fi(Xj,t), with Xj denoting the material point
coordinates and fi(Xj,t) a function which maps the body from the initial or material
configuration �0 to the current or spatial configuration �. The initial position of
material points is denoted by xg

i called the reference or ALE coordinate in which
xg

i = fi(Xj, 0). The reference domain �̂ is defined to describe the mesh motion
and is coincident with mesh points, so that it can be denoted by computational
domain. The mesh motion is defined by xm

i = f̂i(x
g
j ,t). The material coordinate can

be then related to ALE coordinate by xg
i = f̂ −1

i (xm
j ,t). The mesh displacement can

be defined by

ug
i (xg

j ,t) = xm
i − xg

i = f̂i(x
g
j ,t) − xg

i (7.39)

It must be noted that the mesh motion can be simply obtained from material
motion replacing the material coordinate by ALE coordinate. The mesh velocity
can be defined as

vg
i (xg

j ,t) =
∂ f̂i(x

g
j ,t)

∂t
= ∂xm

i

∂t

∣∣∣∣
x

g
j

(7.40)

in which the ALE coordinate xg
j and material coordinate Xj in material velocity are

fixed. In ALE formulation, the convective velocity ci is defined using the difference
between the material and mesh velocities as

ci = vm
i − vg

i = ∂xm
i

∂xg
j

∂xg
j

∂t

∣∣∣∣∣
Xk

= ∂xm
i

∂xg
j

wj (7.41)

where the material velocity vm
i = (∂xm

i /∂t)Xj can be obtained using the chain rule

expression with respect to the ALE coordinate x
g
j and time t. In Eq. (7.41), the

referential velocity wi is defined by wi = (∂xg
i /∂t)Xj . The above relationship between

the convective velocity ci, material velocity vm
i , mesh velocity vg

i , and referential
velocity wi is frequently used in ALE formulation.

Now, the general relationship between material time derivatives and referential
time derivatives of any scalar function fi can be written as

∂fi
∂t

∣∣∣∣
Xj

= ∂fi
∂t

∣∣∣∣
x

g
j

+ ∂fi
∂xg

i

∂fi
∂t

∣∣∣∣
Xj

= ∂fi
∂t

∣∣∣∣
x

g
j

+ ∂fi
∂xm

j

cj (7.42)

The above equation can be used to deduce the fundamental conservation laws of
continuum mechanics, that is, the momentum, mass, and constitutive equations,
in nonlinear ALE description.

In the ALE technique, the governing equations can be derived by substituting the
relationship between the material time derivatives and referential time derivatives,
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7.3 Arbitrary Lagrangian–Eulerian Formulation 271

that is, Eq. (7.42), into the continuum mechanics governing equations. This
substitution gives rise to convective terms in the ALE equations, which account
for the transport of material through the grid. Thus, the momentum equation in
ALE formulation can be written in a manner similar to the updated Lagrangian
description by consideration of the material time derivative terms as

ρv̇m
i = σji,j + ρbi (7.43)

where ρ is the density, σ is the Cauchy stress, and bi is the body force. In the above
equation, the material time derivative of velocity v̇m

i can be obtained by specializing
the general relationship (7.42) to v̇m

i as

v̇m
i = ∂vm

i

∂t

∣∣∣∣
x

g
j

+ ∂vm
i

∂xm
j

cj (7.44)

Substituting Eq. (7.44) into Eq. (7.43), the momentum equation can be then written
as

ρ


 ∂vm

i

∂t

∣∣∣∣
x

g
j

+ ∂vm
i

∂xm
j

cj


 = ∂σij

∂xm
j

+ ρbi (7.45)

The mass balance in ALE formulation can be similarly derived by specializing the
general relationship (7.42) to the density ρ as

∂ρ

∂t

∣∣∣∣
x

g
j

+ ∂ρ

∂xm
j

cj = −ρ
∂vm

j

∂xm
j

∣∣∣∣∣
Xj

(7.46)

Finally, in order to describe the constitutive equation for nonlinear ALE formulation,
the general relationship (7.42) is specialized to the stress tensor, thus

∂σ

∂t

∣∣∣∣
x

g
j

+ ∂σ

∂xm
j

cj = q (7.47)

where q accounts for both the pure straining of the material and the rotational
terms that counteract the nonobjectivity of the material stress rate [40].

The basis of any mechanical initial boundary value problem in the framework of
the material description is the balance of momentum equation. In the framework
of the referential configuration, we have also considered the mass balance and the
constitutive equations, which are defined as partial differential equations in the
case of the referential description. In the quasi-static problems, the inertia force
ρa is negligible with respect to other forces of momentum equation; hence, the
equilibrium equations in ALE and Lagrangian descriptions are exactly identical.
In addition, considering the constant value of density ρ, the balance of mass
equation results in ∂vm

j /∂xm
j

∣∣
Xj

= 0, which is already satisfied. Thus, the governing

equations in ALE formulation for quasi-static problems can be summarized into
Eqs (7.45) and (7.47).
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272 7 Modeling of Powder Forming Processes

7.3.2
Weak Form of ALE Equations

In order to present the weak form of initial boundary value problems in ALE
description, the mass balance and the balance of linear momentum can be written
in the integral form over the spatial domain �, multiplied by the test functions δρ,
δv, and δσ . Clearly, there must be a relationship between the strong form and weak
form of governing equations, in which these two forms are identical. The weak
form of momentum equation is obtained by multiplying the strong form of Eq.
(7.45) by the test function δv ∈ U0, where U0 = {δv|δv ∈ C0, δv = 0 on Γv} and Γv

indicates the part of the boundary in which the velocities are prescribed. Consider
v ∈ U is the trial solution with U = {v|v ∈ C0, v = v̂ on Γv} and v̂ is the prescribed
velocities in Γv, the integration over the spatial domain results in∫

�

δvρ
(

∂vm

∂t

∣∣∣∣
xg

+ ∂vm

∂xm
c
)

dv =
∫

�

δv(div xm σ + ρb) dv (7.48)

or ∫
�

δvρ
∂vm

∂t

∣∣∣∣
xg

dv +
∫

�

δvρ
∂vm

∂xm
c dv =

∫
�

δv div xm σ dv +
∫

�

δvρb dv (7.49)

To eliminate the stress derivatives, the first term on the right-hand side of the above
equation is rewritten using the integration part by part as∫

�

δvρ
∂vm

∂t

∣∣∣∣
xg

dv +
∫

�

δvρ
∂vm

∂xm
c dv

= −
∫

�

div xmδv σ dv +
∫

�

δvρb dv +
∫

Γt

δvt̂ dΓ (7.50)

where Γt refers to the part of boundary in which the traction vector t̂ is prescribed.
Since the mass balance is enforced in the referential description as a partial

differential equation, a weak form must be developed. Considering the trial
solution as ρ ∈ C0, the weak form of the balance of mass can be obtained by
integration of the strong form of mass balance, given in Eq. (7.46) over the spatial
domain �, which has been multiplied by a test function δρ ∈ C0 as∫

�

δρ

(
∂ρ

∂t

∣∣∣∣
xg

+ ∂ρ

∂xm
c + ρ

∂vm

∂xm

∣∣∣∣
X

)
dv = 0 (7.51)

in which only the first derivatives appear with respect to the mass density ρ and
velocity v.

Similar to the momentum equation and mass balance, the weak form of
constitutive equation for nonlinear ALE formulation can be obtained by multiplying
the strong form of Eq. (7.47) with a test function δσ and integrating over the spatial
domain as∫

�

δσ

(
∂σ

∂t

∣∣∣∣
xg

+ ∂σ

∂xm
c
)

dv =
∫

�

δσq dv (7.52)

or ∫
�

δσ
∂σ

∂t

∣∣∣∣
xg

dv +
∫

�

δσ
∂σ

∂xm
c dv =

∫
�

δσq dv (7.53)
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7.3 Arbitrary Lagrangian–Eulerian Formulation 273

7.3.3
ALE Finite Element Discretization

In the finite element method (FEM), the reference domain �̂ is subdivided into a
number of elements, in which for each element e the ALE coordinates xg is defined
as

xg(ξ ) =
Ne∑
I=1

NI(ξ )xg
I (7.54)

where ξ denotes the parent element coordinates, NI(ξ ) is the interpolation shape
function, xg

I stands for the ALE coordinates of node I, and Ne is the number of
nodes of element e. The mesh displacement field can be then written following
Eq. (7.39) as

ug(ξ ) = xm(ξ ) − xg(ξ ) =
Ne∑
I=1

NI(ξ )ug
I (7.55)

Thus, the mesh, material, and convective velocities can be defined as

vg(ξ ) = ∂xm

∂t

∣∣∣∣
xg

=
Ne∑
I=1

NI(ξ )vg
I

vm(ξ ) = ∂xm

∂t

∣∣∣∣
X

=
Ne∑
I=1

NI(ξ )vm
I

c(ξ ) = vm − vg =
Ne∑
I=1

NI(ξ )(vm
I − vg

I ) =
Ne∑
I=1

NI(ξ
e)cI(t) (7.56)

Furthermore, the internal variables, such as density and stresses, can be approxi-
mated in the same manner as

ρ(ξ , t) =
Ne∑
I=1

Nρ

I (ξ e)ρI(t)

σ (ξ , t) =
Ne∑
I=1

Nσ
I (ξ e)σ I(t) (7.57)

where Nρ

I and Nσ
I stand for the shape functions of density and stress, respectively.

These shape functions may differ from those used to approximate the displacement
field NI. It must be noted that because the convective terms appear in governing
equations, the implementation of standard Galerkin finite element formulation
may result in numerical instabilities. This point is especially true for severe dynamic
systems. One way to alleviate these difficulties is to employ the Petrov–Galerkin
formulation. In this approach, different sets of shape functions are used to
interpolate the trial and test functions for displacement, stress, and density.

Substituting the material and the convective velocity (vm and c), given in
Eq. (7.56), and the density and the stresses (ρ and σ ), given in Eq. (7.57), into the
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274 7 Modeling of Powder Forming Processes

weak form of the balance of linear momentum, given in Eq. (7.50), yields to

M
dvm

dt
+ Lvm + f int = f ext (7.58)

where

M =
∫

�

ρNTN dv, L =
∫

�

ρNTc
dN
dxm

dv (7.59)

and

f int =
∫

�

dNT

dxm
σ dv, f ext =

∫
�

ρNTb dv +
∫

Γ

NT t̂ dΓ (7.60)

As mentioned earlier, the term of inertia forces can be neglected in the quasi-static
problems. Thus, the momentum Eq. (7.58) can be simplified to f int = f ext.

In a similar manner, the FE formulation for the mass balance can be obtained
by substituting the material velocity from Eq. (7.56) and the density from Eq. (7.57)
into Eq. (7.51) as

Mρ dρ

dt
+ Lρρ + Kρρ = 0 (7.61)

where

Mρ =
∫

�

NρT
Nρ dv, Lρ =

∫
�

NρT
c

dNρ

dxm
dv,

Kρ =
∫

�

NρT
div xmvmNρ dv (7.62)

Finally, the FE formulation for the constitutive equation can be obtained by
replacing the convective velocity from Eq. (7.56) and the stresses from Eq. (7.57)
into Eq. (7.53) as

Mσ dσ

dt
+ LTσ = q (7.63)

where

Mσ =
∫

�

NσT
Nσ dv, Lσ =

∫
�

NσT
c

dNσ

dxm
dv (7.64)

7.3.4
Uncoupled ALE Solution

There are basically two methods of solutions for the governing equations of
ALE formulation (Eqs (7.58), (7.61), and (7.63)): the fully coupled solution and
the uncoupled solution [45]. In the fully coupled solution method, no further
simplifications can be considered and the various terms must be calculated
simultaneously. This approach was used in the works of Yamada and Kikuchi [32]
and Bayoumi and Gadala [43]. In the uncoupled solution technique, we do not
consider the fully coupled equations and the whole process can be decoupled into
a Lagrangian phase and an Eulerian phase by employing a splitting operator. Such
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7.3 Arbitrary Lagrangian–Eulerian Formulation 275

Lagrangian
phase

Eulerian and
smoothing

phase

ALE step

(nn, sn ) (nn+1, sn+1)

(nn+1, sn+1)L L

Figure 7.6 Decomposition of the
ALE step into a Lagrangian phase
and an Eulerian phase combined
with a smoothing phase.

a technique has been employed by Rodriguez-Ferran et al. [40] and Khoei et al.
[44]. In the present study, the uncoupled ALE solution is applied, since it makes it
possible to upgrade a standard Lagrangian finite element program to the ALE case
with as little expenditure as possible. In this case, the Lagrangian computation can
be included as a substep of the new ALE computation.

The basis of splitting operator in uncoupled solution is to separate the material
(Lagrangian) phase from convective (Eulerian) phase, which is combined with a
smoothing phase (Figure 7.6). In the Lagrangian phase, the convective effects are
neglected, so the material body deforms from its material configuration to its spatial
one. In this framework, the nodal and quadrature points may lead eventually to a
high distortion of the spatial discretization after the Lagrangian step. In order to
reduce this distortion a smoothing phase is then applied, which leads to the final
spatial discretization. This allows the computation of mesh velocity, which leads
to the convective velocity, or the Eulerian phase. The advantage of ALE splitting
operator is that the calculations are performed in the Lagrangian step with no
convective terms to achieve the equilibrium. When the equilibrium is achieved in
the Lagrangian step, the Eulerian step is performed by transferring the internal
variables from the Lagrangian mesh to the relocated mesh. Special care must be
taken with respect to data transferring, since the stress field is evaluated at discrete
integration points and is usually discontinuous across the elements. To handle
this difficulty, the superconvergent patch recovery (SPR) technique is implemented
here together with the Godunov scheme for the stress update.

7.3.4.1 Material (Lagrangian) Phase
In material phase, the convective terms are neglected, so the momentum equation is
identical to a time step in a standard Lagrangian analysis. Thus, the FE formulation
of the momentum balance (7.58) in quasi-static analysis becomes

∫
�

dNT

dxm
σ dv =

∫
�

ρNTb dv +
∫

Γ

NT t̂ dΓ (7.65)

which is a static equilibrium equation with no time, velocity, and convective terms
in ALE momentum balance.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



276 7 Modeling of Powder Forming Processes

The ALE constitutive Eq. (7.63) in material phase can be simplified as

Mσ dσ

dt
= q (7.66)

which needs to be integrated at each time step to update the stress from σ n at time
tn to σ L

n+1 after the Lagrangian phase. It means that in the absence of convective
terms, the grid points move attached to material particles. Thus, the Lagrangian
phase can be performed with the same stress update algorithm used in Lagrangian
simulation, which handles the constitutive equation at the Gauss point level.

7.3.4.2 Smoothing Phase
In order to reduce the mesh distortion in spatial configuration, a remeshing
procedure must be applied between the Lagrangian and the Eulerian phases.
The algorithm can produce smoother meshes without redefining the element
connectivity. Since the mesh moves independently from the material, we obtain
the mesh velocity, which can be used to compute the convective velocity. Various
remeshing strategies have been proposed by Ghosh and Raju [37], Gadala and
Wang [38], and Rodriguez-Ferran et al. [40]. In this study, simple methods based
on the ‘‘Laplacian approach’’ and the ‘‘mid-area averaging technique’’ are used. In
these approaches, the mesh distortion is controlled by moving the inner nodes in
an appropriate way. In addition, the boundary nodes remain on the boundary by
allowing only a tangential movement to those nodes.

The Laplacian approach is a popular and simple smoothing strategy, which has
been used by researchers to produce smoother meshes. In this technique, the
spatial position of the smoothed node xi can be computed using the spatial position
after the Lagrangian phase xL

i as

xi = 1

(2 − w)N

N∑
e=1

(xe1 + xe2 − wxe3) (7.67)

where xi presents the spatial position of node i, and N is the number of four-node
elements connecting to node i (typically N = 4). For each element 1 ≤ e ≤ N, xe1,
and xe2 are the coordinates of the nodes of element e connected to xi by an edge,
and xe3 is the coordinate of the node of element e at the opposite corner of xi, as
shown in Figure 7.7. In the above relation, w is the weighting factor 0 ≤ w ≤ 1, in
which w = 0 yields the commonly used Laplacian scheme.

The mid-area averaging technique is a modification of the Laplacian approach.
In this method, the considered node is in the centroid of all connected elements,
and the area of different elements is taken into account. Thus, the spatial position
of the smoothed node xi can be computed as

xi =

N∑
e=1

AexSe

N∑
e=1

Ae

(7.68)
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7.3 Arbitrary Lagrangian–Eulerian Formulation 277

e = 4

e = 1

xe3 xe2

xe1
x i

x i

e = 3

e = 2

L

x i

xS 4
xS 3

xS 2
xS 1

L

Laplacian
approach

Mid-area average
technique

Figure 7.7 Remeshing procedure in the smoothing phase
using the Laplacian approach and mid-area averaging tech-
nique.

(a) (b)

Figure 7.8 Illustration of boundary motion. (a) Curve treatment. (b) Extension.

where xSe is the location of the centroid of element e (Figure 7.7), Ae is the area of
element e and N indicates the number of four-node elements connecting to node
i. After smoothing the position of all nodal points xn+1 at time tn, the convective
term cn+1 can be computed using the material (Lagrangian) displacement uL

n+1 and
mesh displacement ug

n+1 for quasi-static problems as cn+1 = uL
n+1 − ug

n+1.
In order to perform the smoothing procedure for boundary nodes, it is assumed

that the nodal points remain on the boundary by allowing only a tangential
movement to these nodes. In this case, the boundary nodes are allowed to move
in the normal direction following the motion of material points. For boundaries
with preknown deformed shape, it is sufficient to assign a motion in the normal
direction equal to the known material motion. To assign a desired tangential motion
for nodal points, the following algorithm is performed here. First, a polynomial of
second order is constructed using the considered node and two connected nodes
on the boundary. The position of mid-node is then corrected according to the
position of two connected nodes, as shown in Figure 7.8a. This procedure will not
work properly when the determinant of matrix of its solution becomes zero. To
avoid this problem, the approach is modified in the manner so that the extension
of mid-node lies on the next connecting line, as shown in Figure 7.8b.
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278 7 Modeling of Powder Forming Processes

7.3.4.3 Convection (Eulerian) Phase
The final part of the operator splitting technique includes data transferring of
solution obtained by the Lagrangian phase onto the new relocated mesh, developed
through the mesh smoothing algorithm. In the Eulerian (or convection) phase,
the convective terms which were neglected during the Lagrangian phase are taken
into account. Since we are dealing with history-dependent materials and due to
the fact that different material integration points have different histories, these
quantities must be updated in order to compute the history-dependent variables
in the next time step. These variables are computed at discrete integration points,
which normally lie inside the element. This yields discontinuous fields and is
troublesome, since the spatial gradients of these variables are required. In order to
overcome these difficulties, a smooth gradient field is obtained on the basis of the
Godunov technique that circumvents the computation of history variable gradients.

The FE formulation of constitutive Eq. (7.63) in the convection phase can be
written as

Mσ dσ

dt
+ LTσ = 0 (7.69)

which needs to be integrated at each time step to update the stress from σ L
n+1 to

σ n+1 at time tn+1. As noted above, the main difficulty in Eq. (7.69) is the stress
gradient, which cannot be properly computed at the element level. In order to
avoid computing gradients of the discontinuous fields, the Godunov technique is

implemented here to transfer the internal variables ρL
n+1, ε

pL

n+1, and σ L
n+1 from the

Lagrangian mesh to the relocated mesh.
The Godunov method assumes a piecewise constant field of the solution of

internal variables after the Lagrangian phase. In the finite element framework,
this is the situation if one-point quadratures are employed; however, to allow for a
subsequent generalization to multiple-point quadratures, the finite element can be
subdivided into various subelements, each corresponding to the influence domain
of a Gauss point [40]. Considering the scalar quantity ψ , be any components of the
stress σ , density ρ, or the effective plastic strain εp, the value of internal variable
ψn+1 at time tn+1 can be obtained from the Lagrangian solution ψL

n+1 as

ψn+1 = ψL
n+1 − �t

2A

Ns∑
s=1

{
fs(ψLc

n+1 − ψL
n+1)[1 − α0 sign ( fs)]

}
(7.70)

where A is the area of subelement, Ns is the number of edges of subelement, and
ψLc

n+1 is the value of ψL
n+1 in the contiguous subelement across edge s (Figure 7.9).

The upwind parameter α0 is in the range of 0 ≤ α0 ≤ 1, where α0 = 1 corresponds
to a full-donor approximation and α0 = 0 is a centered approximation. In the above
relation, fs is the flux of convective velocity c across edge s defined as

fs =
∫

s
c · n ds (7.71)

On the basis of this approach, if, for instance, quadrilaterals with 2 × 2 integration
points are employed, each element is divided into four subelements, as shown in
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Figure 7.9 Illustration of the Godunov technique.
(a) One-point quadrature. (b) Multiple-point quadrature.

Figure 7.9. In each subelement, ψ is assumed to be constant, and represented by
the Gauss point value. Thus, ψ is a piecewise constant field with respect to the
mesh of subelements, and relation (7.70) can be employed to update the value of ψ

for each subelement.

7.3.5
Numerical Modeling of an Automotive Component

In order to illustrate the capability of ALE computational algorithm, the compaction
of an automotive component is analyzed numerically. The constitutive relations
of single plasticity model, developed in Section 7.2, along with the ALE finite
element formulation presented above have been implemented in a nonlinear
finite element code to evaluate the capability of the model in simulating the large
plastic deformation of pressure-sensitive material. The problem has been solved
with displacement control by increasing the punch movements and predicting the
compaction forces at different displacements. In the FE simulations, the tools are
modeled as rigid bodies, because the elastic deformation of the tools has only
an insignificant influence on the density distribution of green component. An
axisymmetric automotive part is compacted from iron powder with a mechanical
press and a multiplaten die set, as shown in Figure 7.10a. A Lagrangian finite
element modeling was carried out for this component by Azami and Khoei [25].
Also, the measured density distribution was obtained for this example by Shen
et al. [46].

The automotive part is simulated numerically using the single plasticity model
in the formwork of Lagrangian and ALE methods. The simulation of component is
performed using an axisymmetric finite element analysis, including 376 quadrilat-
eral elements, as shown in Figure 7.10b. The compaction is employed by means of
the action of two bottom punches; a lower inner punch, and a lower outer punch
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Figure 7.10 An automotive component. (a) A schematic of
mechanical press and a multiplaten die set. (b) The problem
geometry and computational mesh.

labeled ‘‘a’’ and ‘‘b,’’ respectively, in Figure 7.10. The geometry of uncompacted
powder in its position before compaction is presented in this figure. The simulation
has been performed using the remaining pressing distance of lower inner punch
of 15.31 mm and lower outer punch of 48.84 mm. The convergence tolerance is set
to 5 × 10−5 and the analysis is performed using 10, 50, and 400 time increments.
The analysis is carried out with the iron powder material parameters obtained in
Section 7.2.3.2.

In the simulation presented here, the friction effects are neglected. Therefore,
the results are a qualitative approximation to the real compaction process, where
the friction effects have to be taken into account [47–50]. Owing to high distortion
of finite element mesh, particularly around the corners, the Lagrangian simulation
proceeds only up to 82% of compaction. In Figure 7.11, the deformed Lagrangian
mesh is presented together with the deformed ALE mesh at the compaction of
82%. The mesh distortion can be efficiently reduced in the ALE analysis by means
of a very simple ALE remeshing strategy using equal length of elements between
the top and bottom boundaries. In Figure 7.12, the distributions of predicted
relative density contours are shown at different bottom punch movements for the
ALE analysis. These results can be compared with those obtained by Azami and
Khoei [25] using a Lagrangian FE modeling. The applicability of the cap plasticity
model in the formwork of ALE approach to handle the complete compaction
simulation of powder is clearly evident in this figure. The evolution of top punch
vertical reaction force with its vertical displacement is depicted in Figure 7.13a,
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Zoom

Zoom

(a) Lagrangian formulation

Zoom

Zoom

(b) ALE formulation

Figure 7.11 An automotive component. The mesh configu-
ration at the compaction of 82% using the Lagrangian and
ALE formulations.

(b) (c) (d)(a)

1
0.96
0.92
0.88
0.84
0.8
0.76
0.72
0.68
0.64
0.6
0.56
0.52
0.48
0.44
0.4

Figure 7.12 The distribution of relative density contours for
an automotive component using the ALE formulation at dif-
ferent punch movements, d = 7.7, 15.5, 23.3, and 31.1mm.

which has been compared with those reported in Ref. [25]. Good agreements can
be observed between the ALE and Lagrangian results. In order to illustrate the
accuracy of proposed ALE algorithm, the numerical simulation has been carried
out for different number of time increments, that is, 10, 50, and 400 time steps.
Figure 7.13b presents a comparison between various time steps of the top punch
reaction force with its vertical displacement. This example adequately presents the
capability of ALE technique in modeling powder-forming processes using a cap
plasticity model.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



282 7 Modeling of Powder Forming Processes

Vertical displacement (mm)(a) (b)

V
er

tic
al

 fo
rc

e 
(k

N
)

0 10 20 30 40
0

500

1000

1500

2000

Vertical displacement (mm)

V
er

tic
al

 fo
rc

e 
(k

N
)

0 10 20 30 40
0

500

1000

1500

2000

ALE formulation
(present study)

Lagrangian formulation
(present study)

Lagrangian formulation
(Azami and Khoei, 2006)

400 time increments
10 time increments
50 time increments

Figure 7.13 The evolution of top punch force with dis-
placement for an automotive component. (a) A comparison
between Lagrangian and ALE models. (b) A comparison for
various time increments.

7.4
Enriched ALE Finite Element Method

In large deformation problems with discontinuities and material interfaces, the
implementation of adaptive mesh refinement in different stages of analysis is of
great importance. The requirement of mesh refinement may involve condiderable
cost in terms of capacity and time. The arbitrary Lagrangian–Eulerian technique,
introduced in the preceding section, alleviates the drawbacks of traditional La-
grangian formulation; however, it is necessary to perform an innovative procedure
by allowing the discontinuities to be mesh independent. The X-FEM has been
successfully applied to problems exhibiting discontinuities and inhomogeneities,
such as cracks, holes, or material interfaces. The technique is a powerful and
accurate approach to model discontinuities, which are independent of the FE mesh
topology. In this method, the discontinuities, or interfaces, are not considered in
the mesh generation operation and special functions, which depend on the nature
of discontinuity, are included into the finite element approximation through a
partition of unity method [30].

The technique was first introduced by Dolbow [51], Belytschko and Black [52], and
Moës et al. [53] to model cracks and inhomogeneities. The method allows modeling
the entire crack geometry independently of the mesh, and completely avoids the
need to remesh as the crack grows. The X-FEM was used to model crack growth and
arbitrary discontinuities by enriching the discontinuous approximation in terms of a
signed distance and level sets functions [54–57]. The most up-to-date computational
aspects of X-FEM have been presented in linear crack problems, including the crack
growth with frictional contact [58], cohesive crack propagation [59], quasi-static
crack growth [60], fatigue crack propagation [61], stationary and growing cracks
[62], and three-dimensional crack propagation [63]. An overview of the technique
was addressed by Bordas et al. [64] in the framework of an object-oriented-enriched
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7.4 Enriched ALE Finite Element Method 283

finite element programming. However, less X-FEM modeling has been reported
in elastoplasticity. Maximum implementation of X-FEM in plasticity problems are
found in the following: plasticity forming of powder compaction [65], plasticity of
frictional contact on arbitrary interfaces [66, 67], large X-FEM deformation [68, 69],
ALE-X-FEM model for large plastic deformation [29, 70], localization phenomenon
in higher order Cosserat theory [71], crack propagation in plastic fracture mechanics
[72, 73], and elastoplastic fatigue crack growth [74].

In this section, an enriched FE model is incorporated with the ALE technique in
large plastic deformation based on an operator splitting technique. The constitutive
equation of the ALE technique contains the convective term, which reflects the
relative motion between the physical motion and the mesh motion. The eval-
uation of the convective term in the constitutive equation is performed using
the split, or fractional-step method. In order to perform an enriched arbitrary
Lagrangian–Eulerian FE analysis, a typical X-FEM analysis is first carried out in
the Lagrangian phase using the updated Lagrangian approach. The Eulerian phase
is then applied to update the mesh, while the material interface is independent of
the FE mesh.

7.4.1
The Extended-FEM Formulation

In order to introduce the concept of X-FEM method, consider an interface, Γc,
in domain �, as shown in Figure 7.14a. We are interested in the construction
of a finite element approximation to the field u ∈ �, which can be discontinuous
along the interface surface Γc. The traditional approach is to generate the mesh to
conform to the line of discontinuity surface as shown in Figure 7.14b, in which the
element edges align with Γc. While this strategy certainly creates a discontinuity
in the approximation, it is cumbersome if the line Γc evolves in time, or if several
different configurations for Γc are to be considered. Here, we intend to model the
discontinuity along interface Γc with extrinsic enrichment, in which the uniform
mesh of Figure 7.14c is capable of modeling the discontinuity in u, when the circled
nodes are enriched with enrichment functions.

In X-FEM, the enrichment functions are associated with new degrees of freedom
and the approximation of the displacement field as

u(x) =
∑

I

NI(x)uI +
∑

J

NJ(x)ψ(x)aJ (7.72)

where nI ∈ nT and nJ ∈ ne, in which nT denotes the set of all nodes of the domain,
and ne is the set of nodes of elements split by the interface, as indicated in
Figure 7.14c. The first term of the above equation denotes the standard FEM
approximation and the second term indicates the enrichment function considered
in X-FEM. In this equation, uI is the classical nodal displacement, aJ is the nodal
degrees of freedom corresponding to the enrichment function ψ(x), and N(x) is the
standard shape function.
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284 7 Modeling of Powder Forming Processes

Internal interface

Γc

Ω

(a)

(b)

(c)

Figure 7.14 Modeling of internal interfaces. (a) Problem
definition. (b) The FE mesh which conforms to the geome-
try of discontinuity. (c) A uniform mesh in which the circled
nodes have additional degrees of freedom and enrichment
functions.

The choice of enrichment function in displacement approximation is dependent
on the conditions of problem. If the discontinuity is a result of different types
of material properties, then the level set function is proposed as an enrichment
function; however, if the discontinuity is due to different displacement fields on
either side of the discontinuity, such as contact surface, then the Heaviside function
is appropriate. The level set method is a numerical scheme for tracking the motion
of interfaces. This method, which is used to predict the geometry of boundaries, is
very suitable for bimaterial problems in which the displacement field is continuous
but there is a jump in the strain field. In this technique, the interface is implicitly
represented by assigning to node I of the mesh, located at the distance ϕI from the
interface. The sign of its value is negative on one side and positive on the other.
The level set function can be then obtained by interpolating the nodal values using
the standard FE shape functions as

ϕ(x) =
∑

I

ϕINI(x) (7.73)
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7.4 Enriched ALE Finite Element Method 285

where the above statement indicates the summation over the nodes that belong
to elements cut by the interface. A discontinuity is represented by the zero
value of level set ϕ. The new degrees of freedom aJ in Eq. (7.72) are considered
corresponding to the level set enrichment function, in order to attribute to the
nodes that belong to the set of ne. In order to improve the numerical computation
in X-FEM, it is preferable to have a uniform distribution of shape functions around
the boundary of discontinuity by employing the nodes that belong to the elements
in the neighbor of discontinuity elements. Generally, two types of enrichment
function have been implemented to model the discontinuity as a result of different
types of material properties. The first function is based on the absolute value of
the level set function, which indeed has a discontinuous first derivative on the
interface as

ψ1(x) =
∣∣∣∣∣
∑

I

ϕINI(x)

∣∣∣∣∣ (7.74)

An extension of the above function that improves the previous enrichment strategy
has a ridge centered on the interface and zero value on the elements that are
not crossed by the interface. It was shown by Anahid and Khoei [69] that the
convergence rate of the enrichment function ψ2 is very close to the optimal FE
convergence. The modified level set function ψ2 is defined as

ψ2(x) =
∑

I

|ϕI|NI(x) −
∣∣∣∣∣
∑

I

ϕINI(x)

∣∣∣∣∣ (7.75)

Considering the enriched approximation of displacement field defined by Eq. (7.72),
the value of u(x) on an enriched node K in set ne can be written as

u(xK ) = uK + ψ(xK )aK (7.76)

Since ψ(xK ) is not necessarily zero, the above expression is not equal to the real
nodal value uK . Thus, the enriched displacement field (Eq. (7.72)) can be corrected
as

u(x) =
∑

I

NI(x)uI +
∑

J

NJ(x)(ψ(x) − ψ(xJ))aJ for nI ∈ nT and nJ ∈ ne

(7.77)

On the basis of the new definition in the last term of relation (7.77), the expected
property can be obtained as u(xK ) = uK . Using the enrichment function ψ(x) based
on its nodal values as ψ(x) =

∑
I

NI(x)ψI , Eq. (7.77) can be rewritten as

u(x) =
∑

I

NI(x)uI +
∑

J

(
NJ(x)

(∑
K

NK (x)ψK − ψJ

)
aJ

)
(7.78)

It must be noted that the numerical integration of the weak form with the standard
Gauss quadrature points for elements cut by the interface must be improved
because of the existence of discontinuous displacement gradient through the
interface.
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286 7 Modeling of Powder Forming Processes

7.4.2
An Enriched ALE Finite Element Method

In X-ALE-FEM analysis, the X-FEM method is performed together with an operator
splitting technique, in which each time step consists of two stages: Lagrangian
(material) and Eulerian (smoothing) phases. In material phase, the X-FEM analysis
is carried out on the basis of an updated Lagrangian approach. It means that
the convective terms are neglected and only material effects are considered. The
time step is then followed by an Eulerian phase in which the convective term is
considered into account. In this step, the nodal points move arbitrarily in the space
so that the computational mesh has regular shape and the mesh distortion can be
prevented; however, the material interface is independent of the FE mesh.

Figure 7.15 presents the mesh configuration including the material interface
before and after the Eulerian phase. In this figure, the position of the interface
has been shown in two different cases. In Figure 7.15a, the interface does not
move from one element to another during smoothing phase. On the other hand,
the number of elements which have been cut by the interface does not change
during smoothing phase, while in Figure 7.15b, the material interface may move
from one element to another. As can be seen, elements 1, 3, and 4 have been
cut by the interface before mesh motion procedure; however, only element 3 is
cut by the interface after Eulerian phase. Thus, the number of enriched nodes may
be different during the X-ALE-FEM analysis, which results in different number
of degrees of freedom in two successive steps. There are two main requirements,
which need to be considered in the smoothing phase:

1) Owing to the movement of nodal points in the mesh motion process, a
procedure must be applied to determine the new nodal values of level set
enrichment function.

2) In the extended finite element analysis, the number of Gauss quadrature points
for numerical integration of elements cut by the interface can be determined
using the subquadrilaterals obtained by partitioning procedure. However, in
the case that the material interface leaves from one element to another during

1 2

3 4

1 2

3 4

(a) (b)

Figure 7.15 Mesh configuration before and after the
Eulerian phase together with the material interface in
X-ALE-FEM analysis. The dashed and solid elements corre-
spond to mesh configuration before and after mesh motion,
respectively.
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7.4 Enriched ALE Finite Element Method 287

the mesh update procedure, the number of Gauss quadrature points of an
element may differ before and after mesh motion. Hence, an accurate and
efficient technique must be applied into the Godunov scheme to update the
stress values.

7.4.2.1 Level Set Update
During smoothing phase, the nodal points are relocated in order to keep the com-
putational mesh in regular shape; however, the material interface is independent
of the FE mesh, as shown in Figure 7.16. In this figure, the dashed lines illustrate
the old mesh and the relocated elements are depicted by solid lines. The aim is to
obtain the level set value for node I after Eulerian phase. For this purpose, we must
determine the distance of relocated node I from the interface. The intersection of
interface with the edges of old elements can be calculated at the end of Lagrangian
step, labeled points A, B, C, and D in Figure 7.16a.

The procedure used here to update the nodal values of level set is as follows.
The arc ABCD is first approximated by several straight lines that connect the
intersection of the interface with the edges of old elements, that is, lines AB,
BC, and CD in Figure 7.16b. The support domain of node I has been indicated
by elements 1, 2, 3, and 4 in Figure 7.16a. Among the elements of the support
domain, we define the extended support domain (ESD) of node I that contains
those elements cut by the interface at the end of Lagrangian phase. As can be seen
from Figure 7.16b, the ESD domain of node I includes elements 2, 3, and 4. For
each element of ESD, the distance of the relocated node I is calculated from the
element interface. The exact value of the level set function for the relocated node
I is the minimum value of distances d1, d2, and d3, as shown in Figure 7.16b. In
order to determine the sign of the level set value for the relocated node I, the above
procedure is performed once again to evaluate the value of the level set for the old
node I. If the sign of these two level set values are similar, it means that the old and
relocated nodes lie to the same side of interface. Thus, the sign of level set value
for the relocated node I must be identical with its sign for the old node I.

However, the proposed algorithm is not appropriate for the determination of
the level set value of nodal points, which are not enriched during the Lagrangian
phase, and not included in an element split by the interface after mesh motion

A
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D
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D

d1

d3

I
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2

3
4

I I

3 4
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89
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(a) (b) (c)

d2

Figure 7.16 The procedure for determination of level set nodal values after mesh motion.
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288 7 Modeling of Powder Forming Processes

(e.g., node I in Figure 7.16c). In this case, the ESD domain of node I in Figure 7.16c
contains no elements, and the definition of ESD must be modified. In order to
modify the domain of ESD for these nodal points, we first indicate the support
domain of node I (e.g., elements 6, 7, 10, and 11 in Figure 7.16c). All nodal points
of this domain that were enriched during the Lagrangian phase are selected (circled
nodes in Figure 7.16c). Those elements in the union of the circled nodes’ support
domains, which are cut by the interface, can be considered as the modified ESD
domain of node I. The procedure will be then followed by the determination
of the level set value for node I, as demonstrated above. By substituting the
nodal values of the level set in Eq. (7.73), the level set function can be finally
expressed. The iso-zero of the level set function determines the location of the
interface.

7.4.2.2 Stress Update and Numerical Integration
A key point of the Godunov-like stress update procedure is that the number
of Gauss points before and after mesh motion must be equal. In addition, the
natural coordinates of Gauss quadrature points must remain constant during the
smoothing phase. However, these conditions may not be necessarily satisfied in
the Eulerian phase of an X-ALE-FEM analysis, since the elements cut by the
interface are divided into subpolygons whose Gauss points are used for numerical
integration. It must be noted that for the elements cut by the interface boundary,
the standard Gauss quadrature points are insufficient for numerical integration,
and may not adequately integrate the interface boundary. Thus, it is necessary to
modify the element quadrature points to accurately evaluate the contribution to the
weak form for both sides of the interface. In the standard FE method, the numerical

integration can be performed by discretizing the domain as � = m∪
e=1

�e, in which

m is the number of elements and �e is the element subdomain. In X-FEM, the
elements located on interface boundary can be partitioned by subpolygons �s, with

the boundaries aligned with the material interface, that is, �e = ms∪
s=1

�s, in which ms

denotes the number of subpolygons of the element. It is important that the Gauss
points of subpolygons are only used for numerical integration of the elements cut
by the interface and no new degrees of freedom are added to the system. Different
algorithms may be applied to generate these subpolygons based on subtriangles
and subquadratics; however, for the following two reasons, the subtriangles are not
suitable in an X-ALE-FEM analysis:

1) Owing to the relative motion between the interface and elements, the natural
coordinates of Gauss quadrature points may differ during smoothing phase,
even though the interface does not leave from one element to another in this
phase.

2) During the evolution of relative motion between the interface and nodal
points, it is possible that a nodal point lies close to the interface. In this case,
partitioning the bounded part between the node and interface by subtriangles
results in serious numerical errors.
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7.4 Enriched ALE Finite Element Method 289

Subquadrilaterals

Interface

Figure 7.17 The subquadrilateral partitioning for numerical
integration of elements cut by the interface.

Thus, the numerical integration of elements cut by the interface is performed
here on the basis of subquadrilaterals, as shown in Figure 7.17. In this technique, it
is not necessary to conform the subquadrilaterals to the geometry of the interface;
however, it is needed to have enough subdivisions to reduce the error of numerical
integration. Considering that each split element contains 8 × 8 subdivision, the
total number of Gauss points is 64 for each split element, while a set of 2 × 2 Gauss
points is used for numerical integration of standard elements. On the basis of the
subquadrilaterals integration scheme, the natural coordinates of Gauss quadrature
points are independent of the interface position and do not change during the
smoothing phase. Furthermore, the most important feature is that the error of
numerical integration can be significantly reduced in this technique. However,
the key requirement of the Godunov scheme is the equivalent of integration
points before and after the mesh update process, which is not satisfied in the
Eulerian phase of an X-ALE-FEM analysis, when the interface leaves one element
to another, or moves into the relocated element during the smoothing procedure.
In this circumstance, four different cases may occur regarding the numbers of
Gauss quadrature points:

1) The element is not cut by the interface either before or after mesh motion
(e.g., elements 1, 2, 3, and 7 in Figure 7.18a,b). In this case, the FE standard
Gauss points are used for numerical integration before and after smoothing
phase. Thus, the number of Gauss points and their natural coordinates remain
constant, and the Godunov scheme can be used without any modification.

2) The element, which has been cut by the interface before smoothing phase, is
still included by the interface after the mesh updating procedure (e.g., elements
4, 5, and 9 in Figure 7.18). On the basis of the new integration scheme, both the
old and relocated elements contain 64 Gauss quadrature points and the natural
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3

9

6

7

4

1

8

5

2

(a) (b)Gauss pointInterface

Figure 7.18 The distribution of Gauss integration points in
the X-ALE-FEM analysis. (a) Old mesh. (b) Relocated mesh.

coordinates of Gauss points do not change. Hence, the Godunov scheme can
be applied without any modification.

3) The interface leaves from one element to another during the smoothing phase.
In this case, the element, which was split by the interface before the mesh
updating procedure, does not contain the interface after mesh motion (e.g.,
element 6 in Figure 7.18). It therefore results in different numbers of Gauss
points in the old and relocated elements. As mentioned earlier, the old and
relocated elements contain 64 and 4 Gauss quadrature points, respectively.
Thus, an efficient algorithm must be applied into the Godunov technique to
update the stress from σ L

n+1 obtained from the Lagrangian phase to σn+1 after
the Eulerian phase. First, the internal variables such as stresses are updated
from the 8 × 8 Gauss points in the old element to a virtual set of 8 × 8 FE
standard Gauss points in the relocated mesh via a Godunov update algorithm.
The stress values must be then transferred from the virtual Gauss points to
relocated 2 × 2 Gauss points in the updated element, as shown in Figure 7.19.
According to this figure, for each FE Gauss point q, there is a support domain
that consists of three nearest virtual Gauss points. The stress value at q can be
interpolated from the stress values of these three nearest Gauss points.

4) The material interface moves into the relocated element during the Eulerian
phase. In this case, the relocated element is cut by the interface while it was
not cut before the mesh motion (e.g., element 8 in Figure 7.18). In this case,
the stress values have been calculated at the 2 × 2 standard FE Gauss points
of the old element at the end of Lagrangian phase. These values must be
updated using the Godunov algorithm to obtain the stress values at the virtual
2 × 2 Gauss points in the relocated element. It must be noted that the stress
values are required at the relocated 8 × 8 Gauss quadrature points. For this to
happen, the stress values are first computed at the nodal points of the relocated
element by using an averaging technique from the related values at the nearest
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7.4 Enriched ALE Finite Element Method 291

q

Figure 7.19 The support domain of Gauss integration point
q. • The 2 × 2 Gauss points corresponding to relocated
mesh. × The virtual Gauss points in relocated mesh.

Elastic foam
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Figure 7.20 Coining test with horizontal and vertical interfaces. Problem definition.

Gauss points. The required stress values at the relocated 8 × 8 Gauss points
can be then obtained using the standard FE shape functions of the relocated
nodal values.

7.4.3
Numerical Modeling of the Coining Test

In order to illustrate the accuracy of the X-ALE-FEM technique in large plasticity
deformation, the coining problem with horizontal and vertical moving boundaries
is analyzed numerically. The example is solved using FEM and X-ALE-FEM
techniques and the results are compared. The initial mesh used for X-ALE-FEM
method is independent of discontinuity interface, while the FE mesh needs to be
conformed to the geometry of discontinuity in FEM analysis. In order to perform a
real comparison, similar number of elements is used in the FEM and X-ALE-FEM
analyses. The example is simulated by a plain strain representation and the
convergence tolerance is set to 5 × 10−14. The geometry and boundary conditions
of the coining test are shown together with the problem definition in Figure 7.20.
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Figure 7.21 Coining test with horizontal and vertical inter-
faces. The FEM and X-ALE-FEM meshes of (a) 400 elements
and (b) 1600 elements.

(a) (b)

(c)

Figure 7.22 Coining test with horizontal and vertical in-
terfaces. The deformed configuration using fine meshes.
(a) The FEM at d = 0.66 cm. (b) The X-ALE-FEM at
d = 0.66 cm. (c) The X-ALE-FEM at d = 0.816 cm.

The movement of the component is constrained along the line BG, and the contact
surfaces AC, CF, and DF are assumed to be frictionless. An elastoplastic metallic
component of von Mises behavior with the Young modulus of 2.1 × 106 Kg/cm2,
Poisson ratio of 0.35, yield stress of 2400 Kg/cm2, and a hardening parameter of
3.0 × 103 Kg/cm2 is pressed from the bottom edge into the elastic foam with the
Young modulus of 2.1 × 105 Kg/cm2 and Poisson ratio of 0.35.

In Figure 7.21, the computational meshes corresponding to FEM and X-ALE-FEM
analyses are presented together with the internal material interface at the initial
stage of pressing. In order to implement the prescribed displacement condition
along the edge BG, the internal interface for both simulations coincides with
the edge of elements at the initial configuration. However, the movement of
horizontal and vertical interfaces is independent of the grid in X-ALE-FEM, as
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294 7 Modeling of Powder Forming Processes

the compaction proceeds. It must be noted that the X-FEM analysis of this
problem leads to similar results obtained by FEM modeling, as the interface passes
through the nodal points. The simulation of coining test poses a major difficulty
using the Lagrangian formulation due to the highly distorted mesh particularly
around the corner, aborting the calculations and causing numerical errors. Owing
to the high distortion and elongation of elements around the corner, the FE analysis
aborts at 0.66 cm height reduction. However, the X-ALE-FEM analysis proceeds
pressing until 0.816 cm by using a mesh smoothing strategy based on a simple
ALE remeshing strategy with the equal height and width of elements prescribed in
the regions of ABED and BCFE.

In Figure 7.22a,b, the deformed FEM and X-ALE-FEM configurations are shown
for the fine mesh at die-pressing of 0.66 cm. Also depicted in Figure 7.22c is the
final deformed configuration of the X-ALE-FEM mesh at 0.816 cm height reduction.
In order to perform a comparison between the FEM and X-ALE-FEM results, the
normal stress contours are illustrated in Figure 7.23 for both techniques at
the pressing of 0.5 cm. In Figure 7.24, the variations of the reaction force and the
horizontal displacement of the point H are shown with vertical displacement. A
good agreement can be observed between the FEM and X-ALE-FEM techniques.
This example clearly shows that the proposed enriched-ALE-FEM method can
be efficiently used to model large elastoplastic deformations in solid mechanics
problems.

2.9

3

3.1

3.2

3.3

3.4

3.5

3.6

H
or

iz
on

ta
l d

is
pl

ac
em

en
t o

f
po

in
t H

 (
cm

)

Displacement (cm)

F
or

ce
 (

kg
) 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Displacement (cm)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

200 000

400 000

600 000

800 000

1E + 06

1.2E + 06

FEM
(400 elements)

X-ALE-FEM
(400 elements)

FEM
(1600 elements)

X-ALE-FEM
(1600 elements)

(a) (b)

FEM
(400 elements)

X-ALE-FEM
(400 elements)

FEM
(1600 elements)

X-ALE-FEM
(1600 elements)

Figure 7.24 A comparison between FEM and X-ALE-FEM
analyses for the coining test with horizontal and vertical
interfaces. (a) The variation of reaction force with vertical
displacement. (b) The variation of horizontal displacement
of point H with vertical displacement.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



7.5 Conclusion 295

7.5
Conclusion

In this chapter, a new computational model was presented for numerical simulation
of large plastic deformations of pressure-sensitive materials with special reference to
powder compaction processes. A three-invariant cap plasticity model was developed
on the basis of an isotropic–kinematic hardening rule for powder materials, which
can be compared with some common double-surface plasticity models proposed
for powders in the literature. The material functions were introduced on the
basis of the isotropic and kinematic hardening rules to control the size and
movement of the yield surface in the J1-axis and the perpendicular direction to
the J1-axis. The constitutive elastoplastic matrix and its components were derived
by using the definition of yield surface, material functions, and nonlinear elastic
behavior, as a function of the hardening parameters. The calibration procedure for
three-invariant isotropic–kinematic cap plasticity was demonstrated on the basis
of a series of isostatic, triaxial, and uniaxial compression tests on an iron-based
powder component.

The three-invariant cap plasticity was performed within the framework of an
enriched ALE formulation. The enriched FEM technique was employed by im-
plementation of the enrichment functions to approximate the displacement fields
of elements located on discontinuities due to different material properties. The
X-FEM method was applied by performing a splitting operator to separate the
material (Lagrangian) phase from the convective (Eulerian) phase. The Lagrangian
phase was carried out by partitioning the domain with subquadrilaterals whose
Gauss points were used for integration of the domain of the elements. The ALE gov-
erning equation was derived by substituting the relationship between the material
time derivative and grid time derivative into the continuum mechanics governing
equations. The weak form of initial boundary problems and its FE discretization
were presented in the ALE technique. The algorithm of the uncoupled ALE solu-
tion was demonstrated together with the mesh motion strategy. The analysis was
carried out according to the Lagrangian phase at each time step until the required
convergence was attained. The Eulerian phase was then applied to keep the mesh
configuration regular. In the Eulerian phase, the nodal points were relocated arbi-
trarily, and the material interface was independent of the FE mesh. A technique
was proposed to update the nodal values of a level set and the natural coordinates
of the Gauss quadrature points, which could be different before and after the mesh
updating procedure. Furthermore, a technique was applied to update the stress
values from the old Gauss points to the new ones based on the Godunov stress
updating scheme.
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8
Functionally Graded Piezoelectric Material
Systems – A Multiphysics Perspective
Wilfredo Montealegre Rubio, Sandro Luis Vatanabe, Gláucio Hermogenes Paulino, and
Emı́lio Carlos Nelli Silva

8.1
Introduction

Functionally graded materials (FGMs) possess continuously graded properties
and are characterized by spatially varying microstructures created by nonuniform
distributions of the reinforcement phase as well as by interchanging the role of
reinforcement and matrix (base) materials in a continuous manner. The smooth
variation of properties may offer advantages such as local reduction of stress
concentration and increased bonding strength [1–3].

Standard composites result from the combination of two or more materials,
usually resulting in materials that offer advantages over conventional materials. At
the macroscale observation, traditional composites (e.g., laminated) exhibit a sharp
interface among the constituent phases that may cause problems such as stress
concentration and scattering (if a wave is propagating inside the material), among
others. However, a material made using the FGM concept would maintain some of
the advantages of traditional composites and alleviate problems related to the pres-
ence of sharp interfaces at the macroscale. The design of the composite material
itself is a difficult task, and the design of a composite where the properties of its con-
stituent materials change gradually in the unit cell domain is even more complex.

There are two ways to design FGM composites: macro- and microscale approach.
In macroscale approach, the conventional piezoelectric active element is replaced by
a functionally graded piezoelectric material. Therefore, all or some of the properties
(piezoelectric, dielectric, or elastic properties) vary along a specific direction, usually
along its thickness, based on a specific gradation function [4–8]. In microscale
approach, composites can be modeled by a unit cell with infinitesimal dimensions,
which is the smallest structure that is periodic in the composite. By changing
the volume fraction of the constituents, the shape of the inclusions, or even
the topology of the unit cell, we can obtain different effective properties for the
composite material [9]. The calculation of effective properties is necessary to obtain
its performance. This can be achieved by applying the homogenization method
that plays an important role in the design method.

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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302 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

This chapter is organized as follows. In Section 8.2, a brief introduction about
piezoelectricity is presented. In Section 8.3, the concept of FGM is introduced.
In Section 8.4, the formulation of the finite element method (FEM) for graded
piezoelectric structures is presented, and in Section 8.5 the influence of property
scale in piezotransducer performance is described, aiming at ultrasonic applica-
tions. The influence of microscale is discussed in Section 8.6, including a brief
description of homogenization method. Finally, in Section 8.7, concluding remarks
are provided.

8.2
Piezoelectricity

The piezoelectric effect, according to the original definition of the phenomenon
discovered by Jacques and Pierre Curie brothers in 1880 [10], is the ability of
certain crystalline materials to develop an electric charge that is proportional to a
mechanical stress. Thus, piezoelectricity is an interaction between electrical and
mechanical systems. The direct piezoelectric effect, the development of an electric
charge upon the application of a mechanical stress, is described as [11]

Pi = dijkTjk (8.1)

where Pi is a component of the electric polarization (charge per unit area), dijk are
the components of piezoelectric coupling coefficient, and Tjk are components of the
applied mechanical stress. The converse effect, the development of a mechanical
strain upon the application of an electric field to the piezoelectric, is described by
Nye [11]:

Sij = dijkEk (8.2)

where Sij is the strain produced and Ek is the applied electric field. In both cases,
the piezoelectric coefficients dijk are numerically identical.

The piezoelectric effect is strongly linked to the crystal symmetry. Piezoelectricity
is limited to 20 of the 32 crystal classes. The crystals that exhibit piezoelectricity
have one common feature: the absence of a center of symmetry within the crystal.
This absence of symmetry leads to polarity, the one-way direction of the charge
vector. Most of the important piezoelectric materials are also ferroelectric [10].
The piezoelectric effect occurs naturally in several materials (quartz, tourmaline,
and Rochelle salt), and can be induced in other polycrystalline materials; for
example, the barium titanate (BaTiO3), polyvinylidene fluoride (PVDF), and the
lead zirconate titanate (PZT). Nevertheless, in these nonnatural materials, the
piezoelectric effect must be induced through a process of electric polarization [12].
Basically, in the polarization process, the piezoelectric material is heated to an
elevated temperature while in the presence of a strong DC field (usually higher
than 2000 V mm−1). This polarizes the ceramic (aligning the molecular dipoles of
the ceramic in the direction of the applied field) and provides it with piezoelectric
properties.
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8.2 Piezoelectricity 303

The piezoelectric effect can be described using a set of basic equations. The
constitutive relations for piezoelectric media give the coupling between the me-
chanical and the electrical parts of a piezoelectric system. Thus, the equations of
linear piezoelectricity, as given in the IEEE Standard on Piezoelectricity [13],
and by using Einstein’s summation convention (see also Ref. [14]), can be
written as

Tij = CE
ijkl Skl − ekijEk

Di = eikl Skl + εS
ik Ek (8.3)

where i, j, k, l = 1, 2, 3.
Terms Tij, Skl, Di, and Ek are, respectively, components of the mechanical

stress tensor (Newton per square meter), components of the mechanical strain
tensor, components of the electric flux density (coulomb per square meter), and
components of the electric field vector (volts per meter). The term CE

ijkl represents the
components of the elastic stiffness constant tensor, which are evaluated at constant
electric field (in newton per square meter). Terms eikl and εS

ik are, respectively,
components of the piezoelectric constant tensor (in coulomb per square meter),
and components of the dielectric constant tensor evaluated at constant strain (in
fermi per meter).

The components of the strain tensor Skl are defined by

Skl = 1

2
(uk,l + ul,k) (8.4)

where ul is the component no. l of the displacement vector (meters), and where
uk,l = ∂uk/∂xl.

The electric and magnetic fields inside of a medium are described by Maxwell’s
equations, which relate the fields to the microscopic average properties of the
material. When the quasistatic approximation is introduced [14], the electric field
is derivable from a scalar electric potential:

Ei = −φ,i (8.5)

where φi is the electric potential (volts). The following Maxwell’s equation is also
needed for describing a piezoelectric medium:

Di,i = 0 (8.6)

Finally, the equation of motion for a piezoelectric medium, not subjected to body
forces, may be written:

Tij,j = ρüi (8.7)

where ρ represents the density of the material (in kilograms per cubic meter),
being ül = ∂2ul/∂t2, and t the time (in seconds). The mechanical stress tensor Tij

is symmetric [13].
However, Eq. (8.3) can be expressed as a tensorial equation, which is a more

compact expression for constitutive equations of piezoelectric materials. Thus, the
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304 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

constitutive piezoelectric model is formulated as [14]

T = cES − eT E

D = eS + εSE (8.8)

where cE is the fourth-order elastic tensor, where the components are evaluated
by constant electrical field. The term εS is the second-order tensor of dielectric
constants, whose components are calculated by constant strain. The third-order
tensor of piezoelectric coefficients is expressed by the term e. Finally, terms T and D
are the second-order stress tensor and the electric displacement vector, respectively.
The symbol T indicates transpose.

8.3
Functionally Graded Piezoelectric Materials

8.3.1
Functionally Graded Materials (FGMs)

FGMs are composite materials whose properties vary gradually and continuously
along a specific direction within the domain of the material. The property variation is
generally achieved through the continuous change of the material microstructure
[1] (Figure 8.1); in other words, FGMs are characterized by spatially varying
microstructures created by nonuniform distributions of the constituent phases.
This variation can be accomplish by using reinforcements with different properties,
sizes, and shapes, as well as by interchanging the role of reinforcement and matrix
(base) material in a continuous manner. In this last case, the volume fraction of

Material A with
inclusions of material B

Transition region from
material A to material B

Material A on the top surface

Material B on the bottom surface

Rich material A property region

Material B with
inclusions of material A

Rich material B property region

From properties of
the material A, i.e.,
ceramic properties

To properties of the
material B, i.e.,

metallic properties

Figure 8.1 Microstructure of an FGM that is graded from material A to material B [15].

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



8.3 Functionally Graded Piezoelectric Materials 305

material phases continuously varies from 0 to 100% between two points of the
structure; for instance, the material A of Figure 8.1 is gradually replaced by material
B, smoothly varying through a transition zone [15, 16].

The main advantage of FGMs is their characteristic of ‘‘combining’’ advantage of
desirable features of their constituent phases. For example, if a metal and a ceramic
are used as a material base, FGMs could take advantage of heat and corrosion
resistance typical of ceramics, and mechanical strength and toughness typical of
metals; accordingly, a part of Figure 8.1 can represent a thermal barrier on the top
surface (material A), by tacking advantage of the thermal properties of ceramics
(low thermal conductivity and high melting point), while another part represents
a material with high tensile strength and high resilience (metallic material B),
on the bottom side [17], without any material interface. The absence of interfaces
produces other interesting features such as reduction of thermal and mechanical
stress concentration [18] and increased bonding strength and fatigue-lifetime [19].

The concept of FGMs is bioinspired (biomimic), as these materials occur in
nature; for instance, in bones and teeth of animals [20–22], and trees such as
the bamboo [23]. A dental crown is an excellent example of the FGM concept
in natural structures: teeth require high resistance to friction and impact on the
external area (enamel), and a flexible internal structure for reasons of fatigue
and toughness [21, 22]. Other interesting example is the bamboo. Bamboo stalks
are optimized composite materials that naturally exploit the concept of FGMs,
as shown in Figure 8.2. The bamboo culm is an approximately cylindrical shell
that is divided periodically by transversal diaphragms at nodes. Between 20 and
30% of the cross-sectional area of the culm is made of longitudinal fibers that are
nonuniformly distributed through the wall thickness, the concentration being most
dense near the exterior (Figure 8.2). The orientation of these fibers makes bamboo
an orthotropic material with high strength along to fibers and low strength along
its transverse direction [23].

In engineering applications, the FGM concept was originally proposed around
1984–1985 [17], when Japanese scientists researched advanced materials for
aerospace industry; specifically, materials that bear the temperature gradient gen-
erated when a spacecraft returns to earth. In this case, the temperature gradient is
approximately 1000 ◦C from the outside to the inside of the aircraft. They designed
an FGM structure with ceramic properties on the outer surface, exposed to high
temperature, and with properties of a thermally conductive material on the inner

1 mm

Figure 8.2 Cross section of bamboo culm showing radial
nonuniform distribution of fibers through the thickness [23].
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Nongraded
 piezoelectric material

Without FGM concept
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With FGM concept

Graded piezoelectric
material

Figure 8.3 Sketch of a graded piezoelectric material:
(a) nongraded piezoelectric material and (b) graded piezo-
electric material based on FGM concept and considering
several laws of gradation.

surface. Since then, the development of manufacture methods, design, and model-
ing techniques of FGMs has been the focus of several research groups worldwide.
These researches focus mainly on thermal applications [18, 24]; bioengineering
[20–22, 25]; industrial applications such as the design of watches, baseball cleats,
razor blades, among others;1) and since the late 1990s, the design and fabrication
of piezoelectric structures [4–8, 19, 26–30].

8.3.2
FGM Concept Applied to Piezoelectric Materials

As previously mentioned, piezoelectric materials have the property to convert
electrical energy into mechanical energy and vice versa. Their main applications
are in sensors and electromechanical actuators, as resonators in electronic equip-
ment, and acoustic applications, as ultrasound transducers, naval hydrophones,
and sonars. A recent trend has been the design and manufacture of piezoelectric
transducers based on the FGM concept [19, 26–29]; in this case, the conven-
tional single piezoelectric material is replaced by a graded piezoelectric material
(Figures 8.3–8.5) and, consequently, some or all properties (elastic, piezoelectric,
and/or dielectric properties) may change along one specific direction in which
several functions or laws of gradation can be used (Figure 8.3).

Several authors have highlighted the advantages of the FGM concept when
applied to piezoelectric structures [4–8, 19, 26, 28, 30]. In static or dynamic applica-
tions, the main advantages are reduction of the mechanical stress [26, 31], improved
stress redistribution [26], maximization of output displacement, and increased
bonding strength (and fatigue-life). For exemplifying the FGM concept when ap-
plied to piezoelectric structures, the case of a bimorph actuator can be considered.
This kind of actuators is traditionally composed of two piezoelectric materials with
opposite direction of polarization, and both are mechanically coupled by a metallic
phase (electrode) (Figure 8.4). By applying an electric field along the thickness,
the transducer will bend due to the fact the piezoelectric material will deform

1) More details are available in http://fgmdb.
kakuda.jaxa.jp/others/e_product.html.
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Graded piezoelectric
bimorph actuator

V

Piezoelectric materialPolarization

Electrode

V

Polarization

Continuously graded properties

Nongraded piezoelectric
bimorph actuator

Continuously graded properties
From metallic properties

To piezoelectric properties

To piezoelectric properties

(a)

(b)

Figure 8.4 FGM concept applying to bimorph transducers:
(a) nongraded piezoelectric transducer and (b) graded trans-
ducer from electrode (metallic) properties in the middle to
piezoelectric properties on the top and bottom surfaces.

Emitted ultrasonic wave

Backing layer

Propagation medium (load)

Graded
piezoelectric

material

Matching layer

Electrodes

Framework

(b)

(a)

Figure 8.5 FGM concept applied to piezoelectric ultrasonic
transducers: (a) photograph of a typical assembly of an ul-
trasonic transducer and (b) sketch of the same transducer
considering a graded piezoelectric material.

in opposite directions. In dynamic applications, a critical issue in these bimorph
actuators is the fatigue phenomena, which depends on the stress distribution into
the actuator. It is clear that the stress distribution is not uniform due to the pres-
ence of material interfaces; specifically, between electrode/piezoelectric-material.
The material interface will cause mechanical stress concentration, reduction of the
fatigue limit, and accordingly, reduction of the transducer lifetime. However, by
applying the FGM concept to a bimorph actuator, the material interface can be
reduced or eliminated, as electrode properties can be smoothly varied from center
to piezoelectric properties on the top and bottom surfaces (Figure 8.4).
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308 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

In relation to durability, Qiu et al. [19] study the durability of graded piezo-

electric bimorph actuators considering durability at low frequency (quasistatic

operation) and durability at resonant frequency. In the former case, the graded

and nongraded piezoelectric actuators are excited by 500 and 160 V (peak to

peak), respectively. In a durability test, at 20 Hz (much lower than the reso-

nance frequency of the first mode), the results show that the graded piezoelectric

actuator did not break down after 300 h (2.16 × 107 cycles) of actuation, while

the nongraded bimorph break down due to a crack after 138 h (about 107 cy-

cles). In the second case (durability test at first resonance frequency), the graded

and nongraded piezoelectric actuators are excited to 40 and 28 V (peak to peak),

respectively. The average lifetime of a nongraded bimorph actuator is 24 min,

and considering the FGM concept, graded actuators fail in the test period of

240 min.

In other application of piezoelectric materials, the FGM concept allows reduc-

ing reflection waves inside piezoelectric ultrasonic transducers [5] and obtaining

acoustic responses with smaller time waveform (larger bandwidth) [4, 7, 8, 30]

than nongraded piezoelectric transducers. These advantages are desirable for

improving the axial resolution in medical imaging and nondestructive testing

applications [32]. Particularly, considering that the piezoelectric material of an

ultrasonic transducer is graded from a nonpiezoelectric to a piezoelectric material

(or from piezoelectric property e33 = 0 on the top electrode to e33 �= 0 on the bottom

electrode), as shown in Figure 8.5, the larger bandwidth of the graded piezoelec-

tric transducer is produced because the acoustic pulse is generated mainly from

the surface with higher piezoelectric properties. In other words, as explained by

Yamada et al. [4], the induced piezoelectric stress T3 = −e33 E3 is higher on the

surface with e33 �= 0 than on the surface with e33 = 0. Hence, the volumetric force

Fν = ∂T3/∂z (or spatial derivative of the induced piezoelectric stress), which is

responsible for the generation of acoustic waves, is equal to zero on the surface

without piezoelectric properties, and it has its maximum value on the opposite

surface [4]. Accordingly, a single ultrasonic pulse is generated by an impulse

excitation.

In addition, in piezoelectric ultrasonic transducers, the FGM concept could be

used to reduce the material interfaces between piezoelectric-material/backing and

piezoelectric-material/matching2) (Figure 8.5).

2) Generally, ultrasound transducers are
composed of an active element (piezo-
electric material) bonded to two passive
and non-piezoelectric elements (backing
and matching layers); thus, when the
piezoelectric material is electrically excited,
the transducer produces an ultrasonic wave

in a specific medium (load), as shown in
Figure 8.5. The backing layer damps the
back wave, and the matching layer matches
the piezoelectric material and load acous-
tic impedances. The active element of most
acoustic transducers used today is a piezo-
electric ceramic.
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8.4 Finite Element Method for Piezoelectric Structures 309

8.4
Finite Element Method for Piezoelectric Structures

8.4.1
The Variational Formulation for Piezoelectric Problems

The dynamic equations of a piezoelectric continuum can be derived from the
Hamilton principle, in which the Lagrangian and the virtual work are properly
adapted to include the electrical contributions as well as the mechanical ones.
According to this principle, the displacements and electrical potentials are those
that satisfy the following equation [33]:

δ

∫ t2

t1

L dt +
∫ t2

t1

δW dt = 0 (8.9)

where L is the Lagrangian term, W is the external work done by mechanical and
electrical forces, and the term δ represents the variational. The Lagrangian is given
by Tiersten [33]:

L =
∫

Ω

(
1

2
ρ u̇T u̇ − H

)
dΩ (8.10)

where the terms H and u are the electrical enthalpy and the displacement vector,
respectively. The integration of Eq. (8.10) is performed over a piezoelectric body of
volume Ω . Considering that the surface S of the body Ω is subjected to prescribed
surface tractions (F) and surface charge per unit area (Q), the virtual work δW is
given by the following expression [33]:

δW =
∫

S

(
δuTF − δϕ Q

)
dS (8.11)

where ϕ is the electrical potential. On the other hand, the enthalpy is expressed as

H = P − ET D (8.12)

with E being the electrical field vector, D the electrical displacement vector, and P
the potential energy, which is given as

P = 1

2
STT + 1

2
ET D (8.13)

where S and T are the second-order strain and stress tensors, respectively. By
replacing Eqs (8.13) in (8.12), and using this result in Eq. (8.10), we obtain

L =
∫

Ω

(
1
2
ρ u̇T u̇ − 1

2
ST T + 1

2
ET D

)
dΩ (8.14)

On the other hand, by substituting in Eq. (8.14) the constitutive equations of a
piezoelectric material, which are expressed in Eq. (8.8), the Lagrangian is expressed
as

L =
∫

Ω

1

2

(
ρ u̇T u̇ − ST cES + ST eTE + ETe S + ETεSE

)
dΩ (8.15)
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310 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

and by replacing both Eqs (8.11) and (8.15) in Hamilton’s formula (8.9), we deduce

∫ t2

t1

(∫
Ω

(ρ δu̇T u̇ − δST cES + δST eT E + δET e S + δETεSE) dΩ

+
∫

S

(
δuTF − δϕ Q

)
dS

)
dt = 0 (8.16)

To complete the variational formulation for a piezoelectric medium, the first term
of Eq. (8.16) is integrated by parts with relation to time:

∫ t2

t1

ρδu̇T u̇ dt = ρδuT u̇
∣∣t2
t1

−
∫ t2

t1

ρδuT ü dt = −
∫ t2

t1

ρδuT ü dt (8.17)

and by substituting Eq. (8.17) in Eq. (8.16), the final expression of the variational
piezoelectric problem is found:

∫
Ω

(−ρ δuT ü − δST cES + δST eTE + δET e S + δETεSE
)

dΩ

+
∫

S

(
δuTF − δϕ Q

)
dS = 0 (8.18)

8.4.2
The Finite Element Formulation for Piezoelectric Problems

The FEM is an approximation technique for finding the solution of complex
constitutive relations, as expressed in Section 8.1. The method consists of dividing
the continuum domain Ω , into subdomains Ve, named finite elements. These
elements are interconnected at a finite number of points, or nodes, where unknowns
are defined. In piezoelectric domains, unknowns usually are displacements and
electrical potentials. Within each finite element, unknowns are uniquely defined
by the values they assume at the element nodes, by using interpolation functions,
usually named shape functions [34].

For piezoelectric problems, the FEM considers that the displacement field u and
electrical potential ϕ for each finite element e, are, respectively, approximated by
nodal displacements ue, nodal electrical potentials ϕe, and shape functions; thus
[34]

ue = Nuue and ϕe = Nϕϕe (8.19)

where Nu and Nϕ are shape functions for mechanical and electrical problems,
respectively. By deriving Eq. (8.19), the strain tensor S and electric field E can be
written in the following form:

Se = Buue and Ee = −Bϕ ϕe (8.20)
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8.4 Finite Element Method for Piezoelectric Structures 311

where Bu and Bϕ are the strain-displacement and voltage-gradient matrices, respec-
tively, which can be expressed as

Bu =




∂

∂x
0 0 0

∂

∂z

∂

∂y

0
∂

∂y
0

∂

∂z
0

∂

∂x

0 0
∂

∂z

∂

∂y

∂

∂x
0




T

Nu and Bu =




∂

∂x
∂

∂y
∂

∂z




Nu

(8.21)

The terms x, y, and z are the Cartesian coordinates. By substituting Eqs (8.19) and
(8.20) in Eq. (8.18), the variational piezoelectric problem becomes (where subscript
e indicates finite element) for each finite element domain:

(
δue
)T{−

(∫
Ve

ρNT
u Nu dVe

)
üe −

(∫
Ve

BT
u cEBu dVe

)
ue −

(∫
Ve

BT
u eTBϕ dVe

)
ϕe

+
∫

Se
NT

u F dSe

}
+ . . .

(
δϕe
)T {−

(∫
Ve

BT
ϕ eBu dVe

)
ue +

(∫
Ve

BT
ϕεSBϕ dVe

)
ϕe −

∫
Se

NT
ϕ Q dSe

}
= 0

(8.22)

By grouping the terms that multiply δuT
e and δϕT

e in Eq. (8.22), two sets of matrix
equations are obtained, yielding for each finite element, the following piezoelectric
finite element formulation:[

Me
uu 0

0 0

]{
üe

ϕ̈e

}
+
[

Ke
uu Ke

uϕ

Ke
uϕ −Ke

ϕϕ

]{
ue

ϕe

}
=
{

Fe
p

Qe
p

}

(8.23)

where

Me
uu =

∑
Nele

∫∫∫
NT

u ρ
(
x, y, z

)
Nu dx dy dz;

Ke
uu =

∑
Nele

∫∫∫
BT

u cE
(
x, y, z

)
Bu dx dy dz;

Ke
uϕ =

∑
Nele

∫∫∫
BT

u eT
(
x, y, z

)
Bϕ dx dy dz;

Ke
ϕϕ =

∑
Nele

∫∫∫
BT

ϕ εS
(
x, y, z

)
Bϕ dx dy dz (8.24)

Fe
p =

∫
S

NT
u F dSe Qe

p = −
∫

S
NT

ϕ Q dSe (8.25)

The terms Me
uu, Ke

uu, Ke
uϕ , and Ke

ϕϕ are, respectively, the mass, elastic, piezoelectric,
and dielectric matrices; the terms x, y, and z explicitly represent the dependency of
material properties with position, in graded piezoelectric systems.
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312 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

According to FEM theory, matrices and vectors in Eq. (8.23) must be rearranged
for the whole domain Ω by a process called assembly. Thus, global matrices and
vectors of piezoelectric constitutive equations result from assembling the vectors
and matrices of single elements [34]. In Eq. (8.24), assembly is represented by
the summation symbol, and the term Nele represents the total number of finite
elements.

In addition, the matrix equation (8.23) may be adapted for a variety of different
analyses, such as static, modal, harmonic, transient types [34], which are given (the
global piezoelectric system is considered):

• Static analysis:[
Kuu Kuϕ

KT
uϕ −Kϕϕ

]{
u
ϕ

}
=
{

Fp

Qp

}
(8.26)

• Modal analysis:

− λ

[
Muu 0

0 0

]{
�u

�ϕ

}

+
[

Kuu Kuϕ

KT
uϕ −Kϕϕ

]{
�u

�ϕ

}
=
{

0
0

}
with λ = ω2 (8.27)

• Harmonic analysis:(
−Ω2

c

[
Muu 0

0 0

]
+
[

Kuu Kuϕ

KT
uϕ −Kϕϕ

]){
u0

ϕ0

}
=
{

F0

Q0

}
(8.28)

• Transient analysis:[
Muu 0

0 0

]{
ü
ϕ̈

}
+ 1

ω0

[
K′

uu K′
uϕ

K′T
uϕ −K′

ϕϕ

]{
u̇
ϕ̇

}

+
[

Kuu Kuϕ

KT
uϕ −Kϕϕ

]{
u
ϕ

}
=
{

Fp

Qp

}
(8.29)

where λ and ω represent eigenvalue and natural frequency, respectively. The term
ψ represents eigenvectors, and the term Ωc is the circular frequency of a harmonic
input excitation. Each of these analysis cases requires specific conditioning and
computation techniques. A full description of theses techniques is a topic that is
beyond the scope of this chapter.

8.4.3
Modeling Graded Piezoelectric Structures by Using the FEM

When graded piezoelectric structures are simulated, properties must change
continuously inside piezoelectric domain, which means that matrices of Eq. (8.23)
must be described by a continuous function that depends on Cartesian position
(x, y, z). In literature, there are several material models applied to estimate the
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Figure 8.6 Finite element modeling of FGMs: (a) homoge-
neous finite element and (b) graded finite element.

effective properties of composite materials, which could be used in FGM, such
as the Mori–Tanaka and the self-consistent models [35]. Other works treat the
nonhomogeneity of the material, inherent in the problem, by using homogeneous
finite elements with constant material properties at the element level; in this
case, properties are evaluated at the centroid of each element (Figure 8.6a). This
element-wise approach is close to the multilayer one, which depends on the number
of layers utilized; accordingly, a layer convergence analysis must be performed
in addition to finite element convergence, as shown in Ref. [30], for reducing
the difference between the multilayer approach and the continuous material
distribution. On the other hand, the multilayer approach leads to undesirable
discontinuities of the stress [26] and strain fields [36] and discontinuous material
gradation [30].

A more natural way of representing the material distribution in a graded material
is based on graded finite elements (GFEs), which incorporate the material property
gradient at the size scale of the element (Figure 8.6b) and reduce the discontinuity
of the material distribution. Specifically, for static problems, Kim and Paulino
[36] and Silva et al. [37] demonstrate that, by using the generalized isoparametric
formulation (GIF), smoother and more accurate results are obtained in relation
to element-wise approach. Essentially, the GIF leads to GFEs, where the material
property gradient is continuously interpolated inside each finite element based on
property values at each finite element node (Figure 8.6b). By employing the GIF,
the same interpolation functions are used to interpolate displacements and electric
potential, spatial coordinates (x, y, z), and material properties inside each finite
element. Specifically, finite element shape functions N are used as interpolation
functions.
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314 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

For material properties, and by using the GIF, the density, ρ, and the elastic,
CE

ijkl, piezoelectric, eikl, and dielectric, εS
ik, material properties of a piezoelectric finite

element can be written as

ρ
(
x, y, z

) =
nd∑

n=1

Nn
(
x, y, z

)
ρn, CE

ijkl

(
x, y, z

) =
nd∑

n=1

Nn
(
x, y, z

) (
CE

ijkl

)
n

,

eikl
(
x, y, z

) =
nd∑

n=1

Nn
(
x, y, z

)
(eikl)n,

εS
ik

(
x, y, z

) =
nd∑

n=1

Nn
(
x, y, z

) (
εS

ik

)
n for i, j, k, l = 1, 2, 3 (8.30)

where nd is the number of nodes per finite element. When the GFE is implemented,
the material properties must remain inside the integrals in Eq. (8.24), and they
must be properly integrated. On the contrary, in homogeneous finite elements,
these properties usually are constants.

8.5
Influence of Property Scale in Piezotransducer Performance

8.5.1
Graded Piezotransducers in Ultrasonic Applications

A very interesting application of piezoelectric materials is in ultrasonics. Piezoelec-
tric ultrasonic transducers are mainly applied to nondestructive tests and medical
images. In the last case, ultrasonic imaging has quickly replaced conventional
X-rays in many clinical applications because of its image quality, safety, and low
cost. Usually, a piezoelectric ultrasonic transducer is composed of a backing and
matching layers and a piezoelectric disk, as shown in Figure 8.5. The piezoelec-
tric disk is capable of transmitting and receiving pressure waves directed into
a propagation medium such as the human body. Such transducers normally
comprise single or multistacking element piezoelectric disks, which vibrate in
response to an applied voltage for radiating a front-side wave in a specific medium
(solid, liquid, or air), or produce an electrical potential when a pressure wave is
received.

To obtain high-quality images, the ultrasonic transducer must be constructed
so as to produce specified frequencies of pressure waves. Generally speaking,
low-frequency pressure waves provide deep penetration into the medium (e.g., the
human body); however, they produce poor-resolution images due to the length of
the transmitted wavelengths. On the other hand, high-frequency pressure waves
provide high resolution, however, with poor penetration. Accordingly, the selection
of a transmitting frequency involves balancing resolution and penetration concerns.
Unfortunately, there is a trade-off between resolution and deeper penetration.
Traditionally, the frequency selection problem has been addressed by selecting the
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8.5 Influence of Property Scale in Piezotransducer Performance 315

highest imaging frequency that offers adequate penetration for a given application.
For example, in adults’ cardiac imaging, frequencies in the 2–3 MHz range are
typically selected in order to penetrate the human chest wall [38].

Recently, a new method has been studied in an effort to obtain both high
resolution and deep penetration: treating piezoelectric ultrasonic transducers as
graded structures (based on FGM concept). Hence, by focusing on the piezoelectric
material, the piezoelectric disk of Figure 8.5 is assumed as a graded piezoelectric
disk [30].

For studying this kind of graded piezoelectric transducers, which are based
on the acoustic transmission line theory, and referred to as functionally graded
piezoelectric ultrasonic transducers – FGPUTs here, a simple and nonexpensive
computational cost approach is used [39]. According to acoustic transmission
line theory, an FGPUT can be represented as a three-port system (Figure 8.7):
one electric and two mechanical ports. The acoustic interaction of the graded
piezoelectric disk with the propagating medium and the backing layer (both media
are considered to be semi-infinite) is represented by mechanical ports. The electric
port represents the electric interaction between the graded piezoelectric disk and
the electric excitation circuit. This electrical circuit has a signal generator (Eg )
and an internal resistance (R). Nevertheless, to complete the analytical model, an
intermediate system must be assumed: the matching layer. The iteration between
matching layer and graded piezoelectric disk is modeled as a system with two
mechanical ports. In acoustic transmission line theory, the thickness of electrodes
is supposed to be sufficiently small compared to acoustic wavelength involved, so

−n2

F1

F2

n1

ZB

Zl

Matching
Zm

e33 ≠ 0

e33 = 0

e33

T
hi

ck
ne

ss
(t

c
)

R

V

I

Eg ~

F3
−n3

Graded
piezoceramic

Zele

Figure 8.7 Sketch of an FGPUT, where ZB, Zele, Zm, and Zl

represent the electrical impedance of backing layer, graded
piezoceramic, matching layer, and load, respectively.
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316 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

the perturbation of the pressure distribution on load-medium, caused by these
electrodes, can be neglected.

The goal of the FGPUT modeling, based on the acoustic transmission line theory,
is to find a relationship between the electric current (I) and the electric potential
(V) in the electric circuit with the force (F3) and the particle velocity (ν3) radiated
into the propagation media (Figure 8.7). This relationship is expressed in matrix
form as [30](

V
I

)
=
(

T11 T12

T21 T22

)(
F3

ν3

)
= [A][M]

(
F3

ν3

)
(8.31)

where (
V
I

)
=
(

A11 A12

A21 A22

)(
F2

ν2

)
= [A]

(
F2

ν2

)

and
(

F2

ν2

)
=
(

M11 M12

M21 M22

)(
F3

ν3

)
= [M]

(
F3

ν3

)
(8.32)

Matrices A and M, in Eqs (8.32) and (8.33), essentially depend on gradation function
assumed in the graded piezoelectric disk. Details of mathematical procedure for
finding matrices A and B can be found in Ref. [30]. Two gradation functions are
studied by Rubio et al. [30]: linear and exponential functions, where the grada-
tion is considered along the thickness direction for the piezoelectric property e33

(Figure 8.7). In both cases, piezoelectric properties are graded from a nonpiezo-
electric material, on the top surface, to a piezoelectric one, on the bottom surface
(or from e33 = 0 to e33 �= 0).

To complete the FGPUT modeling and based on Eqs (8.32) and (8.33), one
can find the expressions, in the frequency domain, of the transmission transfer
function (TTF) and the input electrical impedance of the graded piezoelectric disk
(Zele). The TTF is a relationship between the mechanical force on load-medium
(F3) and the electric potential of the voltage generator (Eg ), and Zele is a relationship
between the electric current (I) and the electric potential (V) in the electric circuit.
Hence, terms TTF and Zele can be written as follows:

TTF = F3

Eg
= Zl

T11Zl + T12 + R (T21Zl + T22)
(8.33a)

Zele = V

I
= A12

A22
(8.33b)

Overall, on the basis of the acoustic transmission line theory and considering
FGPUTs, one can explore the FGM concept in medical imaging applications.
Thus, it is assumed that an FGPUT, with a thickness of the piezoelectric disk
equal to 1 mm, as shown in Figure 8.5, radiates a ultrasonic wave inside a water
medium3) when the piezoelectric disk is excited with a half-sine electrical wave,
whose fundamental frequency is f0 = 2.3 MHz.

3) Water has acoustics impedance close to
human tissue one [40].
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Figure 8.8 (a) Spectrum of several electrical input exci-
tations (each with different fundamental frequency) and
(b) normalized-frequency transmission transfer function
(TTF) for both non-FGPUT and FGPUT with linear and
exponential gradation functions [30].

Figure 8.8a shows the frequency spectra of an input signal at f0 = 2.3 MHz; addi-
tionally, Figure 8.8a also shows frequency spectra of other input signals, however,
with fundamental frequencies equal to 2f0, 3f0, and 4f0. From Figure 8.8a, it is clear
that when the fundamental frequency is increased, its spectrum exhibits higher
broadband; however, with less amplitude. On the other hand, Figure 8.8b presents
the frequency spectra of the TTF, which is calculated by using Eq. (8.33a). For
the non-FGPUT, it is observed that its frequency spectrum ‘‘falls to zero’’ in
even-order modes ( f /f0 = 2, 4, 6, . . .), while for the FGPUT (considering linear and
exponential gradations), its frequency spectra do not fall to zero either for even or
for odd order modes. For this reason, the bandwidth of an FGPUT is only limited
by the bandwidth of the input excitation; on the other hand, the bandwidth of a
non-FGPUT is limited by both input excitation and TTF bandwidths. However, the
FGPUT represents a system with less gain in relation to non-FGPUT one. As a
result, the FGPUT is a transducer with less output power (or less power delivered
to fluid), because gradation functions depict an FGPUT with less ‘‘regions’’ of
high piezoelectric properties than the non-FGPUT. On the other hand, the output
signal (Figure 8.9), which is the dot product between TTF and input signal spectra,
clearly highlights the incremented broadband, which is achieved by using the FGM
concept, with both linear and exponential gradation functions.

The larger bandwidth of the FGPUT is produced because the acoustic pulse is
generated mainly from the surface with high piezoelectric properties, while the
opposite surface generates small vibration. In other words, as explained in Ref. [4],
the induced piezoelectric stress T3 = −e33E3 is higher on the surface with e33 �= 0
than on the surface with e33 = 0. Thus, the volumetric force Fν = ∂T3/∂z (spatial
derivative of the induced stress), which is responsible for acoustic wave generation,
is equal to zero on the surface without piezoelectric properties, and it has its
maximum value on the opposite surface. For this reason, a single ultrasonic pulse
is generated by an impulse excitation, which exhibits higher bandwidth.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



318 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

0 2 4 6 8 10
−80

−60

−40

−20

0

20

40
F

re
qu

en
cy

 r
es

po
ns

e 
(d

B
)

(a)

−80

−60

−40

−20

0

20

F
re

qu
en

cy
 r

es
po

ns
e 

(d
B

)

(c)

(b)

−100

−80

−60

−40

−20

0

20

F
re

qu
en

cy
 r

es
po

ns
e 

(d
B

)

f / f 0

0 2 4 6 8 10

f / f0

Non-FGPUT
FGPUT - Linear
FGPUT - Exponential

Non-FGPUT
FGPUT - Linear
FGPUT - Exponential

Non-FGPUT
FGPUT - Linear
FGPUT -
Exponential

(d)

−50

−40

−30

−20

−10

0

20

10
F

re
qu

en
cy

 r
es

po
ns

e 
(d

B
)

0 2 4 6 8 10

f / f0

0 2 4 6 8 10

f / f0

Non-FGPUT
FGPUT - Linear
FGPUT -
Exponential

Figure 8.9 Spectrum of output signals for non-FGPUT and
FGPUT systems considering several input excitations: (a) at
1f0; (b) at 2f0; (c) at 3f0; and (d) at 4f0.

Another interesting aspect is the analysis of the electrical impedance of an FGPUT
with linear and exponential gradation functions, which can be computed by using
Eq. (8.33b) [30]. Figure 8.10 shows normalized-frequency electrical impedance
curves (focusing on thickness vibration modes), for both linear and exponential
gradation functions of the piezoelectric property e33 (Figure 8.7). Specifically,
Figure 8.10 shows the electrical impedance of only the graded piezoelectric disk;
in other words, the FGPUT is simulated without backing and matching layers.
It is observed that in FGPUT, electrical impedance curves appear with even and
odd vibration modes; by contrast, in the non-FGPUT, curves appear with only odd
vibration modes. This result indicates that it is possible to achieve, by using the
FGM concept, more or less resonance modes in selective frequencies according to
the gradation function used.

From Figures 8.8−8.10, it is observed that FGPUTs arise as a new and versatile
alternative for applications in medical and nondestructive images. Specifically,
in medical images, FGPUTs can obtain high resolution and deep penetration,
when operated by using the harmonic imaging technique because they exhibit
large bandwidth (Figures 8.8b and 8.9). Hence, it is possible to excite an object
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Figure 8.10 Electric impedance calculated by using
Eq. (8.33b): for a non-FGPUT and an FGPUT considering
linear and exponential gradations.

to be imaged, such as human tissues, by transmitting at a low (and therefore
deeply penetrating) fundamental frequency ( f0) and receiving at a harmonic wave
having a higher frequency (e.g., human tissues develop and return their own
non-fundamental frequencies, for instance, 2f0), which can be used to form a
high-resolution image of the object. In fact, in medical imagining application
and by using FGPUTs, a wave having a frequency less than 2 MHz can be
transmitted into the human body (e.g., human chest for cardiac imaging) and one
or more harmonic waves having frequencies equal, and/or greater than 3 MHz
can be received to form the image. By imaging in this manner (using FGPUTs
in conjunction with the harmonic imaging technique), deep penetration can be
achieved without a concomitant loss of image resolution.

8.5.2
Further Consideration of the Influence of Property Scale: Optimal Material
Gradation Functions

As observed in the above section, the gradation function can influence the perfor-
mance of graded piezoelectric transducers. This fact has been confirmed by several
authors, for example, Almajid et al. [26], Taya et al. [28], and Rubio et al. [30]. This
suggests using an optimization method for finding the optimal gradation function
along a specific direction. Among the optimization methods, the topology opti-
mization method (TOM) has shown to be a successfully technique for determining
the best-property gradation function for a specific static or dynamic application
[41–43].4)

For exemplifying the above idea, one can design an FGPUT, finding the optimal
gradation function, in order to maximize a specific objective function. Thus, for

4) Details about topology optimization method
can be found in the work by Bendsøe and
Sigmund [44].
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320 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

FGPUT design, the topology optimization problem can be formulated for finding
the optimal gradation law that allows achieving multimodal or unimodal frequency
response. These kinds of response define the type of generated acoustic wave,
either short pulse (unimodal response) or continuous wave (multimodal response).
Furthermore, the transducer is required to oscillate in a thickness extensional
mode (pistonlike mode), aiming at acoustic wave generation applications.

For unimodal transducers, the electromechanical coupling of a desirable mode
k must be maximized, and the electromechanical coupling of the adjacent modes
(mode number k + a1 with a1 = 1, 2, . . . , A1, and/or k − a2 with a2 = 1, 2, . . . , A2)
must be minimized. Additionally, the resonance frequencies of the modes k1 =
k + a1 with a1 = 1, 2, . . . , A1 must be maximized, and the resonance frequencies of
the modes k2 = k − a2 with a2 = 1, 2, . . . , A2 must be minimized. For multimodal
transducers, electromechanical couplings of a mode set must be maximized, and
their resonance frequencies must be approximated. Accordingly, for unimodal (F1)
and multimodal (F2) transducers, the objective functions can be formulated as
follows [45]:

F1 = wk
(
Ark

)−

 1

α1


 A1∑

k1=1

w1k1

(
Ark1

)n1






1/n1

−

 1

α2


 A2∑

k2=1

w2k2

(
Ark2

)n2






1/n2

+

 1

α3


 A1∑

k1=1

w3k1

(
λrk1

)n3






1/n3

−

 1

α4


 A2∑

k2=1

w4k2

(
λrk2

)n4






1/n4

(8.34)

with

α1 =
A1∑

k1=1

w1k1 ; α2 =
A2∑

k2=1

w2k2; α3 =
A1∑

k1=1

w3k1;

α4 =
A2∑

k2=1

w4k2 ; nm = −1, −3, −5, −7 . . . ; m = 1, 2, 3, 4

F2 =
[

1

α1

(
m∑

k=1

wk
(
Ark

)n1

)]1/n1

−
[

1

α2

m∑
k=1

1

λ2
0k

(
λ2

rk
− λ2

0k

)]1/n2

(8.35)

with

α1 =
m∑

k=1

wk; α2 =
m∑

k=1

1

λ2
0k

; λrk
= ω2

rk
;

n1 = −1, −3, −5, −7 . . . ; n2 = ±2, ±4, ±6, ±8 . . .

where, for unimodal transducers (Eq. (8.34)), terms Ark
, Ark1

, and Ark2
represent the

electromechanical coupling (measured by the piezoelectric modal constant – PMC
[46]) of the desirable mode, and left and right adjacent modes, respectively. Terms
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8.5 Influence of Property Scale in Piezotransducer Performance 321

wk, wik1
(i = 1, 3), and wjk2

( j = 2, 4) are the weight coefficients for each mode

considered in the objective function F1. Finally, terms λrk1
and λrk2

represent
eigenvalues of the left and the right modes with relation to the desirable one (mode
number k), and the term n is a given power. For multimodal transducers (Eq. (8.35)),
the constant m is the number of modes considered; the terms λrk

and λ0k
are the

current and desirable (or user-defined) eigenvalues for mode k (k = 1, 2, . . . , m),
respectively; and ωrk

are the resonance frequencies for mode k (k = 1, 2, . . . , m).
The optimization problem is formulated as finding the material gradation of

FGPUT, which maximizes the multiobjective function F1 or F2 subjected to a
piezoelectric volume constraint. This constraint is implemented to control the
amount of piezoelectric material into the two-dimensional design domain, Ω . The
optimization problem is expressed as

maximize
ρTOM(x,y)

Fi i = 1 or 2

subjected to
∫

Ω

ρTOM
(
x, y
)
dΩ − Ωs ≤ 0 ;

0 ≤ ρTOM
(
x, y
) ≤ 1

equilibrium and constitutive equations

(8.36)

where ρTOM(x, y) is the design variable (pseudodensity) at Cartesian coordinates
x and y. The term Ω s describes the amount of piezoelectric material in the
two-dimensional domain Ω .

The last requirement (mode shape tracking) is achieved by using the modal
assurance criterion (MAC) [47], which is used to compare eigenmodes and to
track the desirable eigenvalue and/or eigenvector along the iterative process of
the TOM. Besides, to treat the gradation in FGPUT, material properties are
continuously interpolated inside each finite element based on property values at
each finite element node, as explained in Section 8.4.3. On the other hand, the
continuum approximation of material distribution (CAMD) concept [48] is used to
continuously represent the pseudodensity distribution. The CAMD considers that
design variables inside each finite element are interpolated by using, for instance,
the finite element shape functions N. Thus, the pseudodensity ρe

TOM at each GFE e
can be expressed as

ρe
TOM

(
x, y
) =

nd∑
i=1

ρn
TOMi

Ni
(
x, y
)

(8.37)

where ρn
TOMi

and Ni are, respectively, the nodal design variable and shape function
for node i(i = 1, . . . , nd), and nd is the number of nodes at each finite element. This
formulation allows a continuous distribution of material along the design domain
instead of the traditional piecewise material distribution.

Additionally, to achieve an explicit gradient control, a projection technique can
be implemented as explained in Ref. [49].

To illustrate the design of an FGPUT based on TOM, one can consider the
design domain shown in Figure 8.11, for designing a unimodal and a multimodal
FGPUT considering plane strain assumption. The design domain is specified as a
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Design domain

20 mm

5 
m

m
V

Figure 8.11 Design domain for FGPUT design.

20 mm × 5 mm rectangle with two fixed supports at the end of the left- and

right-hand sides. The idea is to simultaneously distribute two types of materials

into the design domain. The material type 1 is represented by a PZT-5A piezo-

electric ceramic and the material type 2 is a PZT-5H. Initially, the design domain

contains only PZT-5A material and a material gradation along thickness direction

is assumed. In addition, a mesh of 50 × 30 finite elements is adopted.

Figure 8.12 shows the result when a unimodal FGPUTs is designed. It is observed

that for the unimodal transducer, the optimal material gradation depicts an FGPUT

with rich region of piezoelectric material PZT-5A in the middle and rich region

of piezoelectric material PZT-5H on the top and bottom surfaces (Figure 8.12a).5)

The material gradation is found to allow the electromechanical coupling value

(measured by the PMC [46]) of the pistonlike mode to increase by 59% while the

PMC values of adjacent modes decrease approximately by 75% (Figure 8.12b).

The designed multimodal transducer is shown in Figure 8.13. The final material

gradation represents an FGPUT with regions rich in piezoelectric properties

PZT-5A around layers 10 and 23 and PZT-5H on the top and bottom surfaces.

The optimal material gradation increases the PMC value of the pistonlike mode

by 15%, while the PMC values of the left and right adjacent modes are increased

by 15 and 181%, respectively. In both uni- and multimodal designs, the pistonlike

mode is retained, which represents the mode with highest electromechanical

coupling.

8.6
Influence of Microscale

The combination of a piezoelectric material (polymer or ceramic) with other

materials (including air-filled voids) usually results in new composites, called

piezocomposites, that offer substantial advantages over conventional piezoelectric

5) Observe that the optimization problem is
treated as layerlike optimization problem;
in other words, the design variables are
assumed to be equal at each interface

between finite elements. This approach
allows manufacturing FGPUTs by
sintering a layer-structured ceramic green
body without using adhesive material.
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8.6 Influence of Microscale 325

materials. The advantages are high electromechanical coupling, which measures
energy conversion in the piezocomposite and therefore its sensitivity, and low
acoustic impedance, which helps to transmit acoustic waver to media such as
human body tissue or water [50–52].

A composite can be modeled by considering its unit cell with infinitesimal
dimensions, which is the smallest structure that is periodic in the composite. By
changing the volume fraction of the constituents, the shape of the inclusions, or
even the topology of the unit cell, we can obtain different effective properties for
the composite material [9].

In composite applications, we assume that the excitation wavelengths are so large
that the detailed structure of the unit cell does not matter, and the material may be
considered as a new homogeneous medium with new effective material properties.
Then, the excitation (acoustic, for example) will average out over the fine-scale
variations of the composite medium, in the same way as averaging occurs in the
micron-sized grain structure in a conventional pure ceramic. When wavelengths
are not large enough relative to the size of the unit cell, the composite will present
a dispersive behavior with scattering occurring inside the unit cells, making its
behavior extremely difficult to model. Homogeneous behavior can be assured by
reducing the size of the unit cell relative to the excitation wavelength. However, it
is not always possible to guarantee that the size of the microstructure (or unit cell)
is smaller than the wavelength.

The homogenization method allows the calculation of effective properties of a
complex periodic composite material from its unit cell or microstructure topology,
that is, types of constituents and their distribution in the unit cell [53, 54]. This is a
general method for calculating effective properties and has no limitations regarding
volume fraction or shape of the composite constituents. The main assumptions
are that the unit cell is periodic and that the scale of the composite part is much
larger than the microstructure dimensions [55–57]. There are other methods that
allow calculation of effective properties of a composite material. However, the main
advantage of the homogenization technique is that it needs only the information
about the unit cell that can have any complex shape. A brief introduction to this
method is given in Section 8.6.2.

Assuming that the composite is a homogeneous medium, its behavior can be
characterized by Eq. (8.3), by substituting all properties by the effective properties
of the composite (or homogenized properties) into these equations [58]. These
effective properties can be obtained using the homogenization method presented
in Section 8.6.2. Therefore, the constitutive equations of the composite material
considering homogenized properties become{ 〈T〉 = cE

H 〈S〉 − eH 〈E〉
〈D〉 = et

H 〈S〉 + εS
H 〈E〉 (8.38)

or { 〈S〉 = sE
H 〈T〉 + dH 〈E〉

〈D〉 = dt
H 〈T〉 + εT

H 〈E〉 (8.39)
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326 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

where

〈· · ·〉 = 1
|V |

∫
V

dV (8.40)

and the subscript ‘‘H’’ refers to the homogenized properties. sE
H is the homogenized

compliance tensor under short-circuit conditions, εT
H is the homogenized clamped

body dielectric tensor, and dH is the homogenized piezoelectric stress tensor. The
relations among the properties in Eqs (8.40) and (8.41) are [13]

sE = (cE
)−1

εT = εS + dt
(
sE
)−1

d d = (sE
)

e (8.41)

In the following sections, the subscript ‘‘H’’ is omitted for the homogenized
properties for the sake of brevity. As a convention, the polarization axis of the
piezoelectric material is considered in the third (or z) direction.

8.6.1
Performance Characteristics of Piezocomposite Materials

The main applications of piezocomposites are the generation and detection of
acoustic waves. It can be classified as low frequency (hydrostatic operation mode,
such as some hydrophones and naval sonars) and high frequency (ultrasonic
transducers for imaging). In low-frequency applications, the operation of the
device is quasistatic since the operational frequency of the device is generally
smaller than the first resonance frequency of the device.

In piezocomposite design, there are several important parameters that directly
influence its performance. An ultrasonic transducer, for example, requires a
combination of properties such as large piezoelectric coefficient (dh or gh, explained
below), low density, and mechanical flexibility [59]. However, these properties
usually lead to trade-offs. To make a flexible ultrasonic transducer, it would be
desirable to use the large piezoelectric effects in a poled piezoelectric ceramic;
however, ceramics are brittle and stiff, lacking the required flexibility, while
polymers having the desired mechanical properties are not piezoelectrics. This
problem can be simplified dealing with figure of merit, which combines the most
sensitive parameters in a form allowing simple comparison of property coefficients.
So, the main problem in piezocomposite design is to combine the components in
such a manner as to achieve the desired features of each component and also try
to maximize the figure of merit [59]. Besides, Newmham et al. [59] also studied the
connectivity of the individual phases.

The figures of merit that describe the performance of the piezocomposites
explained below are obtained by considering only the constitutive properties
(neglecting the effects of inertia) as described in Refs [58, 60].

8.6.1.1 Low-Frequency Applications
Consider an orthotropic composite under hydrostatic pressure P as shown in
Figure 8.14.
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8.6 Influence of Microscale 327

Transducer Electrical voltage
or charge generated

Figure 8.14 Piezocomposite transducer under hydrostatic pressure.

The composite response can be measured by three different quantities [61]:

• Hydrostatic coupling coefficient (d h):

dh = 〈D3〉
P

= d33 + d23 + d13 (8.42)

• Figure of merit (d hgh):

gh = 〈E3〉
P

= dh

εT
33

⇒ dhgh = d2
h

εT
33

(8.43)

• Hydrostatic electromechanical coupling factor (k h):

kh =
√

d2
h

εT
33sE

h

(8.44)

where sh = (〈ε1〉 + 〈ε2〉 + 〈ε3〉)/P is the dilatational compliance. For an orthotropic
material, sE

h = sE
11 + sE

22 + sE
33 + sE

12 + sE
13 + sE

23, and the coefficients sE
kl are those

defined in Eq. (8.39).
The quantities dh and gh measure the response of the material in terms of

electrical charge and electrical voltage generated, respectively, when subjected to a
hydrostatic pressure field considering a null electric field (〈E3〉 = 0, for short-circuit
conditions) and null electric displacement (〈D3〉 = 0, for open circuit conditions),
respectively. dhgh is the product of dh and gh. The coefficient kh measures the
overall acoustic/electric power conversion. The expressions for dh and sE

h can be
obtained by substituting the hydrostatic pressure into Eq. (8.39) and considering
a null electric field (〈E3〉 = 0). The expression for gh can be obtained in the same
way, but considering null electric displacement (〈D3〉 = 0) in Eq. (8.39).

These quantities can be written in terms of the properties described in Eq. (8.38)
by using Eq. (8.41). The definitions presented above consider an orthotropic piezo-
composite material. If a transversely isotropic composite in the 12 (or xy) plane is
considered, then sE

13 = sE
23, sE

11 = sE
22, and d13 = d23.
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328 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

8.6.1.2 High-Frequency Applications
In ultrasonic applications, thin plates of the piezocomposite are excited near their
thickness-mode resonance. In this case, the quantity that describes the performance
of the ultrasonic transducer is given by Smith and Auld [60]:

• Electromechanical coupling factor (k t)

kt =
√

e2
33

cD
33ε

S
33

(8.45)

where the properties are the same as defined in Eq. (8.38) and cD
33 = cE

33 +
(e33)2/εS

33.

8.6.2
Homogenization Method

The homogenization method was initially developed to solve partial differential
equations whose parameters vary rapidly in space. In engineering field, this method
has been used to obtain effective properties of composite materials [62], allowing
us to save the effort. For example, imagine a perforated beam as illustrated in
Figure 8.15a. If we were to build an FEM model of the beam by considering all
the holes, it would be very difficult to model and the computational cost would be
prohibitive. However, it can be understood as a continuous beam (no holes) made
of a material with properties equal to the effective properties of a ‘‘composite’’
material whose unit cell consists of a square with a circular hole inside, that is,
a homogenized material. Therefore, if we have the effective properties of this
composite material, the beam can be modeled as a homogeneous medium by
building a simple FEM model with corresponding homogenized properties.

The same concept can be applied to model a wall made of bricks, for example,
as illustrated in Figure 8.15b; however, it is important to mention that the

(a) Perforated beam

F

Unit cell Homogenized material

F

(b) Brick wall

Unit cell

Homogenized material

Figure 8.15 Homogenization concept: (a) perforated beam and (b) brick wall.
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8.6 Influence of Microscale 329

size of phenomenon we are interested in analyzing will determine whether
homogenization concept can be applied. The wall can be understood as a composite
material, whose unit cell is described in Figure 8.15b. In another case, suppose
that we want to model a bullet hitting the wall. If the bullet size is much larger
than the unit cell size, homogenization can be applied and the entire wall can
be modeled as a homogeneous material with corresponding effective properties.
However, if the bullet size is of the same order of wall unit cell size (i.e., the brick),
then homogenization cannot be applied and a detailed FEM model of the wall must
be built taking into account the unit cell details.

Homogenization equations are obtained by first expanding displacement u in
zeroth-order and first-order terms. The zeroth-order terms represent the ‘‘average’’
values of displacement over the piezocomposite domain scale (x), while the
first-order terms represent the variation of displacement in the unit cell domain
scale (y), that is,

uε = u0(x) + εu1
(
x, y
)

(8.46)

where ε is a small number. This expression is substituted in the energy formulation
for the medium and, by using variational calculus, the so-called homogenization
equations related only to the y scale are extracted. Essentially, the meaning of
homogenization equations consists in applying different load cases to the unit cell
to calculate its response to these load cases. On the basis of these responses, the
composite effective properties are obtained. Since the unit cell may have a complex
shape, these equations are solved by using FEM.

The basic homogenization equations applied to calculate the effective properties
of elastic materials are presented below:

1
|Y|
∫

Y

[
cijkl
(
x, y
) (

δimδjn + ∂χ
(mn)

i

∂yj

)]
Skl (v) dY = 0 ∀v ∈ Hper

(
Y , R3

)
(8.47)

Hper
(
Y , R3) = {v = (νi) |νi ∈ H1 (Y) , i = 1, 2, 3}

Hper (Y) = {v ∈ H1 (Y) |v takes equal values on opposite sides of Y
}

This homogenization formulation has no limitations regarding volume fraction
or the shape of the composite constituents, and is based upon assumptions of
periodicity of the microstructure and the separation of the microstructure scale
from the component scale through an asymptotic expansion.

Now consider a composite material under dynamic excitation (electrical or
mechanical). If the operational wavelength is larger than the unit cell dimensions,
it seems natural that homogenization equations can be applied. This situation
is called a static case. If operational wavelength is smaller than the unit cell
dimensions, then unit cell scale will affect the calculation of effective properties,
that is, the effective properties will have a dispersive behavior as before. Essentially,
what happens is that if the wavelength is smaller than unit cell dimensions, there
will be wave reflections inside of the unit cell and this effect must be taken into
account in the homogenization equations. This situation is called a dynamic case
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330 8 Functionally Graded Piezoelectric Material Systems – A Multiphysics Perspective

and homogenization equations must be developed again, originating the so-called
homogenization equations for the dynamic case.

For a piezoelectric medium, the homogenization theory for piezoelectricity
considering the static case (where the operational wavelength is much larger than
the unit cell dimensions) was developed by Telega [63]. Galka et al. [64] present
the homogenization equations and effective properties for thermopiezoelectricity
considering the static case. For dynamic applications (wavelength is of the same
size as, or smaller than, the unit cell dimensions), Turbé and Maugin [65] developed
a homogenization formulation to obtain the dynamical effective properties of the
piezoelectric medium. In the limit of the static (and low-frequency) case, they
recovered the expressions derived by Telega [63]. Finally, Otero et al. [66] developed
general homogenized equations and effective properties for (heterogeneous and
periodic) piezoelectric medium by considering terms of infinite order in the
homogenization asymptotic expansion.

The homogenization equations for piezoelectric medium considering the static
case are [63]

1
|Y|
∫

Y

[
cE

ijkl

(
x, y
)(

δimδjn + ∂χ
(mn)

i

∂yj

)
+ eikl

(
x, y
) ∂ψ(mn)

∂yi

]
Skl (v) dY = 0

∀v ∈ Hper
(
Y , R3)

1
|Y|
∫

Y

[
eikl
(
x, y
)(

δimδjn + ∂χ
(mn)

i

∂yj

)
− εS

ik

(
x, y
) ∂ψ(mn)

∂yi

]
∂ϕ

∂yk
dY = 0

∀ϕ ∈ Hper (Y)

(8.48)

and

1
|Y|
∫

Y

[
cE

klij

(
x, y
) ∂�

(m)

k

∂yl
+ ekij

(
x, y
) (

δmk + ∂R(m)

∂yk

)]
Sij (v) dY = 0

∀v ∈ Hper
(
Y , R3)

1
|Y|
∫

Y

[
ekij
(
x, y
) ∂�

(m)

i

∂yj
− εS

ik

(
x, y
) (

δmi + ∂R(m)

∂yi

)]
∂ϕ

∂yk
dY = 0

∀ϕ ∈ Hper (Y)

(8.49)

These equations are equivalent to Eq. (8.47) for elastic medium. They are obtained by
expanding piezocomposite displacement u and electrical potential φ in zeroth-order
and first-order terms. The zeroth-order terms represent the ‘‘average’’ values of
these quantities over the piezocomposite domain scale (x), while first-order terms
represent the variation of these quantities in the unit cell domain scale (y), that is,

uε = u0 (x) + εu1
(
x, y
)

φε = φ0 (x) + εφ1
(
x, y
)

(8.50)

The characteristic functions χi, ψ , �i, R represent the displacement and electrical
response of the unit cell to the applied load cases (Figure 8.17).
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8.6 Influence of Microscale 331

By using FEM formulation to solve Eqs (8.48) and (8.49), the following matrix
system is obtained [67]:[

Kuu Kuφ

Kt
uφ −Kφφ

]{
χ̂ (mn)

ψ̂ (mn)

}
=
{

F(mn)

Q(mn)

}
[

Kuu Kuφ

Kt
uφ −Kφφ

]{
�̂(mn)

R̂(mn)

}
=
{

F(mn)

Q(mn)

}
(8.51)

where χ̂ , ψ̂ , �̂, R̂ are the corresponding nodal values of the characteristics
functions χi, ψ , �i, R respectively, and

Fe(mn)
iI = −

∫
Ωe

cE
ijmn

∂NI

∂yj
dΩe Qe(mn)

I = −
∫

Ωe
ekmn

∂NI

∂yk
dΩe

Fe(m)
iI = −

∫
Ωe

emij
∂NI

∂yj
dΩe Qe(m)

I = −
∫

Ωe
εS

mj

∂NI

∂yj
dΩe (8.52)

The other terms are defined in Section 8.4.2. By analyzing Eq. (8.52) we conclude
that for the three-dimensional problem, there are nine load cases to be solved
independently. Six of them come from Eq. (8.48), where the indices m and n can
be 1, 2, or 3, resulting in the following mn combinations: 11, 22, 33, 12 or 21, 23
or 32, and 13 or 31. The remaining three load cases come from Eq. (8.49) where
the index m can be 1, 2, and 3. For example, in the two-dimensional problem,
there are five load cases to be solved independently (Figure 8.17). Three of them
come from Eq. (8.48), where the indices m and n can be 1 or 3, resulting in the
combinations 11, 33, and 13 or 31, for mn. The other two load cases come from
Eq. (8.49) where the index m can be 1 or 3. All load cases must be solved by enforcing
periodic boundary conditions in the unit cell for the displacements and electrical
potentials. The displacements and electrical potential of some point of the cell must
be prescribed to overcome the nonunique solution of the problem; otherwise, the
problem will be ill posed [68]. The choice of the point of the prescribed values does
not affect the homogenized coefficients since only derivatives of the characteristic
functions are used for their computation. The numerical solution of matrix system
(Eq. (8.52)) has already been discussed in Section 8.4.2.

The applied load cases for the bidimensional problem considering elastic material
(Eq. (8.47)) and piezoelectric material (Eqs (8.48) and (8.49)) are described in
Figures 8.16 and 8.17, respectively.

After solving for the characteristic displacements and electrical potentials, the
effective properties are computed by using Eq. (8.53):

cH
pqrs (x) = 1

|Y|
∫

Y

[
cE

pqrs

(
x, y
)+ cE

pqkl

(
x, y
) ∂χ

(m)

k

∂yl
+ ekpq

(
x, y
) ∂ψ(rs)

∂yk

]
dY

eH
prs (x) = 1

|Y|
∫

Y

[
eprs
(
x, y
)+ epij

(
x, y
) ∂χ

(rs)
i

∂yj
− εS

pk

(
x, y
) ∂ψ(rs)

∂yk

]
dY

εH
pq (x) = 1

|Y|
∫

Y


εS

pq

(
x, y
)+ εS

pj

(
x, y
) ∂R(q)

∂yj
− epij

(
x, y
) ∂�

(q)
i

∂yj


dY (8.53)
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Enforced periodicity
conditions in the

unit cell

Unit cell

Mechanical (strain) loads

Unit cell Unit cell

Figure 8.16 Load cases for homogenization of elastic materials.

Unit cell

Unit cell Unit cell

Mechanical (strain) and electrical loads

Unit cell Unit cell
Enforced periodicity

conditions in the
unit cell

Figure 8.17 Load cases for homogenization of piezoelectric materials.

The concept of the continuum distribution of design variable based on the CAMD
method discussed in Section 8.5.2 is also considered here.

8.6.3
Examples

Of the currently available configurations, the 2–2 piezocomposite has been the
focus of most studies, which consists of alternating layers of piezoceramic PZT and
polymer as shown in Figure 8.18. To illustrate the FGM concept for piezoelectricity,
the results of calculated effective properties for 2–2 piezocomposite are presented.

Figure 8.18 2–2 piezocomposite.
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8.6 Influence of Microscale 333

Table 8.1 Material properties.

Properties PZT-5A Epoxy polymer

Dielectric properties (F m−1) ε0 8.85 × 10−12 8.85 × 10−12

εS
11 916 × ε0 3.6 × ε0

εS
33 830 × ε0 3.6 × ε0

Piezoelectric properties (C m−2) e31 −5.4 0.0
e33 15.8 0.0
e15 12.3 0.0

Elastic properties (N m−2) CE
11 12.1 × 1010 9.34 × 109

CE
12 7.54 × 1010 9.34 × 109

CE
13 7.52 × 1010 9.34 × 109

CE
33 11.1 × 1010 9.34 × 109

CE
44 2.11 × 1010 9.34 × 109

CE
66 2.28 × 1010 9.34 × 109

Density (kg m−3) 7500 1340

Here, ‘‘2–2’’ designates the connectivity of the piezocomposite material; however,
many other connectivities, such as 3−1 and 1–1, are also possible [59]. The example
considers a bidimensional model (plane strain) of a 2–2 piezocomposite made of
PZT-5A/ Epoxy (Table 8.1). The ‘‘volume fraction’’ (vol%) was set to 20% of PZT-5A,
located in a vertical line in the middle, and 80% of epoxy polymer, distributed in the
rest of the unit cell. Three cases are considered: a non-FGM unit cell and two FGM
unit cells, with linear and sinusoidal gradations. These three cases are compared
with the full unit cell of PZT-5A, in order to quantify the effects of the FGM on the
performance characteristics.

Figures 8.19–8.21 show the graphics of the PZT-5A distribution in the x direction,
where 1 refers to pure PZT-5A and 0 refers to pure epoxy polymer. The images
in the (b) show the distributed material in the unit cell, where the PZT-5A is

1

0.5

0
0 0.2 0.4 0.6 0.8 1

x

P
Z

T
-5

A

Material distribution (unit cell)

(a)

(b) (c)

Figure 8.19 Non-FGM 2–2 piezocomposite. (a) Material
distribution graphic of PZT-5A; (b) unit cell; and (c) periodic
array.
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1
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0 0.2 0.4 0.6 0.8 1
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T
-5
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Material distribution (unit cell)

(a)
(b) (c)

Figure 8.20 Linear FGM 2–2 piezocomposite. (a) Material
distribution graphic of PZT-5A; (b) unit cell; and (c) periodic
array.
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-5

A

Material distribution (unit cell)
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(b) (c)

Figure 8.21 Sinusoidal FGM 2–2 piezocomposite.
(a) Material distribution graphic of PZT-5A; (b) unit cell; and
(c) periodic array.

represented as black and epoxy as white. The images (c) of these figures represent
the periodic array of the unit cells.

Table 8.2 presents the performance characteristics for each type of unit cell.
From Table 8.2, it is noticed that each performance characteristic is maximized
by using different topologies of the unit cell. Considering the four topologies
analyzed here, the topology that maximizes dh and kt is the traditional non-FGM
2-2 piezocomposite (Figure 8.19). However, dhgh is maximized by using the linear
or sinusoidal 2-2 piezocomposite (Figures 8.20 and 8.21, respectively). This fact
indicates that it is possible to achieve higher performance characteristics by using
20% of PZT-5A in the unit cell distributed in a functionally graded way. The
advantages, in addition to better performance of the piezocomposite, are the weight
reduction and cost savings in the final material, as the epoxy polymer is lighter and
chapter than the PZT-5A ceramic. the exception is kh, which is maximized by using
the pure PZT-5A material. However, the linear and sinusoidal 2-2 piezocomposite
present a near value of kh (0.177 and 0.122, respectively) and a lighter density
(3496 kg/m3) than the pure PZT-5A ceramic material (7500 kg/m3) because the
density of epoxy polymer is 56 times lighter then PZT-5A (see Table 8.1). Therefore,
there is a trade off in choosing the topology of the unit cell among performance,
weight and, consequently, cost in the final application. This trade off is also noticed
in the performance characteristics dh and kt.
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8.7 Conclusion 335

Table 8.2 Performance characteristics of the unit cells.

Material Density Low-frequency applications High-frequency
distribution (kg/m3) applications

dh(pC/N) dhgh(pm2/N) kh kt

100% PZT-5A (full) 7500 68.196 0.222 0.145 0.361
Figure 8.19 3496 92.536 1.038 0.092 0.477
Figure 8.20 3496 73.804 1.700 0.117 0.422
Figure 8.21 3496 80.864 1.584 0.112 0.443

From these results, it is possible to conclude that FGM concept can be applied
to obtain materials with the same or even higher properties of regular materials
with weight reduction. Also the choice of the function applied for gradation has an
important role in the design of the unit cells. The design of FGM unit cells is not
trivial and requires optimization tools to avoid trial-and-error approaches.

8.7
Conclusion

The results give an idea about the potential of applying the FGM concept to design
smart materials, both in micro- and macroscales. It is observed that piezoelectric
transducers, designed according to FGM concept, have improved their performance
in relation to nongraded ones; for instance, in ultrasonic applications, the FGM
concept allows designing piezoelectric transducer with small time waveform or
large bandwidth, which is desirable for obtaining high imaging resolution for
medical and nondestructive testing applications. Likewise, it is observed that
when the unit cell of 2–2 piezocomposite is designed on the basis of the FGM
concept, high values of dh, dhgh, and kh are achieved, while the density value is
significantly reduced in relation to the nongraded unit cell, which is desirable
in applications to hydrophones. Additionally, from the examples, it is clear that
both in micro- and macroscales the gradation function defines the piezoelectric
behavior and, hence, optimization techniques must be used for designing graded
piezoelectric structures. Specifically, the TOM arises as a general and powerful
approach to find the optimal gradation function for achieving user-defined goals.
In conclusion, the practical use of the proposed approach (to design piezoelectric
structures considering gradation in micro- and macroscales) can broaden the range
of application in the field of smart structures.
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9
Variational Foundations of Large Strain Multiscale Solid
Constitutive Models: Kinematical Formulation
Eduardo A. de Souza Neto and Raúl A. Feijóo

9.1
Introduction

The modeling of the constitutive behavior of solids by means of multiscale theories
has been a subject of growing interest over the past decade. Various aspects of this
approach to the description and prediction of the constitutive response of solids
under a wide range of conditions are discussed in recent publications by Hori and
Nemat-Nasser [1], Michel et al. [2], Nemat-Nasser [3], Ibrahimbegović and Marković
[4], Miehe et al. [5], Miehe [6, 7], Miehe and Koch [8], Clayton and McDowell
[9], Reese [10], Terada and Kikuchi [11], Terada et al. [12], Kouznetsova et al. [13],
Matsui et al. [14], Michel and Suquet [15], Yang and Becker [16], Bilger et al. [17],
Gotkepe and Miehe [18], Ibrahimbegović et al. [19], Li and E [20], Okumura et al.
[21], Nakamachi et al. [22], Speirs at al. [23], and Giusti et al. [24, 25]. Pioneering
contributions to the analysis of solid behavior taking into account information at
two length scales are provided by Hill [26], Mandel [27], Gurson [28], Bensoussan
et al. [29], Germain et al. [30], and Sanchez-Palencia [31], among others. Since
then, the increasing demand for more accurate constitutive models capable of
describing more complex inelastic behavior has led to the continuous development
of theories relying on multiscale concepts. This demand has been partly driven
by the more recent application of computer simulation methods – mainly based
on finite-element procedures – outside the usual range of traditional engineering
disciplines including, among others, the analysis of metallic alloys undergoing
extreme straining as well as nonconventional materials such as natural composites
and living biological tissues. The typical microstructure of a biological material,
for instance, can be extremely elaborate, resulting in a macroscopic constitutive
response of difficult representation by means of conventional phenomenological
theories (see, for example, Holzapfel et al. [32] for an assessment of hyperelastic
models of arterial wall behavior). The problem becomes far more pronounced
when inelastic phenomena play a significant role in the overall material response.
Mechanical dissipation in such cases arises from (possibly intricate) irreversible
interactions among the microstructural constituents. Often, the modeling of such
phenomena by means of purely macroscopic (phenomenological) theories results in
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342 9 Large Strain Multiscale Solid Constitutive Models

substantial discrepancies between the predicted and observed constitutive response,
which may significantly worsen with the complexity of the strain history. This is a
well-known fact, for instance, in the modeling of the Bauschinger effect by means
of classical kinematic hardening plasticity theories. The development and use of
multiscale theories in such cases appear to be a very promising alternative to
circumvent the major weaknesses of the classical phenomenological approach and
provide more realistic descriptions of the constitutive response.

This chapter focuses on the family of multiscale constitutive theories of solids
based on the volume averaging of the microscopic strain and stress fields over a
representative volume element (RVE) [2, 3, 8, 12, 33]. Such models have been enjoying
increasing popularity in recent years, markedly within the computational mechan-
ics community, given their suitability for implementation in finite-element-based
computer simulation systems. However, multiscale theories of this type are often
presented in a rather ad hoc manner, making it particularly difficult to distinguish
the essential assumptions from their consequences to the resulting theory. Our aim
here is to fill this gap by providing a complete (kinematical) variational foundation
for this family of theories. The formulation presented provides a clearly structured
axiomatic framework where the entire theory can be rigorously derived from five
basic statements: (i) the deformation gradient averaging relation; (ii) the require-
ment that the actual functional set of admissible displacement fluctuations of the
RVE be a subspace of minimally constrained space of displacement fluctuations
compatible with the deformation gradient averaging assumption; (iii) the principle
of virtual work (equilibrium) for the RVE; (iv) the stress averaging relation; and
(v) the Hill–Mandel principle of macrohomogeneity [26, 27] that establishes the
energy consistency between the macro- and microscales. Within this framework,
any class of constitutive models is completely defined by the choice of the func-
tional space of virtual displacements of the RVE (which embodies the assumed
kinematical constraints imposed upon the RVE). In this context, the variational
statement of the Hill–Mandel principle of macrohomogeneity [26, 27] plays a
crucial role. It allows the external load system of the RVE (body force and surface
traction fields) to be viewed as mere reactions to the prescribed RVE kinematical
constraints. Four well-known classes of multiscale models are cast within this
framework: (i) the classical Taylor or homogeneous microscopic strain model,
commonly known as the rule of mixtures; (ii) the linear boundary displacement
model; (iii) the periodic boundary fluctuation displacements model; and (iv) the
minimum kinematical constraint model, also referred to as the uniform boundary
traction model. General canonical formulae of homogenized constitutive tangent
operators are also presented. These are first derived in the (time- and space-)
continuum setting and later specialized to the time-discrete (and space-continuum)
case. The latter formulae are generally applicable to problems where the micro-
scopic constitutive response is described by internal variable-based theories and
the corresponding problem of evolution is approximated by some incremental
numerical integration scheme in time – such as return-mapping algorithms for
classical plasticity [34, 35] – regardless of the spatial discretization method to be
adopted. Fully discrete (in time and space) counterparts, such as those derived by

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



9.2 Large Strain Multiscale Constitutive Theory: Axiomatic Structure 343

Miehe et al. [36] in the finite-element context, can be obtained by simply specializing
the time-discrete/space-continuum formulae according to the underlying spatial
discretization method.

The chapter is organized as follows. The essential axioms that form the basis
of the proposed variational framework are stated in Section 9.2, the variational
setting summarized in this section is described in detail in Ref. [42]. In Section 9.3,
the general family of multiscale constitutive models based on the axioms of
Section 9.2 is defined. In Section 9.4, well-known classes of multiscale theories
are cast within the proposed variational framework. The conditions of equivalence
between stress averaging in the deformed and reference configurations of the
RVE are briefly discussed in Section 9.5. In Section 9.6, general canonical forms
of constitutive tangent operators for the multiscale models are derived in detail.
These are specialized in Section 9.7 for the time-discrete case. Section 9.8 outlines
the specialization of the proposed framework to the case of linearized kinematics.
Section 9.9 presents some concluding remarks.

9.2
Large Strain Multiscale Constitutive Theory: Axiomatic Structure

In the classical, purely mechanical constitutive theory, the axioms of constitutive
determinism and local action [37] establish that the stress tensor at any point of
the continuum is uniquely determined by the history of the deformation gradient
tensor at that point. This implies that there exists a tensor-valued functional P
such that, at any instant t, the first Piola–Kirchhoff stress tensor, P, is given by

P(t) = P(Ft) (9.1)

where Ft denotes the history of the deformation gradient,

F ≡ I + ∇u (9.2)

at the material point of interest up to instant t, with ∇ the material (or reference)
gradient operator, u the displacement field, and I the second-order identity tensor.

Widely used specializations of Eq. (9.1) accounting for inelastic behavior include,
among other theories, hypoelastic-based and multiplicative hyperelastic-based finite
strain elastoplasticity and elastoviscoplasticity [38, 35]. In such cases, the history of
F is parameterized by a set of internal variables whose evolution in time is governed
by ordinary differential equations. Such models are typically phenomenological in
that their internal variables are usually associated with macroscopic phenomena
observable by means of relatively simple experiments (see Ref. [39] for a detailed
discussion on this topic).

The stress-constitutive functionals for the family of the so-called multiscale
constitutive models that are the main subject of this chapter are also specializations
of Eq. (9.1). For the present models, however, the description in terms of a
system of ordinary differential equations typical of conventional phenomenological
theories is replaced by the assumption that the deformation gradient and the
stress tensor at an arbitrary material point x of the continuum are, respectively,
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Figure 9.1 Multiscale constitutive models. Macrocontinuum and the RVE.

the volume average of the deformation gradient and stress fields over a local
RVE or microscopic cell (Figure 9.1). The characteristic length, lµ, of the RVE
is assumed much smaller than the characteristic length, l, of the macroscopic
continuum. It should be emphasized that the actual size of what is referred to
here as the microscopic scale – the RVE – depends fundamentally on the nature of
the material to be modeled and on the level of detail to be included in the model.
This size is not necessarily microscopic in the conventional sense. For example, a
polycrystalline metal can be modeled within this framework having a microscale
of the size of a few grains (order of microns), whereas a model for concrete may
be assigned a microscale of the size of a sufficiently representative sample of the
cement/aggregate composite (order of centimeters).

The domain �µ (with boundary ∂�µ) of the reference configuration of the RVE
is assumed to consist in general of a solid part, �s

µ, and a void part, �v
µ:

�µ = �s
µ ∪ �v

µ (9.3)

What we refer to as the void part here may consist of cracks and pores, which can,
in general, be subjected to self-contact or may be filled with a pressurized fluid.
For simplicity, in what follows, we consider only RVEs whose void part does not
intersect the RVE boundary, that is, it is assumed that

∂�µ ∩ �
v
µ = ∅ (9.4)

where �
v
µ denotes the closure of the set �v

µ.1)

1) The extension of the material presented
here to the more general case where we
may have ∂�µ ∩ �

v
µ �= ∅ is conceptually

straightforward. However, the introduction
of this generalization makes the derivation
of the theory unnecessarily cumbersome.
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9.2 Large Strain Multiscale Constitutive Theory: Axiomatic Structure 345

Constitutive models of this type have been used, for instance, by Miehe et al. [36],
Terada et al. [12], and Matsui et al. [14], in the analysis of generally inelastic solids
undergoing finite strains. The underlying theory is a geometrically nonlinear exten-
sion of the infinitesimal strain theory originating in the work of Sanchez-Palencia
[40] and Germain et al. [30] and used in the computational context, among others,
by Suquet [33] and Michel et al. [2]. Our key contribution here is the establish-
ment of a clearly structured axiomatic variational framework for this family of
constitutive models. The essential axioms are as follows: (i) the volume averaging
relation linking the macroscopic and microscopic deformation gradients; (ii) the
requirement that the actual functional set of admissible displacement fluctuations
of the RVE be a subspace of the minimally constrained space of displacement
fluctuations compatible with the strain averaging assumption; (iii) the equilibrium
of the RVE, here stated by means of the principle of virtual work; (iv) the volume
averaging relation linking the macroscopic and microscopic stresses; and (v) the
Hill–Mandel principle of macrohomogeneity, which establishes the energy consis-
tency between the macro- and microscales. As we shall see, this family of multiscale
constitutive theories is entirely derived from these five fundamental statements,
which are conveniently summarized in Box 9.1. The basic axioms together with
their main consequences to the resulting theory are discussed in detail in the
following.

Box 9.1: Finite Strain Multiscale Constitutive Models: Basic Axioms

(i) Deformation gradient averaging relation:

F ≡ 1
Vµ

∫
�µ

Fµ dV

(ii) The actual set K̃µ of kinematically admissible displacement fluctua-
tion fields of the RVE is a subspace of its minimally constrained
counterpart,

K̃ ∗
µ ≡

{
v, sufficiently regular|

∫
∂�µ

v ⊗ n dA = 0

}

(iii) Equilibrium of the RVE:∫
�µ

Pµ(y, t) : ∇η dV −
∫

�µ

b(y, t) · η dV

−
∫

∂�µ

te(y, t) · η dA = 0 ∀η ∈ Vµ

where Vµ is the space of virtual displacements of the RVE.
(iv) First Piola–Kirchoff stress averaging relation:

P ≡ 1

Vµ

∫
�µ

Pµ dV
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346 9 Large Strain Multiscale Solid Constitutive Models

(v) Hill–Mandel principle of macrohomogeneity:

P : Ḟ = 1

Vµ

∫
�µ

Pµ : Ḟµ dV

for any kinematically admissible velocity field of the RVE.

9.2.1
Deformation Gradient Averaging and RVE Kinematics

The first basic axiom – the starting point of the theory – establishes that the
deformation gradient tensor F at a point x of the macrocontinuum is the volume
average of the microscopic deformation gradient field, Fµ, over the RVE associated
with x:

F(x, t) = 1
Vµ

∫
�µ

Fµ(y, t) dV (9.5)

where Vµ is the volume of the RVE in its reference configuration, y denotes the
reference coordinate of points within the RVE and

Fµ ≡ I + ∇uµ (9.6)

with uµ being the displacement field of the RVE. The tensor F is referred to as
the macroscopic or homogenized deformation gradient. It should be noted here that,
in the presence of voids in the microcell (Figure 9.1), expression (9.5) for the
homogenized deformation gradient is valid only in a generalized sense since the
microscopic displacement and deformation gradient fields are not defined over the
void subdomain �v

µ ⊂ �µ.

9.2.1.1 Consequence: Minimum RVE Kinematical Constraints
The main consequence of the basic axiom (9.5) to the kinematical variational
formulation of this family of models is a constraint on the possible displacement
fields of the RVE. For a given macroscopic deformation gradient F, this axiom
implies that only microscopic displacement fields that satisfy Eqs (9.5), (9.6) can
be admissible. This gives rise to the definition of the minimally constrained set of
kinematically admissible microscopic displacements, K ∗

µ , as2)

K ∗
µ ≡

{
v, sufficiently regular|

∫
�µ

∇v dV = Vµ (F − I)

}
(9.7)

so that a necessary condition for a field uµ to be kinematically admissible is

uµ ∈ K ∗
µ (9.8)

2) Here, and in what follows, we avoid the pre-
cise definition of regularity of functions and
refer to fields as sufficiently regular meaning

that all operations in which they are involved
in the present context make sense.
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9.2 Large Strain Multiscale Constitutive Theory: Axiomatic Structure 347

An equivalent expression for the above kinematical constraint, exclusively in
terms of RVE boundary displacements, can be obtainedby considering the general
tensor relation[41]∫

�

S (∇v)T dV =
∫

∂�

(Sn) ⊗ v dA −
∫

�

(div S) ⊗ v dV (9.9)

valid for sufficiently regular tensor fields S, vector fields v, and domains �, where
div(·) denotes the divergence of (·) and n is the outward unit normal to the boundary
∂� of �. By specializing the above formula and identifying the generic tensor S
with I, the vector field v with uµ, and the domain � with �µ, we obtain in the
absence of voids (�v

µ = ∅),

F = I + 1
Vµ

∫
∂�µ

uµ ⊗ n dA (9.10)

so that constraint (9.10) is equivalent to Eqs (9.5), (9.6) and we can then define K ∗
µ

alternatively to Eq. (9.7), exclusively in terms of RVE boundary displacements, as

K ∗
µ ≡

{
v, sufficiently regular |

∫
∂�µ

v ⊗ n dA = Vµ (F − I)

}
(9.11)

Definition (9.11) is equivalent to Eq. (9.7) also in the presence of voids [42].

9.2.1.2 Minimum Constraint on Displacement Fluctuations
Without loss of generality, any microscopic displacement field, uµ, may be decom-
posed as a sum

uµ(y, t) = u(x, t) + [F(x, t) − I] y + πµ(y, t) (9.12)

of a uniform (constant within the RVE) displacement u – the displacement of
the corresponding point x of the macrocontinuum – a linear displacement (i.e., a
displacement that varies linearly in y), (F − I)y, and a displacement fluctuation, ũµ.
Note that in stating Eq. (9.12), we have defined the fluctuation field as

ũµ(y, t) ≡ uµ(y, t) − {u(x, t) + [F(x, t) − I] y (9.13)

Accordingly, the microscopic strain field (9.6) is decomposed into the sum

Fµ(y, t) = F(x, t) + H̃ µ(y, t) (9.14)

of a homogeneous (constant in y) deformation gradient coinciding with the macro-
scopic deformation gradient, F, and a displacement gradient fluctuation field,

H̃µ ≡ ∇ũµ (9.15)

that generally varies in y. A straightforward manipulation taking Eq. (9.12) into
account shows that the minimum constraint Eqs (9.8), (9.11) is equivalent to stating
that any kinematically admissible displacement fluctuation, ũµ, satisfies

ũµ ∈ K̃ ∗
µ (9.16)
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348 9 Large Strain Multiscale Solid Constitutive Models

where

K̃ ∗
µ ≡

{
v, sufficiently regular|

∫
∂�µ

v ⊗ n dA = 0

}
(9.17)

is the minimally constrained vector space of kinematically admissible displacement
fluctuations of the RVE. From the above definition, it follows that the minimally
constrained set of kinematically admissible microscopic displacements, K ∗

µ , can
be equivalently defined as

K ∗
µ =

{
uµ = u + (F − I)y + ũµ|ũµ ∈ K̃ ∗

µ

}
(9.18)

Then, for a given macroscopic displacement, u, and deformation gradient, F, the
set K ∗

µ is a translation [43] of space K̃ ∗
µ .

9.2.2
Actual Constraints: Spaces of RVE Velocities and Virtual Displacements

In establishing the kinematical theory of multiscale constitutive models, we may,
in general, impose further constraints upon the RVE kinematics. Such constraints
will define the actual set Kµ of kinematically admissible displacements of the RVE,
which, according to Eq. (9.8), must satisfy

Kµ ⊂ K ∗
µ (9.19)

As we shall see later, different constraints imposed upon a given RVE (i.e.,
different definitions of Kµ) will lead, in general, to different classes of macroscopic
constitutive models.

At this point, we introduce another basic assumption of the theory: we require
that any further constraints to be imposed on the kinematics of the RVE be such
that actual set of kinematically admissible displacement fluctuations,

K̃µ ⊂ K̃ ∗
µ (9.20)

is a subspace of K̃ ∗
µ . In this case, the actual set Kµ of kinematically admissible

microscopic displacements is a translation of space K̃µ and is given by

Kµ =
{

uµ = u(x) + (F − I) y + ũµ|ũµ ∈ K̃µ

}
⊂ K ∗

µ (9.21)

The set Kµ, together with the associated space of virtual kinematically admissible
displacements of the RVE, denoted by Vµ, plays a fundamental role in the variational
characterization of the equilibrium of the RVE. In the present context, Vµ can be
defined as

Vµ ≡ {
η = v1 − v2|v1, v2 ∈ Kµ

}
(9.22)

In view of Eq. (9.21) and the fact that K̃µ is itself a vector space, it follows trivially
from Eq. (9.22) that

Vµ = K̃µ (9.23)
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9.2 Large Strain Multiscale Constitutive Theory: Axiomatic Structure 349

Further, the same arguments applied to the rate form

u̇µ = u̇ + Ḟ y + ˙̃uµ (9.24)

of the additive split (9.12), establish that any kinematically admissible fluctuation
velocity, ˙̃uµ, satisfies

˙̃uµ ∈ Vµ (9.25)

In summary, we have established in the above that, as a consequence of the assump-
tion that K̃µ is a subspace of K̃ ∗

µ , the functional spaces of virtual displacements,
kinematically admissible displacement fluctuations and fluctuation velocities of
the RVE coincide.

9.2.3
Equilibrium of the RVE

The next fundamental axiom of the theory states that the RVE must be in
equilibrium at each instant t of its deformation history. Let Pµ = Pµ(y, t) denote the
first Piola–Kirchhoff stress field of the RVE. We shall refer to Pµ as the microscopic
Piola–Kirchhoff stress. With the RVE subjected in general to a reference body force
field b = b(y, t) and a reference external traction field te = te(y, t) exerted upon the
RVE across its external boundary ∂�µ, the principle of virtual work establishes that
the RVE is in equilibrium if and only if∫

�µ

Pµ(y, t) : ∇η dV −
∫

�µ

b(y, t) · η dV −
∫

∂�µ

te(y, t) · η dA = 0∀η ∈ Vµ

(9.26)
holds at each t, where Vµ is the (yet to be defined) space of virtual displace-
ments of the RVE, which must comply with the general constraints discussed in
Section 9.2.2.

Remark 9.1. At this point, we recall that what we refer to as voids are not necessarily
empty and may, in general, exert an influence upon the mechanical state of the RVE.
A typical example appears in the modeling of saturated porous media and multiphase
materials in general, where the presence of a pressurized fluid phase within the voids
(pores in this case) has an important contribution to the overall mechanical state of the
microcell.

In view of the above remark, it is convenient to rewrite Eq. (9.26), making the
distinct contributions from the solid and void parts explicit. Then, a straightforward
manipulation taking into account that the void portion of �µ is also in equilibrium
gives ∫

�v
µ

Pµ(y, t) : ∇η dV −
∫

�v
µ

b(y, t) · η dV −
∫

∂�v
µ

tv(y, t) · η dA = 0 ∀η ∈ Vµ

(9.27)
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350 9 Large Strain Multiscale Solid Constitutive Models

gives the following convenient expression for the equilibrium of the solid part of
the RVE:∫

�s
µ

Pµ(y, t) : ∇η dV −
∫

�s
µ

b(y, t) · η dV −
∫

∂�µ

te(y, t) · η dA

−
∫

∂�v
µ

tv(y, t) · η dA = 0 ∀η ∈ Vµ (9.28)

where the internal traction field, tv = tv(y, t), has been defined as the refer-
ence traction exerted upon the solid part of �µ across the solid–void interface,
∂�v

µ.

Remark 9.2. Obviously, for porous materials consisting of solid phases only (empty
pores), the internal tractions tv vanish, whereas in the presence of a pressurized fluid
phase in the voids (as referred to in Remark 9.1) tractions are usually prescribed as a
uniform (possibly time-dependent) pressure distribution over the solid–void interface.
Another important source of nonzero internal tractions could be the frictional contact
between the opposing sides of collapsing voids or closing microcracks. In this case,
the traction tv is a given functional of the displacement history on the solid–void
interface.

9.2.3.1 Strong Form of Equilibrium
For sufficiently regular data fields, the variational equations of equilibrium Eqs
(9.27) and (9.28), respectively, for the void and solid parts of the RVE, can be
equivalently written in differential form as


div Pµ(y, t) = b(y, t) ∀ y ∈ �s

µ

div Pµ(y, t) = b(y, t) ∀ y ∈ �v
µ

Pµ(y, t) n = te(y, t) ∀ y ∈ ∂�µ

[[Pµ(y, t) n]] = 0 ∀ y ∈ ∂�v
µ

(9.29)

where n is the unit normal vector to the reference solid domain boundary and
[[Pµ(y, t) n]] denotes the jump of vector field Pµ n across the solid–void interface,
∂�v

µ.

9.2.3.2 Solid–Void/Pore Interaction
In the present work, we restrict the analysis to situations where the body forces
acting on �v

µ can be neglected, that is, we assume

b(y, t) = 0 ∀ y ∈ �v
µ (9.30)

In this case, only the surface traction field tv over ∂�v
µ need be accounted for in

the possible contribution of the void/pore to the overall mechanical state of the
RVE.

Remark 9.3. This assumption can be adopted, for example, in problems where
the void/pore contains a fluid phase mathematically described as a problem of an
intrinsically different nature from that of the solid phase. In such cases, the influence of
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9.2 Large Strain Multiscale Constitutive Theory: Axiomatic Structure 351

the fluid phase upon the solid matrix of the RVE will, under the above assumption, be
accounted for solely through the surface tractions resulting from the solution of the fluid
problem.

9.2.4
Stress Averaging Relation

Another axiom defining the family of multiscale constitutive theories discussed in
this chapter is the stress averaging relation. Here, we postulate that analogously to
Eq. (9.5), the first Piola–Kirchhoff stress tensor, P, at a point x of the macrocontin-
uum is the volume average of the microscopic first Piola–Kirchhoff stress field, Pµ,
which acts over the RVE associated with x:3)

P(x, t) ≡ 1

Vµ

∫
�µ

Pµ(y, t) dV = 1

Vµ

∫
�s

µ

Pµ(y, t) dV + 1

Vµ

∫
�v

µ

Pµ(y, t) dV

(9.31)
In what follows, P is referred to as the macroscopic or homogenized first
Piola–Kirchhoff stress.

9.2.4.1 Macroscopic Stress in Terms of RVE Boundary Tractions and Body Forces
The macroscopic stress defined by Eq. (9.31) can be alternatively expressed in
terms of RVE boundary traction and body force averages. To derive the alternative
expression, we must first consider the tensor relation (9.9), which, specialized with
the replacement of S with Pµ, v with y, and � with �µ, and combined with identity
∇y = I, gives

∫
�µ

Pµ dV =
∫

�s
µ

Pµ dV +
∫

�v
µ

Pµ dV

=
∫

∂�µ

(Pµn) ⊗ y dA −
∫

�s
µ

(div Pµ) ⊗ y dV

−
∫

�v
µ

(div Pµ) ⊗ y dV +
∫

∂�v
µ

[[Pµn]] ⊗ y dA (9.32)

Then, with the introduction of the strong form Eq. (9.29) of equilibrium equation
in the above and considering the assumption (9.30), we obtain the following
expression for the homogenized stress, exclusively in terms of RVE boundary
tractions and body forces:

P(x, t) = 1
Vµ

[ ∫
∂�µ

te(y, t) ⊗ y dA −
∫

�s
µ

b(y, t) ⊗ y dV

]
(9.33)

3) The choice of stress averaging relation is
not unique in the finite strain context. We
could, for instance, have postulated that
macroscopic Cauchy stress tensor instead is

the volume average of its microscopic coun-
terpart over the deformed configuration of
the RVE. This issue is briefly discussed in
Section 9.5.
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352 9 Large Strain Multiscale Solid Constitutive Models

9.2.5
The Hill–Mandel Principle of Macrohomogeneity

The final axiom needed to establish the axiomatic variational framework is the
Hill–Mandel principle of macrohomogeneity [26, 27], which states that the macroscopic
stress power equals the volume average of the microscopic stress power over the RVE. In
the large strain setting, it requires that at any state of the RVE characterized by an
equilibrium stress field Pµ, the identity

P : Ḟ = 1

Vµ

∫
�µ

Pµ : Ḟµ dV (9.34)

holds for any kinematically admissible microscopic deformation gradient rate field,
Ḟµ. Note that a microscopic deformation gradient rate is said to be kinematically
admissible if

Ḟµ = ∇u̇µ = Ḟ + ∇ ˙̃uµ; ˙̃uµ ∈ Vµ (9.35)

where Vµ is the space of kinematically admissible RVE velocities, which has
been shown in Section 9.2.2 to coincide with the (yet to be defined) spaces of
kinematically admissible displacement fluctuations and virtual displacements of
the RVE.

The following proposition is fundamental in the present context.

Proposition 9.1. (variational statement of the Hill–Mandelprinciple) The Hill–
Mandel principle of macrohomogeneity holds if and only if the virtual work of the
external surface traction and body force field of the RVE vanish. That is, the Hill–Mandel
principle is equivalent to the following variational equations:∫

∂�µ

te · η dA = 0 ;
∫

�s
µ

b · η dV = 0 ∀η ∈ Vµ (9.36)

Proof By introducing Eq. (9.35) on the right-hand side of Eq. (9.34), we obtain

1

Vµ

∫
�µ

Pµ : Ḟµ dV = 1

Vµ

∫
�µ

Pµ : (Ḟ + ∇ ˙̃uµ)dV

= P : Ḟ + 1

Vµ

∫
�µ

Pµ : ∇ ˙̃uµdV (9.37)

Hence, identity (9.34) holds if and only if∫
�µ

Pµ : ∇ ˙̃uµ dV = 0 ∀ ˙̃uµ ∈ Vµ (9.38)

Integration by parts of the left-hand side of Eq. (9.38), admitting the presence of voids
(�v

µ �= 0), gives∫
�µ

Pµ : ∇ ˙̃uµ dV =
∫

∂�µ

Pµ n · ˙̃uµ dA −
∫

�s
µ

(div Pµ) · ˙̃uµ dV

−
∫

�v
µ

(div Pµ) · ˙̃uµ dV +
∫

∂�v
µ

[[Pµn]] · ˙̃uµ dA (9.39)
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9.3 The Multiscale Model Definition 353

or, in view of the strong equilibrium equations (9.29) together with assumption (9.30),∫
�µ

Pµ : ∇ ˙̃uµ dV =
∫

∂�µ

te · ˙̃uµ dA −
∫

�s
µ

b · ˙̃uµ dV (9.40)

Thus, the Hill–Mandel principle is equivalent to the following variational equation:∫
∂�µ

te · ˙̃uµ dA −
∫

�s
µ

b · ˙̃uµ dV = 0 ∀ ˙̃uµ ∈ Vµ (9.41)

Further, since Vµ is a vector space (recall Section, 9.2.2), the above variational equation
holds if and only if each of its integrals vanish individually. Hence, Eq. (9.41) is equivalent
to Eq. (9.36), and Proposition 9.1 is proved.

Remark 9.4. (RVE reactive load systems) Equation (9.36) states that the Hill–Mandel
principle is equivalent to requiring that the external surface traction te and body force field b
of the RVE be purely reactive; that is, they are a reaction to the kinematical constraints (em-
bodied in the choice of Vµ) imposed upon the RVE and cannot be prescribed independently.
Note that te and b belong to the functional space orthogonal to Vµ. Thus, once Vµ is cho-
sen (i.e., the kinematical constraints to be imposed upon the RVE are defined), the space
to which te and b belong is automatically specified. This point is often overlooked in the
literature where assumptions such as vanishing body force [44] and antiperiodic or uniform
external tractions are frequently introduced in addition to kinematical constraints, without
a clear causal relation between the choice of RVE kinematical constraints and the resulting
reactions.

9.3
The Multiscale Model Definition

To complete the definition of the present family of multiscale constitutive models,
it is essential that the constitutive response of the RVE material be characterized.
Here, attention is focused on multiscale models for which the microscopic stress
Pµ over the solid domain is related to the history of Fµ by means of a generic
continuum tensor-valued constitutive functional of the type (9.1), which includes
internal variable-based phenomenological inelastic theories as particular cases. In
other words, at an arbitrary point y of �s

µ, we have

Pµ(y, t) = Py(F t
µ(y)) (9.42)

where, again, the superscript t denotes the history up to instant t. We remark
that the material response is assumed generally nonuniform throughout the
RVE, that is, the constitutive model describing the material response may
vary from point to point of the microcell. The subscript y is used in Eq.
(9.42) to emphasize that Py is the tensor-valued constitutive functional at point
y of �s

µ.
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354 9 Large Strain Multiscale Solid Constitutive Models

9.3.1
The Microscopic Equilibrium Problem

The variational equilibrium equation (9.28), in conjunction with the microscopic
constitutive hypothesis (9.42) and the assumption that the solid–void/pore me-
chanical interaction is accounted for only through the traction tv, leads naturally
to a microscopic equilibrium problem, which, in view of statement (9.36) of the
Hill–Mandel principle, consists in finding, for a given history F = F (x, t) of the de-
formation gradient at a point x of the macrocontinuum, a kinematically admissible
microscopic displacement field uµ ∈ Kµ such that∫

�s
µ

Py{[I + ∇uµ(y, t)]t} : ∇sη dV −
∫

∂�v
µ

tv(y, t) · η dA = 0 ∀η ∈ Vµ (9.43)

Equivalently, in view of definition (9.21) and identity (9.23), the equilibrium
problem can be stated in terms of the displacement fluctuation field as follows:
Find ũµ ∈ Vµ such that, for each t,

G(F, ũµ,η) ≡
∫

�s
µ

Py{[F (x, t) + ∇ũµ(y, t)]t} : ∇sη dV

−
∫

∂�v
µ

tv(y, t) · η dA = 0 ∀η ∈ Vµ (9.44)

where G is the virtual work functional.

9.3.2
The Multiscale Model: Well-Posed Equilibrium Problem

As it stands, for a given microscopic domain �µ = �s
µ ∪ �v

µ, microscopic response
functionals Py for all points y of the RVE and field tv, but with unspecified space
Vµ, the equilibrium problem (9.44) is obviously ill-posed. The formulation of any
multiscale constitutive model within the present framework is completed with the
choice of an appropriate space Vµ, that is, with the choice of kinematical constraints
to be imposed on the RVE. The essential requirements in defining the space Vµ are

• According to Eqs (9.20) and (9.23),

Vµ ⊂ K̃ ∗
µ (9.45)

• Space Vµ must make the microscopic equilibrium problem well-posed.

Once an appropriate Vµ is defined, the resulting multiscale model will deliver
the macroscopic stress as a functional of the history of the macroscopic strain as
follows:

1) Given the history of the macroscopic strain tensor F at the generic point x of
the macrocontinuum, solve the microscopic equilibrium problem, defined by
variational equation (9.44), for the microscopic displacement fluctuation ũµ.
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9.3 The Multiscale Model Definition 355

2) With the solution ũµ at hand, the macroscopic stress can be promptly obtained
by homogenizing the resulting distribution of microscopic stress

σµ(y, t) = Py{[F (x, t) + ∇ũµ(y, t)]t} (9.46)

according to Eq. (9.31).4)

Remark 9.5. Operations (1) and (2) above effectively define a macroscopic constitutive
functional of the type (9.1). The general definition of a multiscale constitutive model
within the present variational framework is summarized in Box 9.2.

Box 9.2: General Definition of a Homogenization-Based Large Strain Multiscale
Constitutive Model

(i) Define the domain �µ = �s
µ ∪ �v

µ, the microscopic constitutive function-
als Py for all points y ∈ �s

µ and the field tv over ∂�v
µ.

(ii) Choose a suitable space Vµ of kinematically admissible RVE displacement
fluctuations such that

Vµ ⊂ K̃ ∗
µ

where

K̃ ∗
µ ≡

{
v, sufficiently regular |

∫
∂�µ

v ⊗ n dA = 0

}

(iii) Resulting multiscale stress-constitutive functional
1) Microscopic equilibrium problem: Given the history of the macroscopic

deformation gradient, F, find the field ũµ ∈ Vµ such that, for each t,∫
�s

µ

Py{[F (x, t) + ∇ũµ(y, t)]t} : ∇η dV

−
∫

∂�v
µ

tv(y, t) · η dA = 0 ∀η ∈ Vµ′′

2) Evaluate the macroscopic stress tensor

P ≡ 1
Vµ

∫
�µ

Pµ dV = 1
Vµ

∫
�s

µ

Py[(F + ∇ũµ)t] dV

4) Alternatively, in this step, one may deter-
mine the reactive forces te and b by freeing
the space of virtual displacements after
solving Eq. (9.44) and then obtaining the
macroscopic stress from expression (9.33)
exclusively in terms of external forces. This

approach is particularly attractive in the
computational context, leading to a substan-
tial reduction in the number of operations
involved in the computation of the macro-
scopic stress.
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356 9 Large Strain Multiscale Solid Constitutive Models

9.4
Specific Classes of Multiscale Models: The Choice of Vµ

In this section, we cast four well-known classes of multiscale constitutive models
within the variational framework presented above. Namely, we derive

1) The Taylor or homogeneous microcell strain model. This model is also com-
monly referred to as the rule of mixtures;

2) The linear (or affine) RVE boundary displacement model;
3) Periodic RVE boundary displacement fluctuations model; and
4) The minimum kinematical constraint, or uniform RVE boundary traction,

model.

The RVE domain, microscopic constitutive functional, and possible internal
traction field tv are left as arbitrary. Their characterization will depend on the
particular microstructure in question. It is important to emphasize that the different
classes of multiscale models differ from one another solely in the definition of the space
Vµ ⊂ K̃ ∗

µ . The corresponding definitions are summarized in Box 9.3 and a more
detailed derivation of each class is described in the following.

Box 9.3: Common Vµ Definitions

a. Taylor model

Vµ = TaylorVµ ≡ {0}
b. Linear boundary displacements model

Vµ = linVµ ≡ {ũµ ∈ K̃ ∗
µ |ũµ(y, t) = 0 ∀ y ∈ ∂�µ}

c. Periodic boundary displacements fluctuations model

Vµ = perVµ

≡
{

ũµ ∈ K̃ ∗
µ |ũµ(y+, t) = ũµ(y−, t)∀ pairs {y+, y−}

}
d. Minimum kinematical constraint (or uniform boundary traction)

Vµ = uniVµ ≡ K̃ ∗
µ

9.4.1
Taylor Model

This is the simplest two-scale model of solid. It is obtained by choosing

Vµ = TaylorVµ ≡ {0} (9.47)

That is, the kinematical constraint on the RVE is

ũµ = 0 ∀ y ∈ �s
µ (9.48)
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9.4 Specific Classes of Multiscale Models: The Choice of Vµ 357

This choice implies that the associated total microscopic displacement field is linear
in y:

uµ(y, t) = u(x, t) + [F (x, t) − I ] y ∀ y ∈ �s
µ (9.49)

and the microcell deformation gradient is homogeneous,

Fµ(y, t) = F(x, t) (9.50)

and coincides with the macroscopic deformation gradient at the corresponding
material point x of the macrocontinuum. The hypothesis of homogeneous strain
over a generally heterogeneous microstructure is often referred to as the Taylor
assumption and can be traced back to the work of Taylor [45] in the context of
experimental analysis of the plastic deformation of polycrystalline metals.

The RVE equilibrium problem (9.44) in this case has the trivial solution (9.48)
and the microscopic stress is obtained directly from the microcell constitutive
equation with prescribed deformation gradient, F:

Pµ(y, t) = Py(Ft) (9.51)

Here, the body force b, external surface traction te, and the internal surface traction
tv are all reactions to the full kinematical constraint imposed by the choice TaylorVµ.
They belong to the spaces of all sufficiently regular fields over the corresponding
domain.

Remark 9.6. An important limitation of the Taylor approximation is the fact that
it does not consider the (possibly intricate) mechanical interaction among the different
solid phases or between the solid phases and voids. It is a well-known fact that the strain
field in the surroundings of voids and near the interface between different solid phases
can be quite complex and may have a crucial impact upon the macroscopic mechanical
response. When using a Taylor model, one must be aware of this fact. Another important
shortcoming of this class of models is that the traction tv on ∂�v

µ produces no virtual work
and is, therefore, a mere reaction to the Taylor kinematical constraint (which includes
fully constrained displacements on ∂�v

µ). Thus, tv cannot be prescribed independently in
this case, making Taylor-type models unsuitable, for example, to describe the solid–fluid
interaction in saturated porous media or crack closure effects in cracked media – alluded
to in Remark 9.2.

9.4.1.1 The Taylor-Based Constitutive Functional: the Rule of Mixtures
The macroscopic stress-constitutive functional for the two-scale model under the
Taylor assumption is obtained from Eqs (9.31) and (9.51) as

P(t) = TaylorP(Ft) = 1

Vµ

∫
�s

µ

Py(Ft) dV (9.52)

An instance of the above functional of particular practical interest arises when the
solid part of the microcell is made of a single material with constitutive response
functional P independent of y. In this case, the macroscopic stress predicted by
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358 9 Large Strain Multiscale Solid Constitutive Models

the Taylor-based model is simply

P(t) = TaylorP(Ft) = P(Ft)

Vµ

∫
�s

µ

dV = vs Pµ (9.53)

where

vs ≡ Vs
µ

Vµ

(9.54)

is the solid volume fraction, where Vs
µ denotes the solid volume of the RVE, and

Pµ = P(Ft) is the stress resulting from the imposed strain history on the solid
material. Trivially, in the absence of voids (vs = 1) we have P = Pµ = P(Ft), that
is, the macroscopic and microscopic constitutive functionals coincide. Another
interesting particular specialization of Eq. (9.52) occurs when the solid part of the
microcell is made of a number of distinct materials. To see this, let us assume
that the microcell solid domain is divided into k nonoverlapping subdomains
�1

µ, . . . , �k
µ, with corresponding volumes V1

µ, . . . , Vk
µ. We then have

�s
µ =

k⋃
i=1

�i
µ, Vs

µ =
k∑

i=1

Vi
µ (9.55)

Each subdomain i is assumed to be made of a material modeled by a consti-
tutive functional Pi. By introducing the partitioning (9.55) with the correspond-
ing Pi’s into Eq. (9.52), we then promptly obtain the following macroscopic
stress-constitutive functional:

P (t) = TaylorP(Ft) =
k∑

i=1

viP
i(Ft) =

k∑
i=1

vi Pi
µ (9.56)

where

vi ≡ Vi
µ

Vµ

(9.57)

is the volume fraction and P i
µ is the (uniform) microscopic first Piola–Kirchhoff

stress of phase i. That is, the macroscopic stress in this case is simply the weighted
average of the stresses acting at the different solid phases. This rule is commonly
known as the rule of mixtures and is often used as a first constitutive approximation.

Remark 9.7. (Symmetry properties of Taylor-type models) The following result is
trivial. Let all phases of the RVE share the same symmetry group, S , that is, for
i = 1, . . . , k,

Pi(Ft) = Pi([F Q]t) (9.58)

for all time-independent orthogonal tensors Q ∈ S . Then, the resulting homogenized
Taylor constitutive functional also has S as its symmetry group, that is,

TaylorP(Ft) = TaylorP([F Q]t) (9.59)

for all time-independent Q ∈ S . The above is true regardless of the geometry of phase
arrangement within the microcell. This is another important shortcoming of Taylor-based
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9.4 Specific Classes of Multiscale Models: The Choice of Vµ 359

models. Note, for example, that directional geometrical arrangements of isotropic
phases with distinct mechanical responses are physically bound to produce anisotropic
macroscopic response. In such cases, however, Taylor-based multiscale models will predict
isotropic homogenized response.

9.4.2
Linear RVE Boundary Displacement Model

This class of models is derived by assuming that the RVE boundary displacement
fluctuations vanish, that is, the set Vµ taking part in problem (9.44) is chosen as

Vµ = linVµ ≡ {ũµ ∈ K̃ ∗
µ |ũµ(y, t) = 0 ∀ y ∈ ∂�µ} (9.60)

This choice renders the RVE boundary displacement linear in y:

uµ(y, t) = [F (x, t) − I ] y on ∂�µ (9.61)

In this case, the external surface traction, te, orthogonal to Vµ belongs to the space of
all sufficiently regular fields over ∂�µ, whereas the only body force field orthogonal
to Vµ is simply

b(y, t) = 0 in �µ (9.62)

9.4.3
Periodic Boundary Displacement Fluctuations Model

This class of constitutive models is appropriate to describe the behavior of materials
with periodic microstruture. In this case, it is possible to define an RVE whose
periodic repetition generates the macrostructure [2]. For simplicity, we focus the
description on two-dimensional problems. Here, we follow the notation adopted
in Ref. [36]. Consider, for example, the square or hexagonal RVEs, as illustrated in
Figure 9.2. In this case, each pair i of cell sides consists of the equally sized subsets

�+
i and �−

i

of ∂�µ, with respective unit normals

n+
i and n−

i

such that

n−
i = −n+

i (9.63)

Note that a one-to-one correspondence exists between the points of �+
i and �−

i ,
that is, each point y+ ∈ �+

i has a corresponding pair y− ∈ �−
i .

The key kinematical assumption for this class of models is that the displacement
fluctuation is periodic on the boundary of the RVE, that is, for each pair {y+, y−} of
boundary points, we have

ũµ(y+, t) = ũµ(y−, t) (9.64)
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360 9 Large Strain Multiscale Solid Constitutive Models
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Figure 9.2 RVEs for periodic media. Square and hexagonal cells.

This assumption ensures the intercell displacement compatibility within the peri-
odic medium. In addition, without loss of generality, to ensure the well-posedness
of the equilibrium problem (9.44), we assume the origin of the RVE coordinate
system to lie on ∂�s

µ and prescribe

ũµ(0, t) = 0 (9.65)

Accordingly, the space Vµ is defined as

Vµ = perVµ ≡ {
ũµ ∈ K̃ ∗

µ |ũµ(0, t) = 0,
ũµ(y+, t) = ũµ(y−, t) ∀ pairs{y+, y−}} (9.66)

To see that Eq. (9.45) holds for the above choice, note that under the present
assumed geometrical partitioning of the RVE boundary, the constraint of set K̃ ∗

µ

defined in Eq. (9.17), can be equivalently written as

∑
i

(∫
�

+
i

ũµ ⊗ n+
i dA +

∫
�

−
i

ũµ ⊗ n−
i dA

)
= 0 (9.67)

Then, by simply replacing Eq. (9.63) together with Eq. (9.64) into the left-hand side
of Eq. (9.67) we find that Eq. (9.67) is indeed satisfied.

The external surface traction, te, is orthogonal to perVµ:∫
∂�µ

te · η dA = 0 ∀η ∈ perVµ (9.68)

This implies that te is antiperiodic on ∂�µ, that is,

te(y+, t) = −te(y−, t) ∀ pairs{y+, y−} of ∂�µ (9.69)

Finally, the body force field orthogonal to perVµ here coincides with that of the
linear boundary displacement model – the zero body force (9.62).

9.4.4
Minimum Kinematical Constraint: Uniform Boundary Traction

This class of models is obtained by assuming minimum kinematical constraint on the
RVE. Again we impose Eq. (9.65) to ensure the well-posedness of the microscopic
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9.5 Models with Stress Averaging in the Deformed RVE Configuration 361

equilibrium problem, and then define the space of fluctuations as

Vµ = uniVµ ≡ {ũµ ∈ K̃ ∗
µ |ũµ(0, t) = 0} (9.70)

As for the linear and periodic boundary condition models, the above choice of Vµ

implies Eq. (9.62) – zero body force. The reactive external surface traction fields te

compatible with the present model satisfy

te(y, t) = Pµ(y, t)n(y) = P (x, t)n(y) ∀y ∈ ∂�µ (9.71)

where P is the macroscopic first Piola–Kirchhoff stress at the corresponding point x
of the macrocontinuum. That the above is true is shown in the Appendix. Here and
in what follows, we refer to fields te satisfying Eq. (9.71) as uniform boundary traction
fields and the present class of models is also referred to as uniform boundary traction
model. Note that, within the present kinematically based variational framework, the
traction boundary condition (9.71) is not imposed a priori. The so-called uniform
traction condition is a mere consequence of the choice of kinematically admissible
fluctuations space uniVµ.

Remark 9.8. The use of different definitions of Vµ for a given RVE produces, in general,
different estimates of the corresponding macroscopic constitutive response. The general
rule is as follows. First, note that upon inspection of definitions (9.47), (9.60), (9.66),
and (9.70) we see that

TaylorVµ ⊂ linVµ ⊂ perVµ ⊂ uniVµ (9.72)

that is, the Taylor model gives the stiffest (most kinematically constrained) solution to
the microscopic equilibrium problem, followed in order of decreasing stiffness, by the
linear boundary displacement, the periodic displacement fluctuation, and the uniform
boundary traction model. The uniform traction model produces the most compliant
(least kinematically constrained) solution.

9.5
Models with Stress Averaging in the Deformed RVE Configuration

For the sake of completeness, it is worth remarking that an alternative family of
large strain multiscale constitutive models can be obtained by postulating that the
macroscopic Cauchy stress,

σ ≡ (det F )−1P FT (9.73)

is the volume average of the microscopic Cauchy stress field,

σµ ≡ (det Fµ )−1PµFT
µ (9.74)

over the deformed configuration of the RVE, that is, in this case, axiom (9.31) is
replaced by

σ(x, t) ≡ 1
vµ

∫
ϕ(�µ)

σµ(y, t)dv (9.75)
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362 9 Large Strain Multiscale Solid Constitutive Models

where ϕ(�µ) and vµ denote, respectively, the deformed configuration and the
volume of the deformed configuration of the RVE.

A crucial observation here is that, because of the nonlinearity of the relation
between the Cauchy and first Piola–Kirchhoff stress tensors, the material averaging
of the stress (9.31) is, in general, not mechanically equivalent to the spatial averaging
(9.75), that is,

σ ≡ 1

vµ

∫
ϕ(�µ)

σµ dv = 1

vµ

∫
ϕ(�µ)

(det Fµ )−1PµFT
µ dv

�= (det F )−1P FT

≡ det
(

1

Vµ

∫
�µ

FT
µ dV

)−1( 1

Vµ

∫
�µ

Pµ dV

)(
1

Vµ

∫
�µ

FT
µ dV

)
(9.76)

This issue has been discussed in detail by Nemat-Nasser [3]. The above inequality
implies that, for a given RVE, macroscopic constitutive models resulting from the
spatial averaging of the stress will, in general, differ from the analogous models
based on the material averaging of stress. However, it is demonstrated by the
authors [46] that under certain RVE kinematical constraints of practical interest,
both formulations are equivalent. The equivalence holds, in particular, for the
Taylor, linear boundary fluctuations and periodic boundary fluctuations models. In
such cases, it is immaterial whether the stress averaging is defined on the material
or on spatial configuration. For the uniform boundary tractions model, though,
equivalence does not hold and the models resulting from material and spatial stress
averaging do not coincide in general.

9.6
Problem Linearization: The Constitutive Tangent Operator

The linearization of nonlinear problems plays an important role in theoretical
and computational continuum solid mechanics [47]. In the theoretical context,
linearization can be essential in the determination of crucial properties, such
as the stability of solutions for instance. In the computational setting, lineariza-
tion becomes particularly important in the solution of approximate (discretised)
nonlinear problems – typically undertaken by iterative numerical methods relying
on the sequential solution of linearized problems. In particular, the widely used
Newton–Raphson iterative algorithm, whose key advantage is its quadratic rate of
asymptotic convergence, requires the exact linearization of the problem at each
iteration [35, 48, 49]. Our main concern here is the derivation of an exact canonical
form of constitutive tangent operator for multiscale constitutive models of the
present type. We remark that the tangent operator will be derived in the contin-
uum setting, that is, before any temporal or spatial discretization is introduced.
The specific format taken by the tangent operators under different discretization
schemes can be determined by simply introducing the relevant numerical approxi-
mations into the continuum canonical expressions. This is illustrated in Section 9.7,

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



9.6 Problem Linearization: The Constitutive Tangent Operator 363

where the canonical formulae derived here are specialized to the time-discrete (but
space-continuum) case.

First, we review the notion of tangent constitutive operator. To this end, consider
the perturbation of F,

Fε(t) ≡ F (t) + ε �F (t) (9.77)

by a scalar factor ε in the direction of a generic deformation gradient function �F
over the considered time history. The value of the generic tensor-valued constitutive
functional (9.1) at the strain history F t

ε can be expressed as

P(F t
ε ) = P(Ft) + ε D P(Ft)[�Ft] + o(ε) (9.78)

where

D P(Ft)[�Ft] ≡ d

dε

∣∣∣∣
ε=0
P(F t

ε) (9.79)

denotes the directional derivative, of the functional P at Ft in the direction of �Ft

and o(·) denotes a tensor that vanishes faster than (·), that is, for any scalar a,

lim
a→0

o(a)
a

= 0 (9.80)

The first two terms on the right-hand side of Eq. (9.78) define the linearization of
the functional P about the history Ft. If the representation (9.78) holds for any
�Ft, then the functional P is said to be differentiable at Ft and the operator D F(Ft)
defined by Eq. (9.79) is the gradient – or tangent constitutive operator – of P at Ft.
The operator D P(Ft) is a tensor-valued linear functional that maps deformation
gradient histories into stresses.

9.6.1
Homogenized Constitutive Functional

For multiscale constitutive models based on the volume averaging of the micro-
scopic first Piola–Kirchhoff stress, the tensor-valued constitutive functional that
delivers the macroscopic stress P – the homogenized constitutive functional, denoted
by homP(Ft) – is defined in generic form as

homP(Ft) ≡ 1
Vµ

∫
�s

µ

Py[(F + ∇ũµ)t] dV (9.81)

where the history of deformation gradient fluctuation ∇ũµ is itself a functional
of the history of the macroscopic deformation gradient, F, and is determined
through the solution of the microscopic equilibrium problem (9.44). Note that
for the simplest case – the Taylor model – for which ũµ = 0, the homogenized
functional (9.81) reduces to Eq. (9.52). The (generally nonlinear) relationship
between the histories of F and ∇ũµ defined through Eq. (9.44) is represented here
by a (generally nonlinear) functional E:

(∇ũµ)t = E(Ft) (9.82)
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364 9 Large Strain Multiscale Solid Constitutive Models

so that Eq. (9.81) can be more precisely expressed as

homP(Ft) ≡ 1
Vµ

∫
�s

µ

Py[(Ft + E(Ft)] dV (9.83)

9.6.2
The Homogenized Tangent Constitutive Operator

The homogenized tangent constitutive operator is the tangent operator associated with
functional homP. It is obtained by applying the directional derivative formula (9.79)
to Eq. (9.83). This gives5)

DhomP(Ft)[�Ft] ≡ d

dε

∣∣∣∣
ε=0

homP(F t
ε)

= 1

Vµ

∫
�s

µ

D Py(F t
µ) {�Ft + D E(Ft)[�Ft]} dV

=
{

1

Vµ

∫
�s

µ

D Py(F t
µ)dV

}
[�Ft]

+
{

1

Vµ

∫
�s

µ

D Py(F t
µ)D E(Ft)dV

}
[�Ft] (9.84)

where D Py(F t
µ) [�Ft] denotes the directional derivative of Py at the generic point

y of �s
µ evaluated at the microscopic deformation gradient history F t

µ(y) and
D E(Ft) [�Ft] is the directional derivative of the functional defined in Eq. (9.82)
evaluated at Ft.

To obtain a more convenient expression for the tangent operator, we proceed to
explore the directional derivative of E. Then, in addition to the perturbed strain
(9.77), consider the microscopic displacement fluctuation function

ũε(y, t) ≡ ũµ(y, t) + ε �ũµ(y, t) (9.85)

perturbed by the scalar factor ε in the direction of a generic field �ũµ ∈ Vµ.
Perturbation of both sides of Eq. (9.82), in conjunction with the directional
derivative concept of Eqs (9.78) and (9.79), gives

(∇ũµ)t + ε(∇�ũµ)t = E(Ft) + ε D E(Ft)[�Ft] + o(ε) (9.86)

from which the following tangential relationship emerges:

(∇�ũµ)t = D E(Ft)[�Ft] (9.87)

5) The linear operator represented as the inte-
gral of D Py(Ft) on the last right-hand side
of Eq. (9.84) is defined such that

{
1

Vµ

∫
�s

µ
DPy(Ft)dV

}
[�Ft]= 1

Vµ

∫
�s

µ
DPy(Ft) [�Ft]dV

for any deformation gradient history [�Ft].
The linear operator represented as the inte-
gral of D Py(F t

µ)D E(Ft) has an analogous
definition.
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9.6 Problem Linearization: The Constitutive Tangent Operator 365

That is, D E maps increments of macroscopic deformation gradient histories lin-
early into increments of microscopic displacement fluctuation histories. Now, note
that any admissible pair {Fε , ũε} – that is, combination of macroscopic deforma-
tion gradient and displacement fluctuation functions that solves the equilibrium
problem defined in Eq. (9.44) – satisfies

G(Fε , ũε ,η) = 0 ∀η ∈ Vµ (9.88)

Then, the linearisation of Eq. (9.88) at an admissible pair {F, ũµ} (at ε = 0) is given
by the variational equation

L G(Fε , ũε ,η) ≡ G(F, ũµ,η) + ∂

∂ε

∣∣∣∣
ε=0

G(Fε , ũε ,η)

= ∂

∂ε

∣∣∣∣
ε=0

G(Fε , ũε ,η) = 0 ∀η ∈ Vµ (9.89)

where L G denotes the linearized virtual work functional. By applying standard
rules of differentiation to definition (9.44) of G, we see that the above relation
defines the problem of finding, for a given function �F, the field �ũµ ∈ Vµ that
solves the linear variational equation∫

�s
µ

D Py(F t
µ)[(∇�ũµ)t] : ∇η dV = −

∫
�s

µ

D Py(F t
µ)[�Ft] : ∇η dV∀η ∈ Vµ

(9.90)

This equation defines the linear operator D E(Ft) of Eq. (9.87), that is, the linear
mapping D E represents the solution of the problem defined by Eq. (9.90).

Remark 9.9. Clearly, D E depends in general on the choice of space Vµ. For example,
for the Taylor model (Vµ = {0} ⇒ �ũµ = 0) the tangent D E maps any macroscopic
deformation gradient history increment into the zero tensor field. In this case, the general
tangent operator (9.84) reduces to

DhomP(Ft) = DTaylorP(Ft) ≡ 1

Vµ

∫
�s

µ

D Py(Ft)dV (9.91)

that is, the Taylor model tangent operator is the volume average of the microscopic
constitutive tangent. Obviously, the same result can be arrived at by simply linearizing
the Taylor homogenized stress-constitutive functional (9.52).

Finally, by substituting Eq. (9.91) into Eq. (9.84), we obtain the general canonical
form of the homogenized tangent constitutive operator

DhomP(Ft) = DTaylorP(F t
µ) + L(F t

µ) (9.92)

where L is the linear operator

L(F t
µ) ≡ 1

Vµ

∫
�s

µ

D Py(F t
µ)D E(F t

µ)dV (9.93)
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366 9 Large Strain Multiscale Solid Constitutive Models

Remark 9.10. Equation (9.90) has an appealing interpretation. Its right-hand side can
be seen as the virtual work of the reactive body force field, bT , defined by∫

�µ

bT · η dV =
∫

�µ

D Py(Ft
µ)[�Ft] : ∇η dV ∀η ∈ Vµ (9.94)

that would result if the RVE (with linearized constitutive equation) were subjected to a
Taylor-type increment of microscopic deformation gradient field (i.e., a uniform deforma-
tion gradient increment equal to the macroscopic deformation gradient increment). The
corresponding increment �ũµ of microscopic displacement fluctuation on the left-hand
side of Eq. (9.90) is the field of Vµ that would generate stresses (through the linearized
microscopic constitutive functional) in equilibrium with this reactive body force.

Remark 9.11. (the structure of DhomP) Expression (9.92) for the homogenized
tangent constitutive operator reveals an interesting structure. The tangent DhomP

consists of the sum of two linear operators: (i) a contribution DTaylorP, which measures
how the macroscopic stress varies under the Taylor assumption at the state defined by
the microscopic deformation gradient history F t

µ; and (ii) a contribution L(F t
µ) that

measures the variation of microscopic stress that balances the body force reaction (refer to
Remark 10) needed to maintain the Taylor constraint over an RVE whose displacement
fluctuations are constrained to be in Vµ. The contribution L(F t

µ) is obviously generally
dependent upon the choice of space Vµ.

9.7
Time-Discrete Multiscale Models

In this section, we focus our attention on time-discrete approximations to
constitutive functionals derived from a multiscale description of the material re-
sponse. Time-discrete constitutive functions are particular instances of the generic
tensor-valued functional P of Eq. (9.1) where, for a given suitably chosen set of
variables αn defining the state at a time tn and a given time increment �t, the only
event in the history of F required to determine the stress at time tn+1 = tn + �t is
the instantaneous value Fn+1 of the deformation gradient at tn+1, that is,

P (tn+1) = P(Ftn+1 ) ≡ P̂(Fn+1, �t; αn) (9.95)

The function P̂ (for fixed �t and αn) is analogous to a (generally nonlinear)
elastic constitutive function and is commonly referred to as the algorithmic or
incremental constinutive function for the stress tensor. Time-discrete functions
of the type (9.95) arise almost invariably in the finite-element solution of initial
boundary value problems characterized by dissipative constitutive models, such
as elastoplastic and viscoplastic. The time-discrete approximate constitutive law
is obtained by introducing some form of time discretization in the original
time-continuum constitutive equations [35].

The material presented in what follows is a particular case of what has already
been seen in the preceding sections, obtained by simply specializing the relevant
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9.7 Time-Discrete Multiscale Models 367

history constitutive functionals for the stress tensor as incremental constitutive
functions of the type (9.95).

9.7.1
The Incremental Equilibrium Problem

By replacing the history functional Py with its incremental counterpart P̂µ
6), the

general (time-continuum) microscopic equilibrium problem (9.44) is transformed
into a sequence of incremental (or time-discrete) equilibrium problems. Each step
of this sequence is defined as follows. Knowing the displacement field and the
set of variables αn for all points of the RVE at tn and given the macroscopic
deformation gradient Fn+1, the time increment �t and, if applicable, the reference
internal surface traction tv

n+1, the incremental equilibrium problem at a generic
time step n + 1 consists in determining a microscopic displacement fluctuation
field ũµ|n+1 ∈ Vµ such that

Ĝ(Fn+1, ũµ|n+1,η) ≡
∫

�s
µ

P̂µ(Fn+1 + ∇ũµ|n+1, �t;αn) : ∇η dV

−
∫

∂�v
µ

tv
n+1 · η dA = 0 ∀η ∈ Vµ (9.96)

where Ĝ is the incremental virtual work functional of step n + 1.

9.7.2
The Homogenized Incremental Constitutive Function

Let us start by considering the simplest multiscale constitutive model – the Taylor
model. In this case, we have

Vµ = {0} �⇒ uµ|n+1 = u(x, tn+1) + (Fn+1 − I ) y ⇐⇒ ũµ|n+1 = 0 (9.97)

and the homogenized constitutive function TaylorP of Eq. (9.52) specializes as

TaylorP̂(Fn+1, �t;αn) ≡ 1

Vµ

∫
�s

µ

P̂µ(Fn+1, �t;αn)dV (9.98)

where αn denotes the field of variables αn over the entire domain �s
µ, that is, at

each point y ∈ �s
µ,

αn = αn(y) (9.99)

Note that, since the constitutive model describing the microcell response may
vary from point to point, α may represent different sets of variables at distinct
points of �s

µ. For a microcell made of a number k of distinct solid phases, we have,

6) As the functional Py, the incremental
constitutive function in general varies from
point to point of the RVE.
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368 9 Large Strain Multiscale Solid Constitutive Models

analogously to Eq. (9.56), the homogenized function

TaylorP̂(Fn+1, �t;αn) =
k∑

i=1

vi P̂i
µ(Fn+1, �t;αi

n) (9.100)

with

αn ≡ {α1
n, . . . ,αk

n} (9.101)

In the general case, the homogenized incremental constitutive function for the
stress is defined implicitly through the incremental microscopic equilibrium
equation (9.96). The stress Pn+1 is obtained by first solving Eq. (9.96) and then,
with ũµ|n+1 at hand, computing

Pn+1 = 1

Vµ

∫
�s

µ

P̂µ(Fn+1 + ∇ũµ

∣∣∣∣
n+1

, �t;αn)dV (9.102)

that is, the incremental macroscopic stress constitutive function is defined as

homP̂(Fn+1, �t;αn) ≡ 1

Vµ

∫
�s

µ

P̂µ(Fn+1 + ∇ũµ

∣∣∣∣
n+1

, �t;αn)dV (9.103)

where ũµ|n+1 is itself a function solely of Fn+1 (for given �t and αn) defined as
the solution of Eq. (9.96). Note that, under the Taylor assumption (9.97), definition
(9.103) recovers the Taylor model incremental constitutive function (9.98).

9.7.3
Time-Discrete Homogenized Constitutive Tangent

The time-discrete homogenized constitutive tangent operator is the incremen-
tal specialization of the linearized constitutive functional DhomP discussed in
Section 9.5. In this case, consider the redefined perturbed macroscopic deformation
gradient

Fε = Fn+1 + ε �F (9.104)

Here, Fε and �F denote tensors and not tensor functions over the time domain
as in Eq. (9.77). The incremental tangent, denoted by homA – a specialization of
the linear functional DhomP – is a fourth-order tensor that expresses the tangential
relationship between the macroscopic first Piola–Kirchhoff stress tensor and the
macroscopic deformation gradient at tn+1, consistently with the homogenised
incremental constitutive function (9.103). In other words, for any macroscopic
deformation gradient direction �F, we have

homP̂(Fε , �t;αn) = homP̂(Fn+1, �t;αn) + εhomA : �F + o(ε) (9.105)

where homA : �F is the directional derivative of the incremental constitutive func-
tion homP̂ in the direction �F:

homA : �F ≡ d

dε

∣∣∣∣
ε=0

homP̂(Fn+1 + ε �F, �t;αn) (9.106)
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9.7 Time-Discrete Multiscale Models 369

The operator homA is simply

homA ≡ ∂

∂F

∣∣∣∣
Fn+1

homP̂(F, �t;αn) (9.107)

9.7.3.1 Taylor Model
For the incremental version of the Taylor model, we obtain by specializing Eq.
(9.91) to the time-discrete case (or by differentiating Eq. (9.98)), the following
homogenized tangent operator:

homA = TaylorA ≡ 1

Vµ

∫
�s

µ

Aµ dV (9.108)

where

Aµ = ∂

∂Fµ

∣∣∣∣
Fµ|n+1

P̂µ(Fµ, �t; αbn) (9.109)

is the tangent operator consistent with the microscopic incremental constitutive
law; that is, for the Taylor model, the incremental homogenized tangent tensor is
the volume average of the microscopic incremental constitutive tangent tensor.

9.7.3.2 The General Case
To obtain a canonical expression for the general case, let us first consider the
perturbed microscopic displacement fluctuation

ũε(y) ≡ ũµ|n+1(y) + ε �ũµ(y) (9.110)

Note that, different from Eq. (9.85), the vectors ũε and �ũµ here are fields over �s
µ

only (and not over the time history).
The tangential relation between �F and �ũµ is obtained from the linearization

of the incremental equilibrium problem defined by Eq. (9.96), which results in the
following specialization of the problem associated with Eq. (9.90): Given �F, find
the field �ũµ ∈ Vµ that solves the linear variational equation

∫
�s

µ
∇η : Aµ : ∇�ũµdV = −

[∫
�s

µ
∇η : AµdV

]
: �F ∀η ∈ Vµ (9.111)

A more compact expression for the above time-discrete tangent relation can be
obtained by adopting the decomposition used by Michel et al. [2] in the infinitesimal
strain context as follows. Let us write �F in Cartesian component form:

�F = �Fij ei ⊗ ej (9.112)

where {ei} is an orthonormal basis of the three-dimensional Euclidean space and
the scalars �Fij are the corresponding Cartesian components of �F. In addition,
let the vector field �ũij ∈ Vµ be the solution of

∫
�s

µ

∇η : Aµ : ∇�ũij dV = −
[ ∫

�s
µ

∇η : Aµ dV

]
: ei ⊗ ej ∀η ∈ Vµ (9.113)
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370 9 Large Strain Multiscale Solid Constitutive Models

The vector fields �ũij are referred to as tangential displacement fluctuations. Since
Eq. (9.111) is linear, �ũµ can be constructed by superposition of tangential solutions
�ũij and can be expressed by the following linear combination:

�ũµ = �Fij �ũij (9.114)

To obtain a final expression for the homogenized operator homA, we specialize
Eq. (9.84) to the time-discrete setting, which gives

homA : �F =
[

1

Vµ

∫
�s

µ

Aµ dV

]
: �F + 1

Vµ

∫
�s

µ

Aµ : ∇�ũµ dV

= TaylorA : �F +
[

1

Vµ

∫
�s

µ

Aµ : ∇�ũij dV

]
�Fij (9.115)

where we have used Eq. (9.114) and expression (9.108) for the Taylor model
incremental tangent operator. To further simplify the expression, note that in
Cartesian component form, the second-order tensor Aµ : ∇�ũij can be expressed
as

Aµ : ∇�ũij = (Aµ)klpq(∇�ũij)pqek ⊗ el (9.116)

so that the second summand on the last right-hand side of Eq. (9.115) can be
written as[

1

Vµ

∫
�s

µ

Aµ : ∇�ũij dV

]
�Fij = Ã : �F (9.117)

where Ã is the time-discrete version of the linear operator L of Eq. (9.93):

Ã ≡
[

1

Vµ

∫
�s

µ

(Aµ)ijpq (∇�ũkl)pq dV

]
ei ⊗ ej ⊗ ek ⊗ el (9.118)

Finally, with the above at hand, we arrive at the following compact canonical
formula for the general homogenized incremental constitutive tangent operator,
analogous to Eq. (9.92),

homA = TaylorA + Ã (9.119)

Only the contribution Ã depends on the choice of space Vµ (note that the solutions
�ũij of Eq. (9.113) taking part in Eq. (9.118) depend on this choice in general).
Obviously, under the Taylor assumption (9.97), �ũij = 0, so that Ã vanishes and
Eq. (9.119) recovers the Taylor tangent (9.108). For convenience, the essential
expressions defining homA are summarized in Box 9.4. We remark that expression
(9.119), which generalizes the infinitesimal homogenized elasticity tensor derived
by Michel et al. [2], has been recently presented by Larsson and Runesson [44],
derived on the basis of a primal and a dual approach by direct linearization of the
time-discrete equations. Here, this result is attained by the specialization of the
canonical continuum form Eq. (9.91).
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9.8 The Infinitesimal Strain Theory 371

Box 9.4: The Incremental Homogenized Constitutive Tangent Operator

(i) Taylor contribution

TaylorA = 1

Vµ

∫
�s

µ

Aµ dV

(ii) Tangential displacement fluctuations: For i, j = 1, 2, 3, find �ũij ∈ Vµ such
that ∫

�s
µ

∇η : Aµ : ∇�ũij dV = −
[ ∫

�s
µ

∇η : Aµ dV

]
: ei ⊗ ej∀η ∈ Vµ

(iii) Tangential fluctuation contribution

Ã ≡
[

1

Vµ

∫
�s

µ

(Aµ)ijpq (∇�ũkl)pq dV

]
ei ⊗ ej ⊗ ek ⊗ el

(iv) The incremental homogenized tangent operator

homA =Taylor A + Ã

9.8
The Infinitesimal Strain Theory

An entirely analogous axiomatic variational structure can be established for in-
finitesimal strain multiscale constitutive models by simply constraining the above
finite strain framework to the case of linearized kinematics. For completeness,
the corresponding basic axioms are listed in Box 9.4, where ε and εµ denote,
respectively, the macroscopic and microscopic infinitesimal strain tensors; σ and
σµ are the macroscopic and microscopic stress tensors; and ∇s and ⊗s denote,
respectively, the symmetric gradient operator and the symmetric tensor product.

The general model definition follows that of Box 9.2, with the definition of
K̃ ∗

µ , the equilibrium equation and the stress averaging relation replaced by those
of Box 9.5. The corresponding functional spaces for the Taylor, linear boundary
displacements, and periodic boundary fluctuations have the same definitions
as those of Box 9.3, whereas the minimally constrained space of kinematically
admissible fluctuations follows the definition of item (ii) of Box 9.5. Note that
the displacement fluctuation field in the present context of infinitesimal strains is
defined, analogously to Eq. (9.13), as

ũµ(y, t) ≡ uµ(y, t) − [u(x, t) + ε y] (9.120)

where εy represents a displacement field that causes uniform straining of the RVE,
coinciding with the macroscopic strain. The uniform boundary traction,

t(y) = σµ(y) n(y) = σ n(y) ∀y ∈ ∂�µ (9.121)
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372 9 Large Strain Multiscale Solid Constitutive Models

resulting from the minimal constraint in this case can be proved analogously to

the proof given in the Appendix for the large strain model. A step-by-step proof

specific for the small strain case is given in Ref. [42].

Box 9.5: Infinitesimal Strain Multiscale Constitutive Models: Basic Axioms

(i) Infinitesimal strain averaging relation:

ε ≡ 1

Vµ

∫
�µ

εµ dV

(ii) The actual set K̃µ of kinematically admissible displacement fluctuation
fields of the RVE is a subspace of its minimally constrained counterpart,

K̃ ∗
µ ≡

{
v, sufficiently regular|

∫
∂�µ

v ⊗s n dA = 0

}

(iii) Equilibrium of the RVE:∫
�µ

σµ(y, t) : ∇sη dV −
∫

�µ

b(y, t) · η dV

−
∫

∂�µ

te(y, t) · η dA = 0 ∀η ∈ Vµ

where Vµ is the space of virtual displacements of the RVE.
(iv) Stress averaging relation:

σ ≡ 1
Vµ

∫
�µ

σµ dV

(v) Hill–Mandel principle of macrohomogeneity:

σ : ε̇ = 1

Vµ

∫
�µ

σµ : ε̇µ dV

for any kinematically admissible velocity field of the RVE.

Finally, the incremental homogenized constitutive tangent operator of the in-

finitesimal theory is given by completely analogous expressions to those of Box 9.4,

with ∇ replaced with ∇s in items (ii) and (iii) and ⊗ replaced with ⊗s in item (ii).

9.9
Concluding Remarks

The formulation of a wide family of small and large strain generally inelastic

multiscale constitutive models has been reviewed and cast within an axiomatic

kinematical variational framework. The axiomatic structure is defined by (i) the
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9.9 Concluding Remarks 373

strain averaging relation; (ii) a simple constraint upon the possible choices of
sets of kinematically admissible displacement fluctuation fields of the RVE;
(iii) the equilibrium of the RVE; (iv) the stress averaging relation; and (v) the
Hill–Mandel principle of macrohomogeneity. Four well-known classes of mul-
tiscale theories have been presented within this framework: the Taylor model;
the linear boundary displacement fluctuations model; the periodic boundary fluc-
tuations model; and the minimally constrained, or uniform boundary traction,
model. Canonical formulae for constitutive tangent operators have been derived
first in the fully (space- and time-) continuum setting and then specialized to the
space-continuum/time-discrete case. Fully discrete tangent operators can be ob-
tained by simply specializing the derived time-discrete formulae further according
to the chosen spatial discretisation method. The possible mechanical equivalence
between large strain models based on the reference volume averaging of the
first Piola–Kirchhoff stress and the spatial averaging of the Cauchy stress has been
briefly discussed. Finally, we remark that a completely analogous statical variational
formulation of the present family of models – dual to the kinematical formula-
tion presented here – is straightforward and will be the subject of a forthcoming
publication (see Ref. [50] for a dual formulation under infinitesimal strains).

Appendix

Here we show that Eq. (9.71) is indeed true. That is, we demonstrate that if te lies
in the space orthogonal to uniVµ of Eq. (9.70), then Eq. (9.71) holds – the reference
external RVE boundary tractions are uniform.

We start by noting that, in general, as the RVE is in equilibrium, we have

te(y, t) = Pµ(y, t) n(y) (A.9.1)

Further, if te is orthogonal to uniVµ, we have

∫
∂�µ

te · η dA = 0 ∀η ∈ uniVµ (A.9.2)

or, equivalently, in view of the identity (A.9.1),

∫
∂�µ

Pµ : [η ⊗ n] dA = 0 ∀η ∈ uniVµ (A.9.3)

In the present demonstration, we make use of the fact that an arbitrary tensor field
Pµ over �µ can be split as a sum

Pµ(y, t) = 	(t) + 	̃(y, t) (A.9.4)
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374 9 Large Strain Multiscale Solid Constitutive Models

of a tensor 	 constant in y and a tensor 	̃ such that, in the two-dimensional case,7)

∫
∂�µ

[	̃n(n ⊗ n) + 	̃s(s ⊗ n)] dA = 0 (A.9.5)

with 	̃n and 	̃s denoting, respectively, the normal and tangential components of
the vector field 	̃n in the local oriented orthonormal basis {n(y), s(y)} consisting of
the unit normal and tangential vectors to ∂�µ:

	̃n ≡ �̃ : (n ⊗ n), 	̃s ≡ �̃ : (s ⊗ n) (A.9.6)

In the split Eqs (A.9.4–A.9.5),

�(t) = R−1 : 
, 	̃(y, t) = Pµ(y, t) − 	(t) (A.9.7)

where 
 is the second-order tensor defined by


 ≡
∫

∂�µ

Pµ : (n ⊗ n ⊗ n ⊗ n + s ⊗ n ⊗ s ⊗ n) dA (A.9.8)

and R is the fourth-order tensor

R ≡
∫

∂�µ

(n ⊗ n ⊗ n ⊗ n + s ⊗ n ⊗ s ⊗ n) dA (A.9.9)

that depends exclusively on the geometry of the RVE boundary and is invertible
for closed boundaries ∂�µ

8) (which is always the case for the family of multiscale
constitutive models discussed in this chapter). Note that Eq. (A.9.4) follows trivially
from Eq. (A.9.7) and the inversibility of R, and that Eq. (A.9.5) holds can be
established by means of straightforward manipulations after the substitution of
Eqs (A.9.6)–(A.9.9) on the left-hand side of Eq. (A.9.5). Hence, the additive split
(A.9.4, A.9.5) is indeed true.

Now, let us consider the following vector field over ∂�µ

η∗(y, t) ≡ 	̃n(y, t) n(y) + 	̃s(y, t) s(y) − c(t) (A.9.10)

where c(t) is the (constant in y) vector

c(t) = 	̃n(0, t) n(0) + 	̃s(0, t) s(0) (A.9.11)

7) For simplicity, the demonstration here
focuses on the two-dimensional case.
The three-dimensional case is completely
analogous.

8) For example, for a square-shaped RVE, it
can be easily established that

R = aI

where the scalar a equals half of the perime-
ter of the RVE and I is the fourth-order
identity tensor with cartesian components

Iijkl = δikδjl
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9.9 Concluding Remarks 375

From the above definition, trivially,

η∗(0, t) = 0 (A.9.12)

In addition,∫
∂�µ

η∗ ⊗ n dA =
∫

∂�µ

[	̃n(n ⊗ n) + 	̃s(s ⊗ n)] dA − c ⊗
∫

∂�µ

n dA (A.9.13)

which, in view of Eq. (A.9.5) and the fact that
∫
∂�µ

n dA = 0 for closed domains
∂�µ, is equivalent to∫

∂�µ

η∗ ⊗ n dA = 0 (A.9.14)

Hence, according to definition (9.69), we have that

η∗ ∈ uniVµ (A.9.15)

so that the orthogonality condition (A.9.3) requires, in particular, that∫
∂�µ

Pµ : (η∗ ⊗ n)dA = 0 (A.9.16)

By expanding Eq. (A.9.16), taking Eqs (A.9.4) and (A.9.10) into account, we obtain∫
∂�µ

Pµ : (η∗ ⊗ n) dA = σ :
∫

∂�µ

(	̃nn ⊗ n + 	̃ss ⊗ n) dA +
∫

∂�µ

	̃2
n dA

+
∫

∂�µ

	̃2
s dA + c ·

∫
∂�µ

Pµn dA = 0 (A.9.17)

In view of Eq. (A.9.5) and the fact that equilibrium with b = 0 (the body force field
for the present class of models) requires that

∫
∂�µ

PµndA = 0, the above identity
implies that

	̃n(y, t) = 	̃s(y, t) = 0 ∀ y ∈ ∂�µ (A.9.18)

which together with Eq. (A.9.4) gives

Pµ(y, t) n(y) = �(t) n(y) ∀ y ∈ ∂�µ (A.9.19)

The substitution of the above into Eq. (A.9.1) establishes that, for the present class
of constitutive models, the reference external surface traction te is related to the
constant (in y) tensor 	 according to

te = � n (A.9.20)

Finally, by combining Eqs (A.9.20), (9.33), and the fact that b = 0 for the present
class of models, we obtain

P = 	

(
1

Vµ

∫
∂�µ

n ⊗ y dA

)
= 	 I = 	 (A.9.21)

This completes the demonstration.
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10
A Homogenization-Based Prediction Method of Macroscopic
Yield Strength of Polycrystalline Metals Subjected to
Cold-Working
Kenjiro Terada, Ikumu Watanabe, Masayoshi Akiyama, Shigemitsu Kimura, and
Kouichi Kuroda

10.1
Introduction

The plastic forming of polycrystalline metals, which are typical history-dependent
materials, is inevitably accompanied by a change in strength characteristics. The
evolution of the yield strength during cold-working, which is a plastic-forming
operation, is one of the most important characteristics in practice, since it eventually
determines the strength or durability of the final metal products. In the spirit of
Computer-Aided Engineering (CAE), it has been expected that the yield strength
after cold-working can be predicted by metal forming (numerical) simulations,
which, in most cases, crucially rely on phenomenological constitutive models in
the classical theory of plasticity.

It is known that the yield strength of polycrystalline metals during and after
cold-working often reveals anisotropy and its underlying mechanism is twofold.
One is due to the residual stress inside the material, and the other is the change
in the flow stress of the slip surfaces and the crystallographic orientations of the
grains. The former causes the so-called Bauschinger effect [1, 2] and is thought to be
due to various types of microscale heterogeneities as is demonstrated by microscale
analyses [3]. On the other hand, the latter mechanism in effect becomes influential
when the deformation due to plastic forming is relatively large and the resulting
texture development brings the directional dependence of the deformation as well
as the strength characteristics [4]. To accurately simulate the arbitrary cold-working
of polycrystalline metals and at the same time predict the post-forming strength,
these two features must be properly reflected in the constitutive models. In this
context, numerous attempts have been made since the finite-element method
(FEM) was applied to metal-forming simulations. Although they are too many
to discuss comprehensively, we briefly review some representative developments
below.

The Bauschinger effect has been incorporated into the constitutive equations by
the introduction of kinematic hardening models, which are basically represented
by the movement of the yield surface, that is, the center of the yield surface moves

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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380 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

according to so-called back stress without changing the size of the surface. A
considerable number of studies have been made on the modeling of kinematic
hardening. Among them, the model proposed by Armstrong and Frederick [5] is
one of the most popular ones, while the multisurface models by Mroz [6] and Iwan
[7] are also worthy of mention. The development of similar models is still an active
area of research [8–10].

To introduce the anisotropic strength characteristics due to texture developments
to the constitutive model, Hill [11] proposed a quadratic yield function with
parameters controlling its noncircular shape as a generalization of the von-Mises
yield condition in J2 flow theory. Gotoh and Ishise [12] extended the idea and
represented the yield condition by a quartic function they found to be more
reasonable considering their experimental observations. Various improved models
have been proposed, and some of them have been designed specifically as numerical
simulations for sheet metal forming [13–16]. However, these models are for the
initial state of the base material and their anisotropic features do not come from
their deformation histories during plastic forming. Therefore, they cannot represent
the evolution of the yield strength during and after the cold-working. Although a
number of articles have been devoted to the proposal of more realistic models that
can represent the change of the shapes of anisotropic yield functions [17–20], they
are still under development, but issues remain regarding their accuracy and the
methods of parameter identification.

Thus, the phenomenological constitutive models in the classical theory of
plasticity have not been able to provide sufficient accuracy to predict the yield stress
of polycrystalline metals after plastic forming. In view of this fact, there have been
studies based on the mechanism underlying the scale of crystal grains, that is, the
macroscopically observed material behavior of polycrystalline metals can be thought
to be the average of various microscale phenomena, including the change in flow
stress of the crystal grains due to the motion and accumulation of dislocations, the
residual stress inside or between the grains, and the nonuniform distribution of
crystallographic orientations. Studies from this aspect have been made following
the pioneering work done by Taylor [21] who made some assumptions on the
slippage and hardening characteristics of single crystals. The so-called Taylor
model is an analytical expression of the averaged response of polycrystalline
metals, in which the above-mentioned microscale phenomena of crystal grains are
taken into account, under the assumption that all the crystal grains are subjected
to constant and uniform strain in an aggregate. Although a modification of the
Taylor model was made by Bishop and Hill [22, 23] to investigate the macroscopic
yield surface, the Bauschinger effect, or equivalently, the effect of residual stress
usually caused by nonuniform stress and strain, cannot be represented by the
model because of the above-mentioned assumption. On the other hand, a class
of self-consistent models [24–26] derived by another analytical averaging method
based on Eshelby’s theory of equivalent inclusions [27] enables us to consider
the interaction between neighboring grains so that the Bauschinger effect can
be reproduced [28]. Although these models can be used for the macroscopic
constitutive responses in finite element (FE) simulations of the plastic forming
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10.1 Introduction 381

of metal products, the reliability of the quantitative evaluations of macroscopic
mechanical behavior are still open to question; see Refs. [29–32] for attempts with
the Taylor model within the framework of crystal plasticity, and Refs. [33, 34] and
[35] for the compact review and the incorporation of the texture component into
the FEM.

In recent years, there has been a renewal of interest in the characteriza-
tion of the macroscopic mechanical behavior of polycrystalline metals by the
FE simulations of crystal aggregates, that is, by preparing an FE model of a
representative volume element (RVE) composed of crystal grains and employ-
ing the crystal plasticity model, its equilibrium problem for microscopic stress
under certain boundary conditions can be solved [36–39]. Although the macro-
scopic and microscopic responses predicted by this approach are much more
realistic and reasonable than those by the phenomenological constitutive mod-
els in the classical theory of plasticity, it does not provide the functional form
of the macroscopic constitutive law and, therefore, does not enable us to per-
form metal forming analyses for macrostructures. As a result, the evaluation
of the macroscopic yield strength during and after plastic forming is also not
possible.

The methodology that can overcome the discrepancy of the RVE approach
is brought about by the mathematical theory of homogenization [40–43], since
the theory provides the so-called two-scale boundary value problem (BVP) for
arbitrary plastic forming, in which the microscale BVP is equivalent to that
of the RVE approach with a periodic boundary condition. In this two-scale
analysis method based on the homogenization theory, the macroscopic material
behavior is implicitly evaluated at each integration point of the macroscale
FE model by solving the equilibrium problem of the corresponding RVE,
or equivalently, the microscale BVP, without having the explicit form of the
macroscopic constitutive equation. This kind of solution scheme used to solve
the two-scale BVP is referred to as the micro–macro (or global–local) coupling
scheme and is typified in Refs. [44–46] for general heterogeneous media and
followed by many authors [47–50]; see in particular Nakamachi et al. [51]
for their application to polycrystalline metals with a dynamic explicit FE
code.

Although the micro–macro coupling scheme is promising in the sense that
various types of macroscopic material behavior can be captured without knowing
the explicit functional forms of the material models, the method, by its nature,
requires a significant amount of computational cost. Therefore, the decoupling
of micro- and macroscale BVPs is indispensable and this has been realized by
Watanabe and Terada [52, 53] with a view to approximately solving the two-scale BVP
encountered in practice. The solution method, called the micro–macro decoupling
scheme, consists of numerical material tests (NMTs) on a periodic microstructure,
namely, a unit cell, for the parameter identification of an assumed approximate
macroscopic constitutive model, and the decoupled macro-and microscale analyses.
It is expected that the approximate solution with the decoupling scheme can be
applied to the evaluation of the macroscopic yield strength after plastic forming.
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382 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

This chapter presents a homogenization-based evaluation method of the macro-
scopic yield strength of polycrystalline metals after cold-working. The procedure of
the method is as follows: first, the approximate macroscopic constitutive model and
its material parameters are assumed and then the decoupled macroscale analysis
is performed to simulate the macroscopic forming process. Next, the macroscopic
deformation histories are applied to unit cells at certain macroscopic points of in-
terest to obtain the ‘‘numerical specimens’’ that have experienced the cold-working
process, and finally, the NMT is conducted on them to evaluate the macroscopic
postforming yield strengths.

In Section 10.2, after the two-scale BVP is formulated in a general context,
both the micro–macro coupling and decoupling schemes are introduced for
two-scale analyses. Then we propose the method to evaluate the macroscopic
yield strength, which hinges on the solution of the microscale BVP, or equiva-
lently, the numerical specimen subjected to macroscopic deformation histories
during plastic forming. Section 10.3 is devoted to the preparation of the nu-
merical specimen for NMTs, which is a unit cell of a polycrystalline aggregate
composed of several crystal grains, and Section 10.4 provides the parameter iden-
tification for the assumed approximate macroscopic constitutive model. In Section
10.5, we validate the proposed method by taking the three-step forming process
as an example of macroscopic plastic forming in this study. The decoupling
scheme is applied to solve the corresponding two-scale BVP and, in turn, the
NMTs are carried out on the ‘‘numerical specimens’’ obtained at the last step
of the two-scale analysis to evaluate the macroscopic yield strength. Since the
method relies on the solution of the two-scale BVP, approximated by applying
the micro–macro decoupling scheme, the method is validated by comparing the
results with those obtained by the equivalent two-scale analysis in combination
with the coupling scheme. Section 10.6 presents a numerical example of the
pilger mill rolling process, which imposes very complex deformation histories
to polycrystalline aggregates to demonstrate the capability and promise of the
proposed method for practical applications. This is followed by the conclusion in
Section 10.7.

10.2
Two-Scale Modeling and Analysis Based on Homogenization Theory

In this section, after providing the two-scale BVP, which can be derived for a general
heterogeneous medium with periodic microstructures, we introduce two separate
solution methods for solving it. One is the micro–macro coupling solution scheme,
which requires us to solve the microscale BVP whenever macroscopic stress is
evaluated. The other is the micro–macro decoupling scheme, in which the micro-
and macroscopic BVPs are solved separately and the macroscopic constitutive
equation is assumed before the macroscopic analysis.
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10.2 Two-Scale Modeling and Analysis Based on Homogenization Theory 383

10.2.1
Two-Scale Boundary Value Problem

We introduce the two-scale BVP that governs the coupled mechanical behavior of
a general heterogeneous medium. The heterogeneous medium is assumed to be
composed of periodic microstructures, each of which is identified with an RVE
associated with its overall or macroscopic mechanical behavior and is commonly
referred to as a unit cell within the framework of mathematical homogenization
theory. The spatial size of the unit cell is characterized by parameter ε, which is
assumed to be very fine compared with the overall structure [46].

Let Bε
0 ⊂ Rndim (ndim = 1, 2, or 3) be the reference configuration of a continuum

body, where Rndim is the ndim-dimensional real space. We identify in the body
a particle labeled by its position vector X ∈ Bε

0 relative to the standard basis in
Rndim . On the other hand, a point x in the current configuration Bε of the body
is obtained via the mapping ϕ : Bε

0 → Bε ⊂ Rndim , defined as x = ϕ(X) for all
X ∈ Bε

0. Here and in the following formulation, the parameter ε is used to indicate
the dependency of variables or notations on the heterogeneity.

As is conventional in mathematical homogenization [40, 41], we decompose the
domain into two; B0 with invisible heterogeneities and εRndim , which is assumed
to represent an assembly of microstructures, that is, the actual domain Bε

0 can be
regarded as a product space B0 × εRndim . To measure the spatial changes in the
domains, B0 and Rndim , we introduce two separate scales: a macroscale X ∈ B0 for
the former and a microscale Y ∈ Y0 for the latter, in which Y0 is identified with the
physical domain for microstructures. These are related to each other by Y = X/ε.
Then, the domain of this problem can formally be represented as Bε

0 = B0 × Y0.
Field variables can be represented in terms of the two scales; for example, the

displacement u(X, Y) and the nominal stress P(X, Y) are measured by the two scales.
In addition, the microstructures are assumed to be periodically arranged with a
period εY0, and the bounded domain Y0 can be defined as an RVE and thus called a
unit cell. Then, the field variables such as displacement fields could be periodic in Y,
namely, Y0-periodic. After applying the results in the two-scale convergence theory
[43], we can separate the description of the micro- and macroscopic mechanical
behaviors by means of field variables with their own spatial scales.

Macroscopic deformation is given as a function of the initial position X ∈ B0 of
the body, which accommodates a microstructure where the variables are measured
by the initial position Y ∈ Y0. In addition, the macroscopic variables are commonly
obtained as the volume average of the corresponding microscopic variables. For
instance, the macroscopic nominal stress is defined as

P̃(X) := 1

|Y0|
∫
Y0

P0(X, Y)dY (10.1)

where |Y0| is the volume of the RVE in the initial configuration. On the other hand,
the microscopic displacement field is defined as

w(X, Y) = ∇X u0(X) · Y + u1(X, Y) (10.2)
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384 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

Then, the microscopic displacement gradient ∇Y w(X, Y) = H0(X, Y) is given by

H0(X, Y) = ∇X u0(X) + ∇Y u1(X, Y) (10.3)

from which the microscopic deformation gradient is identified with

F0 = ∇Y (w(X, Y) + Y) = H0 + 1 = H̃ + Ĥ + 1 (10.4)

where H̃(X) := ∇X u0(X), Ĥ(X, Y) := ∇Y u1(X, Y) and 1 is the second-order identity
tensor. Here, ∇X and ∇Y are the gradient operators with respect to macro- and
microscales, respectively. Because of the periodicity of u1(X, Y) with respect to Y,
namely Y0-periodic, the following averaging relationship holds:

H̃(X) := 1

|Y0|
∫
Y0

H0(X, Y)dY (10.5)

which associates the macroscopic displacement gradient at X with the microscopic
displacement gradient over the whole unit cell domain Y0. For an understanding
of the idea of separation of micro- and macroscopic kinematic representations in
detail, see Ref. [46].

The microscopic motion associated with the displacement w(X, Y) should be
understood as a one-to-one mapping ψ : Y0 → Y ⊂ Rndim where Y is the current
configuration and is defined as ψ(Y) = Y + w(X, Y), for all Y ∈ Y0, with the
local condition JY (Y) := det(∇Yψ(Y)) = det(F0(X, Y)) > 0. Accordingly, the spatial
version of the microscopic BVP is given for the RVE as∫

Y
τ 0(x, y) : ∇yη

1 dy

JY
= 0, ∀η1 ∈ W1,p

per(Y) (10.6)

along with a selected constitutive equation that relates the microscopic deformation
to the microscopic Kirchhoff stress τ 0(x, y). Here, dy denotes the differential volume
of the current configuration of the RVE, namely, dy = JY dY , and W1,p is the Sobolev
space of Y0-periodic functions. It is to be noted that, in this general setting, any
constitutive law is usable for constituents in the unit cell, though the crystal
plasticity model [34] is chosen for the specific purpose in this study.

On the other hand, the macroscopic BVP is governed by the following variational
formulation of spatial description:∫

B
τ̃ : ∇xη

0 dx

J̃
− gext(η0) = 0 ∀η0 ∈ VB (10.7)

along with

τ̃ (x) = 1

|Y|
∫

Y
τ 0(X, Y)

dy

JY
(10.8)

which is equivalent to Eq. (10.1). Here, |Y| is the volume of the RVE in the current
configuration, and VB is defined as VB = {

v : B �→ Rndim
∣∣vi ∈ W1,p, v = 0 on Γu

}
.

In addition, J̃ := det[F̃] is the macroscopic volumetric change, whereas dy = JY dY
is the microscopic counterpart. The set of these two BVPs constitutes the so-called
two-scale BVP, in which each BVP requires the solution of the other.
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10.2 Two-Scale Modeling and Analysis Based on Homogenization Theory 385

Since the theory of homogenization does not have the function of deriving
nonlinear constitutive equations for the macroscopic BVP and just provides the
averaging relationships (10.1) (or equivalently Eq. (10.8)) and (10.5), we have to
solve the two-scale BVP either without the macroscopic constitutive equation or
by simply assuming its explicit functional form that suitably can approximate the
macroscopic material behavior characterized with the corresponding unit cell. The
corresponding approaches are, respectively, referred to as the micro–macro coupling
and decoupling schemes, each of which is explained below.

10.2.2
Micro–Macro Coupling and Decoupling Schemes for the Two-Scale BVP

In the two-scale BVP, the macroscopic constitutive equation is an implicit function
of the solutions of the microscale BVP and, thus, the microscale BVP indirectly
represents the macroscopic material response, that is, it is not until the microscale
equilibrated stress is determined that the macroscopic stress can be calculated in
view of Eq. (10.1). Therefore, if the two-scale coupling analysis is performed by the
FEM, the microscale BVP must be associated with an integration point located in a
macroscale FE model and solved for the microscale equilibrated stress to evaluate
the macroscale stress by the averaging relation (10.1), which must satisfy the
macroscale BVP at the same time. In particular, when an implicit and incremental
solution method with a Newton–Raphson-type iterative procedure is employed to
solve the two-scale BVP, the microscale BVP is to be solved in every iteration to
attain the macroscale equilibrium state at every loading step. Needless to say, the
microscale BVP is also nonlinear and therefore requires the iterative method. This
type of solution scheme to solve the two-scale BVP is referred to as the micro–macro
(or global–local) coupling scheme and is typified in Refs. [44–46].

The micro–macro coupling scheme is promising in the sense that various types
of macroscopic material behavior can be captured without knowing the explicit
functional forms of material models if the unit cell is eligible for an RVE. However,
the method, by nature, requires a significant amount of computational cost. In fact,
the model size of the macroscale BVP raises the number of microscale BVPs to the
second power, since each macroscale integration point is associated with its own
microscale BVP. Although some parallel algorithms can reduce the cost to some
extent [54], we are bound to say that the coupling scheme is all but useless in most
practical applications. Therefore, the decoupling of micro- and macroscale BVPs
is indispensable for applying the two-scale approach based on homogenization to
various problems encountered in practice [52, 53].

In this context, let us recall that the homogenization procedure for linear prob-
lems [55], which consists of microscale numerical analyses performed on the unit
cell to identify the homogenized coefficients. For example, the homogenization
analysis for 3D linear elasticity problems requires us to carry out six separate
microscopic analyses, in which a unit macroscopic strain tensor with only one
nonzero component is used, and provides us with the components of the ho-
mogenized elasticity tensor, which are identified according to the volume average
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386 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

of the self-equilibrated microscopic stress tensors. Therefore, even for nonlinear
problems, if a relevant macroscopic constitutive equation is prepared so as to
approximate the actual macroscopic material behavior characterized by the mi-
crostructure, homogenization is just a set of microscale analyses that are followed
by parameter identification. Each microscale analysis for this purpose can be re-
ferred to as a numerical material test (NMT) and the numerical model of the unit cell
can be called a numerical specimen. This idea enables us to decouple the micro- and
macroscale BVPs; that is, each problem can be solved separately and in series. The
corresponding solution method is called the micro–macro decoupled analysis scheme
in this study [52, 53] and is summarized as follows. Note that the homogenization
for linear problems can be considered to be a special case of the decoupled analyses.

The concrete procedure of the decoupling scheme is described as follows:

1) An appropriate constitutive model relevant for the macroscopic material behav-
ior under consideration is assumed. We call this the approximate macroscopic
constitutive model.

2) A series of NMTs is conducted on a unit cell model (FE mesh), which is
regarded as a numerical specimen, to obtain the homogenized or macroscopic
material behavior. Note that the loading patterns to be considered here depend
on the selected constitutive model.

3) Material parameters of the assumed constitutive model are identified by means
of the ‘‘empirical’’ data obtained from the NMTs and an appropriate curve
fitting scheme.

4) FE analyses are carried out to solve the macroscale BVP using the assumed
constitutive model with identified material parameters. Let us call each of them
the decoupled macroscale analysis.

5) If necessary, after extracting the time series of macroscopic deformation
history from the macroscopic analysis result and applying it as a series of
boundary conditions, the localization analyses are performed to evaluate what
has actually been happening inside the unit cell during the macroscopic
deformation process. We call this process the decoupled microscale analysis,
which corresponds to the localization process in the theory of homogenization.

The precondition of decoupling is that we are able to pick up a constitutive
model to properly characterize the macroscopic material behavior. However, the
assumed approximate macroscopic constitutive model does not always properly
represent macroscopic material behavior, and indeed, the decoupling scheme is
just an approximate scheme. Thus, the coupling scheme should be used rather
than the decoupling one if the highest level of accuracy is desired irrespective of
computational cost.

10.2.3
Method of Evaluating Macroscopic Yield Strength after Cold-Working

We propose here a method of evaluating the macroscopic yield strengths of polycrys-
talline metals subjected to arbitrary patterns of cold-working. The method is simply
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10.3 Numerical Specimens: Unit Cell Models with Crystal Plasticity 387

to use the results of the decoupled microscale analysis in Step (5), or equivalently,
of the localization analysis. To be more specific, the NMTs are again performed
on the numerical specimen obtained after the final process of the micro–macro
decoupling scheme. Since the numerical specimen is generated as if it has been
embedded in the macroscopic structure during the macroscopic plastic forming
simulated in Step (4), the expectation is that it possesses as much information
about the macroscopic deformation histories as that in actual specimens.

Note, however, that the approximate macroscopic constitutive model may not
be reliable, as mentioned before. Nonetheless, the decoupling scheme must be
capable of evaluating the macroscopic yield strength of polycrystalline metals
after cold-working with reasonable quantitative accuracy, since most of the metal
forming processes are defined by prescribing the macroscopic deformation and
dominated by plastic deformation rather than elastic deformation. That is, although
there is no guarantee that the macroscopic stress response evaluated in the
decoupled macroscale analysis in Step (4) is the same as that obtained by the
corresponding coupling scheme, it is expected that the macroscopic deformation
during cold-working should be almost the same, and should also be reliable enough
for the decoupled microscale analysis in Step (5). Since the numerical specimen
thus obtained has been subjected to the reliable deformation history of plastic
forming, it can be considered a good approximation of that obtained by the coupled
analysis, and therefore, the macroscopic yield strength can be evaluated after
arbitrary plastic-forming processes.

It is also worth remarking that if we can find a constitutive law that accu-
rately predicts the macroscopic stress as well as the deformation of arbitrary
cold-working, the macroscopic yield strength can also be predicted from the evolu-
tion of the macroscopic yield function, meaning that neither the two-scale analysis
nor the proposed method of evolution of the macroscopic yield strength makes
sense. The motivation of this study comes from the common recognition that there
are as yet no phenomenological constitutive models that can predict not only the
stress and deformation histories but also the evolution of yield surface for arbitrary
patterns of cold-working. In this respect, the most important requirement for the
strength evaluation based on the micro–macro decoupling scheme is the reliability
of the microscale numerical analyses, which strongly relies on the capability of
the constitutive model employed for the material in the unit cell. In this study,
we assume that the so-called crystal plasticity model [34] is reliable enough to rep-
resent the mechanical behavior of single crystals in a polycrystalline metal, when
the periodic microstructure, namely, the unit cell, can be defined as an aggregate
of crystal grains.

10.3
Numerical Specimens: Unit Cell Models with Crystal Plasticity

In this study, we prepare finite element models of two types of numerical specimens
of polycrystalline metals, as shown in Figure 10.1. The preparation includes the
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388 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

Y1 Y2

Y3

Model A Model B

Figure 10.1 Finite element models of polycrystalline
aggregate. Model A: Eight-node hexahedral elements: 512
Nodes: 729. Model B: Four-node tetrahedral elements: 5127
Nodes: 1303

setting of plasticity models for single crystals within the framework of crystal
plasticity and their material parameters [34].

Model A is the unit cell’s FE model of a polycrystalline aggregate composed of
64 crystal grains, and its crystal grains have the same geometrical feature (cubic).
Each grain is assumed to be a face-centered cubic (FCC) and is modeled by eight
eight-node hexahedral solid elements. On the other hand, Model B is composed of
54 FCC grains, each of which has a truncated-octahedron shape, and its FE mesh is
generated with four-node tetrahedral elements. It is also assumed that both models
satisfy the geometrical periodicity condition and have randomly set crystallographic
orientations.

In the following description of the models, we confine ourselves to a single
material point in an RVE so that only a single spatial scale Y is used for field
variables. Omitting the distinction between the micro- and macroscopic variables
introduced in Section 10.2.1, we denote the microscopic total deformation gradient
by F instead of F0. We also assume the multiplicative split of F into an elastic Fe and
a plastic part Fp with detFp = 1 such that F = FeFp, in the kinematic description of
the models in single crystal plasticity.

Let s(α)
0 (α = 1, . . . , nslip) be the vector representing the slip direction of the αth

slip system in the reference configuration of a single crystal and be defined on
the slip plane with an outward unit normal vector given by m(α)

0 . Here, nslip is the
number of slip systems at a single material point in a single grain. The two vectors
for the αth slip system are, respectively, related to m(α)

t and s(α)
t in the current

configuration via the relationships s(α)
t = Fes(α)

0 , m(α)
t = Fe−Tm(α)

0 .
The rate-independent model, typified in [56], is employed for Model A, and the

following yield function is used for the αth slip system:

φ(α) = ∣∣s(α) · (
τm(α))∣∣ − τY −

nslip∑
β=1

hαβξ (β) ≤ 0 ∀α ∈ {
1, · · · , nslip

}
(10.9)
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10.3 Numerical Specimens: Unit Cell Models with Crystal Plasticity 389

where τ is the Kirchhoff stress, τY is the initial critical resolved shear stress (CRSS),
nslip is the number of slip systems (nslip = 12 for FCC), and ξ (α) is the accumulated
slip of slip system α. Here, hαβ is the hardening modulus and is defined as the
following nonlinear equation:

hαβ =

(

h0 − hsat
)

exp


−p

nslip∑
λ=1

ξ (λ)


 + hsat


[

δαβ + q(1 − δαβ )
]

(10.10)

where δαβ is the Kronecker’s delta symbol and p is the sensitivity parameter
for the exponential function. In addition, h0, hsat, and q are the moduli that
characterize the initial hardening, asymptotically saturating hardening, and latent
hardening, respectively. Here, the latent hardening, which represents the coupling
effect with other slip systems, induces anisotropy in the deformation and strength
characteristics [57], and its modulus is known to have the value p ∈ [1, 1.4] [58].

Since an FCC crystal reveals anisotropy in elastic deformation, we employ the St.
Venant–Kirchhoff model for the elastic constitutive model Ŝ = Ĉ

e
: Ee. Here, the

second Piola–Kirchhoff stress in the intermediate configuration Ŝ and the elastic
Green–Lagrange strain tensor Ee are, respectively, defined as Ŝ := Fe−1τFe−T and
Ee := 1

2 (FeTFe − 1), and Ĉ
e

is the forth-order elasticity tensor in the intermediate
configuration with constant components. The material parameters chosen for the
single crystal grains for Model A (Figure 10.1a) are given in Table 10.1.

On the other hand, we utilize the rate-dependent model introduced in [33] for
Model B. The model is suitable especially when the deformation is so large and
process is so complex, as in some practical situations, that the rate-independent
models suffer from the lack of uniqueness in the return mapping problem. In this
model, the slip rate γ̇ (α) of αth slip system is given by

γ̇ (α) = γ̇0
τ (α)/g(α)∣∣τ (α)/g(α)

∣∣1−n (10.11)

where γ̇0 is the reference strain rate, τ (α) is the resolved shear stress, and n is
the material rate sensitivity parameter. Here, g(α) is a function of the sum of the

Table 10.1 Material constants for crystal grains in Model A.

Elastic modulus Ĉ
e

1111(GPa) 230

Elastic modulus Ĉ
e

1122(GPa) 130

Elastic modulus Ĉ
e

1212(GPa) 100

Initial CRSS τ
(α)
Y (GPa) 0.12

Initial hardening modulus h0(GPa) 0.4

Saturation hardening modulus hsat(GPa) 0.05

Sensitivity parameter p 1.0

Ratio of latent hardening q 1.1
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390 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

Table 10.2 Material constants for crystal grains in Model B.

Elastic modulu Ĉ
e

1111(GPa) 127.51

Elastic modulu Ĉ
e

1122(GPa) 111.35

Elastic modulu Ĉ
e

1212(GPa) 85.31

Initial hardening modulu H0(MPa) 220.0

Saturated stress τs(MPa) 340

Initial CRSS τ0 (MPa) 93.0

Material sensitivity parameter n 30

Ratio of latent hardening q 1.4

accumulated slip defined by

γ =
nslip∑
α=1

∫ t

0

∣∣γ̇ (α)
∣∣dt (10.12)

so that its rate is evaluated as

ġ(α) =
nslip∑
α=1

hαβ γ̇ (β) (10.13)

In this expression, hαβ is the hardening modulus such that

hαβ = qH(γ ) + (1 − q)H(γ )δαβ (10.14)

together with H(γ ) = H0 sinh2 ∣∣γ /(τs − τ0)
∣∣, where H0 is is the initial hardening

modulus, τs is the saturated strength, and τ0 := g(α)(0) is the initial CRSS. The
material parameters used for this constitutive model is given in Table 10.2.

Since each NMT is just an FE analysis for the unit cell, subjected to the periodic
boundary condition, it is performed by arbitrary FEM software. In this study,
ABAQUS [59] with the user-material subroutine is utilized for the rate-dependent
crystal plasticity model explained above to conduct NMTs for Model B for eval-
uating initial- and postforming strengths, whereas our own code is used for the
rate-independent one for Model A.

10.4
Approximate Macroscopic Constitutive Models

Approximate macroscopic constitutive models are introduced and NMTs are con-
ducted to identify their material parameters.
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10.4 Approximate Macroscopic Constitutive Models 391

10.4.1
Definition of Macroscopic Yield Strength

Let us first define the macroscopic yield strength from the data ‘‘measured’’ in
NMTs. Although all the components of the macroscopic stress and strain are
contained in each data set, we obtain the single stress–strain curve for each NMT
that can be identified with the relationship between the macroscopic equivalent
stress and strain defined, respectively, as

σ ∗ : =
√

3

2
dev [σ̃ ] : dev [σ̃ ] (10.15)

ε∗ : =
√

2

3
dev [ε̃ − ε̃0] : dev [ε̃ − ε̃0] (10.16)

where σ̃ is the macroscopic Cauchy stress, ε̃0 is the macroscopic strain when the
loading is applied, and ε̃ is the macroscopic logarithmic strain (in the current
configuration) defined as

ε̃ := 1

2
ln

[
F̃F̃T

]
(10.17)

Here, F̃ = H̃ + 1 is the macroscopic deformation gradient.
In this study, with the stress–strain curve thus obtained, we define the

macroscopic yield strength as the stress value, σ ∗, that satisfies the following
relationship:

Wp −
∫

σ ∗dεp∗ = 0 (10.18)

where Wp is the value of the plastic work to be prescribed and εp∗ is the macroscopic
equivalent plastic strain. The integration of the second term in above equation is
calculated from the macroscopic equivalent stress–plastic strain curve transformed
with the following equation:

εp∗ := ε∗ − σ ∗

E∗ (10.19)

where E∗ is the elastic proportional constant of the macroscopic equivalent
stress–strain curve.

10.4.2
Macroscopic Yield Strength at the Initial State

Before choosing the approximate macroscopic constitutive model, we evaluate
here the macroscopic yield strength at the initial state by conducting NMTs
on the numerical specimen generated above with various proportional loading
paths.

For the NMTs, to evaluate the macroscopic yield strength at the initial state
at which ε̃0 = 0, 12 paths of proportional loading are set within the space of the
macroscopic deviatoric stress, as depicted in Figure 10.2(a). Then, after carrying out
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Figure 10.2 Yield strengths in initial state: (a) initial yield
surface and (b) macroscopic stress–strain curves.

the NMTs, we obtained 12 sets of macroscopic stress–strain curves. Figure 10.2(b)

shows only four of them, each of which exhibits relatively large deviation from the

others. As can be seen, the macroscopic responses slightly deviate from isotropy.

This is probably due to the fact that a relatively small number of crystal grains

are used in the unit cell model, which is expected to be an RVE. However, the

mismatch is not so large that it must not be influential on the evaluation of the

macroscopic yield strength.

After choosing Wp = 0.001 and 0.003 in Eq. (10.18), we evaluated the macro-

scopic yield strength from the macroscopic stress–strain curves and obtained the
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10.4 Approximate Macroscopic Constitutive Models 393

yield surface, as depicted in Figure 10.2(a). The surface looks like a circle in the
deviatoric stress plane so that the macroscopic initial yield condition could be
identified with that of von-Mises, which is classical and standard for many kinds of
metals. As can be seen from the comparison between the surfaces, the macroscopic
hardening characteristics are also isotropic. Thus, the FE model of the polycrys-
talline aggregate, shown in Figure 10.1(a), provides the isotropy in the macroscopic
yield strength at the initial state and can be a relevant numerical specimen for the
NMTs in this study. The same conclusion also applies to the results for Model B,
though it is not presented here.

10.4.3
Approximate Macroscopic Constitutive Model

In view of the evaluation above, the standard phenomenological constitutive model
can be chosen as an approximate macroscopic constitutive model for the decoupled
macroscale analysis, that is, we employ the classical J2 flow theory with the
combined (isotropic and kinematic) hardening model. More specifically, the yield
function employed is of the form

φ̃ :=
√

3

2
dev[τ̃ − cα̃] : dev[τ̃ − cα̃] − τ̃Y − q̃ (10.20)

where variables with ‘‘∼’’ are the macroscopic ones, α̃ is the tensor-valued internal
variable representing plastic deformation for the Prager’s linear kinematic harden-
ing model, and c is its coefficient. For isotropic hardening, the following nonlinear
function [60] is employed:

q̃ = Hξ̃ + (τ̃∞ − τ̃Y)
(

1 − exp
[
−δξ̃

])
(10.21)

where ξ̃ is the scalar-valued internal variable and H is its coefficient. In addition,
τ̃Y is the initial yield stress, τ̃∞ is the asymptotically saturating stress, and δ is
the sensitivity parameter for the exponential function of the isotropic hardening
curve.

For the evaluation of the stress by the elastic deformation, we employ the isotropic
St. Venant–Kirchhoff elasticity model S̃ = C̃

e : Ẽ, where C̃
e is the fourth-order

elasticity tensor of the form C̃
e = (

κ − 2
3 µ

)
1 ⊗ 1 + 2µI, where I is the fourth-order

symmetric identify tensor. Here, µ and κ are the elastic shear and bulk moduli,
respectively, and are related to Young’s modulus and Poisson’s ratio by the relations
µ = E

2(1+ν) and κ = E
3(1−2ν) .

10.4.4
Parameter Identification for Approximate Macroscopic Constitutive Model

To identify the material parameters of the above-defined approximate macroscopic
constitutive equation, we conducted three NMTs on the unit cell models, as
shown in Figure 10.1, by applying macroscopically uniaxial, cyclic loadings in
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Figure 10.3 Macroscopic stress–strain curves for Model A.

Table 10.3 Material constants for the approximate macroscopic constitutive model.

Young modulus E(GPa) 197
Poisson ratio ν 0.3
Yield stress τ̃Y(GPa) 0.31
Isotropic hardening modulus H(GPa) 0.4
Saturation yield stress τ̃sat(GPa) 0.76
Sensitivity δ 4
Kinematic hardening modulu c(GPa) 0.02

three directions (X1, X2, X3) that are specifically set to conform with the microscale
coordinate axes (Y1, Y2, Y3).

The NMTs are conducted on Model A to obtain the macroscopic stress–strain
curves, as shown by the solid lines in Figure 10.3. As can be seen, the three lines
are almost identical, again implying that the macroscopic material behavior is
isotropic. Although it may be possible to perform the homogenization analysis for
linear elasticity to determine the elastic constants E and ν, we use the median of
the Hashin–Shtrikman’s lower and upper bounds [61] in this study. In addition,
the material parameters in Eqs (10.20) and (10.21) are determined, as indicated in
Table 10.3, by trial and error instead of using a certain optimization scheme. The
macroscopic stress–strain curve obtained with the identified parameters is shown
in Figure 10.3 along with the curves by the NMTs. As can be seen, the macroscopic
constitutive response is reasonable in the sense that the two curves conform to some
extent. Note, however, that this conformity does not necessarily imply the reliability
of the evaluation of the internal variables for plastic deformation, and, in turn,
the macroscopic yield strength, as was mentioned in Section 10.2.2. The NMTs
on the numerical specimen of Model B also provide isotropy and the stress–strain
curves only in one direction, as shown in Figure 10.4. Young’s modulus, Poisson’s
ratio, and the initial yield stress identified are set at 193 GPa, 0.3, and 275 MPa,
respectively.
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Figure 10.4 Macroscopic stress–strain curves for Model B.

10.5
Macroscopic Yield Strength after Three-Step Plastic Forming

In this section, using Model A as a numerical specimen, we validate the proposed
method of evaluation of macroscopic yield strength of polycrystalline metals
subjected to three-step plastic forming. After setting up the three-step forming
process, we solve the corresponding two-scale boundary value problem with
both the micro–macro coupling and decoupling schemes to have two separate
numerical specimens subjected to the macroscopic plastic forming under the same
loading condition. Then, NMTs are conducted on them to compare the predicted
macroscopic yield strengths.

10.5.1
Forming Condition

To bring computational costs down with the micro–macro coupling scheme, we
consider a single finite element, shown in Figure 10.5(a), as a macroscopic structure
subjected to three-step plastic forming. Each point indicated by × in the figure is
an integration point, at which the macroscopic stress is evaluated. In the following
discussions, the macro- and microscopic responses associated with Points A and B
are used to compare the results with the coupling and decoupling schemes.

The macroscopic deformation pattern of the assumed three-step plastic forming
process is schematized in Figure 10.5(b) and consists of the following three steps:

Step 1: The top surface of the macroscopic structure is moved up in the
X3-direction and at the same time shrunk in the X2-direction, while the
bottom surface is expanded in the X2-direction. The amount of expansion
and shrinkage is given in the figure.

Step 2: While the displacements at all the eight nodes in the X2-direction are fixed
at zero, the top surface is moved down in the X3-direction.

Step 3: The reaction forces at all the nodes are released so that the macroscopic
stress becomes almost zero at every integration point.
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Figure 10.5 Macroscopic plastic forming problem.
Three-step forming: (a) macroscopic finite element and
(b) forming condition.

Note that during the course of this three-step plastic forming process, the
stress-free condition is given on the opposing surfaces perpendicular to the X1-axis.
In addition, the dotted and solid lines in Figure 10.5(b) indicate the configurations
at the beginning and the end of each step, respectively.

10.5.2
Two-Scale Analyses with Micro–Macro Coupling and Decoupling Schemes

First, the two-scale BVP corresponding to the three-step forming process defined
above is solved with the micro–macro coupling scheme. The numerical specimen
here is Model A, as prepared in Section 10.3. Figure 10.6(a) shows the distribution
of the microscopic von-Mises equivalent stress with the deformed configurations
of the unit cells associated with Points A and B in Figure 10.5 at the last stage of the
three-step forming. Even though the macroscopic stress is almost zero at the end of
Step III, the absolute value of the microscale equivalent stress is moderately high
inside the crystal grains. This high stress value at microscale must be influential
on the macroscopic yield strength, but is difficult to be incorporated into the
macroscopic constitutive model in general.

Next, the micro–macro decoupling scheme is applied to solve the same two-scale
BVP, that is, using the approximate macroscopic constitutive model with the mate-
rial parameters in Table 10.3 (given in Section 10.4.4), we carry out the decoupled
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Figure 10.6 Microscopic von-Mises equivalent stress in unit
cells after three-step forming: (a) coupled analysis and (b)
decoupled analysis.

macroscale analysis, extract the data of the macroscopic deformation histories at
Points A and B in Figure 10.5, and then apply these to the unit cell model in
Figure 10.1(a) as the loading conditions to perform the decoupled microscale analy-
ses (Step (v)). The last step provides the numerical specimens expected to be equiva-
lent to those obtained by the coupled analysis and to possess sufficient information
about macroscopic plastic forming. The stress distributions with deformed config-
urations of the unit cells at the last stage of the three-step forming are shown in
Figure 10.6(b). It can be seen from the figure that the results of the decoupled analy-
sis are in good agreement with those of the coupled analysis shown in Figure 10.6(a).
On close comparison, however, there is a slight difference in the absolute value of
microscopic stress. This is probably due to the doubtful accuracy of the decoupled
macroscale analysis, especially when the forming process is controlled by the
macroscopic stress rather than the macroscopic deformation. Note that the dis-
placement constraints are removed in the unloading process of Step III; this means
that the macroscopic stress-free condition is imposed on the unit cell. Nonetheless,
it is expected that the unit cells thus obtained with the decoupled analysis possess
enough information about the macroscopic deformation histories during the plastic
forming and that the effect of this difference on the evaluation of the macroscopic
yield strength is minor. This section is dedicated to examining this estimate.

The macroscopic loading paths at Points A and B obtained by the coupled and
decoupled analyses are shown in Figure 10.7, which has three separate lines.
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Figure 10.7 Macroscopic stress–strain curves during
three-step forming: (a) Point A and (b) Point B.

In the figure, the path with the decoupled macroscale analysis is the response
of the approximate macroscopic constitutive model, while that of the decoupled
microscale analysis is the response with the volume average of the microscopic
stress and strain evaluated in Step (v). As can be seen from the figure, on comparison
with the macroscopic response predicted in the decoupled macroscale analysis, the
path predicted by the decoupled microscale analysis shows fairly good agreement
with that of the coupled analysis, which can be regarded as reference in this study.
The deviation of the path of the decoupled macroscale analysis from the other two
results is noticeable after the loading condition is changed in Step II.

10.5.3
Evaluation of Macroscopic Yield Strength after Three-Step Plastic Forming

In this section, the macroscopic yield strength after the three-step plastic forming
is evaluated by conducting NMTs on the numerical specimens, namely, the unit
cell models, on which the corresponding macroscopic deformation histories are
imposed. The NMT patterns are the same as in Section 10.4.2. That is, 12 patterns of
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Figure 10.8 Macroscopic yield surface after three-step forming: (a) Point A and
(b) Point B.

biaxial proportional loading (shown in Figure 10.2(a)) are applied to the numerical
specimens with deformation histories and the macroscopic yield stress is calculated
for each loading path according to the definition (10.18) introduced in Section
10.4.1. Choosing Wp = 0.003 and 0.008 in Eq. (10.18) to define yield strengths,
and setting ε0 at the total strain after the last step (the elastic unloading step in
Step III) of the three-step forming process, we obtained the surfaces formed by
the macroscopic yield strengths, as shown in Figure 10.8. As can be seen in the
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400 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

figure, the surfaces evaluated from the decoupled analysis are almost identical with
those of the coupled analysis. This means that the numerical specimens prepared
in the previous section by the decoupled microscale analysis possess almost the
same information about the macroscopic deformation histories as those of the
coupled analysis. In addition, as anticipated in the previous section, it is safe to
conclude that the effect of the difference between the microscopic stress values in
Figure 10.6(a) and (b) is fairly minor.

It is worthwhile to compare the yield surfaces obtained from the two-scale
analysis with the one evaluated by the approximate macroscopic constitutive law,
which is depicted in the same figure. For the latter case, no difference between the
results with Wp = 0.003 and 0.008 is observed, so only one surface is shown in
the figure. Since we have assumed the classical J2 flow theory with the combined
(isotropic and kinematic) hardening model as the approximate constitutive law, it
is natural that the obtained macroscopic yield surface is circular in the deviatoric
stress plane. However, the diameter of the surface is entirely different from
those obtained by the two-scale analyses, even though the difference in the three
macroscopic loading paths in Figure 10.7 is not so significant, and the values
approach almost zero at the last stage of plastic forming. In this regard, we have
to point out that it is difficult to predict the anisotropy of the macroscopic yield
strength of polycrystalline metals subjected to multistep plastic forming using the
classical constitutive model. In other words, since the deformation histories are not
properly reflected in the yield functions in classical plasticity, it cannot represent
the dependence of the macroscopic yield strength on the directions and degrees of
plastic forming processes.

Although the proposed method has been validated, it is interesting to characterize
the macroscopic yield strength and further investigate the microscale mechanism
associated with the anisotropy. Figure 10.9 shows four typical stress–strain curves
obtained in the above NMTs on the unit cell associated with Point A. The numbers
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Figure 10.9 Macroscopic stress–strain curves obtained by
the proposed method for evaluation of macroscopic post-
forming strength. Results of numerical material tests on unit
cell subjected to three-step forming at Point A.
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10.6 Application for Pilger Rolling of Steel Pipe 401

3, 8, 10, and 12 in this figure correspond to the directions defined in Figure 10.2;
see also Figure 10.8. As can be seen from the figure, the response in the loading
direction 8 differs greatly from the other three. This is probably due to the direction
of the macroscopic stress state just before Step III, namely, at the end of Step II,
which lies along 8. That is, since the macroscopic stress has been released along the
direction 8 during the macroscopic unloading process in Step III, no microscale
plastic deformation tends to occur during the reloading in the same direction for
strength evaluation. Therefore, the macroscopic yield strength is relatively high
in comparison with the others. On the other hand, the reloading in the other
three directions, which stimulates the unit cell under macroscopically stress-free
condition, must be unstable even with slight excitation due to the microscopic
residual stress stored in the crystal grains. Thus, lower strength is in effect expected
during reloading in directions 3, 10, and 12.

It is also worth mentioning that the shapes of the yield surfaces for Points A
and B depicted in Figure 10.8 are almost the same, even though the macroscopic
deformation histories and loading paths are different, as illustrated in Figure 10.7.
However, we have confirmed that the macroscopic stress state at Point B just
before macroscopic unloading (Step III) lies along the same direction as that of
Point A, that is, 8. Therefore, it seems reasonably safe to conclude that more recent
deformation and stress states are more influential on the directional dependence
of the macroscopic yield strength after plastic forming. This tendency can be
understood as the effect of the fading memory of the material.

10.6
Application for Pilger Rolling of Steel Pipe

In this section, another numerical example is presented to demonstrate the
applicability of the proposed method to practical problems. Assuming Model B is
the numerical specimen of FCC steel, we take the pilger rolling of a steel pipe as
the macroscopic problem and evaluate the macroscopic yield strength that reflects
its macroscopic deformation history.

10.6.1
Forming Condition

A pilger mill rolling is one of the rolling processes used in actual cold-working of
steel pipes, and its operation is schematized in Figure 10.10. The pilger mill rolling
process employed in this particular example consists of the following steps:

Step 1: The roll is rotated about the transverse axis so that the pipe is translated
and at the same time rolled.

Step 2: The mandrel is rotated so that the pipe is rotated by 63◦ about its central
axis.

Step 3: The pipe is carried forward by certain distance (in this study, 10 mm).

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



402 10 Macroscopic Yield Strength of Polycrystalline Metals Subjected to Cold-Working

Steel pipe

Roll

Mandrel
2. Rotation 2. Rotation

1. Translation

Roll

1. Rotation

Steel pipe

3. Advancement

Mandrel

of pipe edge

of mandrel of pipe edge

of roll

Figure 10.10 Pilger mill and pilger rolling process.
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Figure 10.11 Forming condition by pilger rolling process.

By this rolling process, the eight 360◦ rotations are applied to the pipe so that

its thickness and diameter are reduced, as is schematized in Figure 10.11. More

specifically, the rolling process is conditioned so that the initial 69.0 mm outer

diameter of the pipe becomes 60.5 mm, whereas the radial thickness of 11.5 mm is

reduced to 10.0 mm.

The advantage of the proposed method utilizing the micro–macro decoupling

scheme to solve the two-scale BVP is that any commercial software can be used

to solve macroscopic forming problems. In this particular example, we utilize

ELFEN [62], which is one of the general-purpose FEM codes, to carry out the

corresponding decoupled macroscale analysis. The FE model with rolling tools

are shown in Figure 10.12. The material parameters set in Section 10.4.4 are

used for the assumed approximate macroscopic constitutive model and the friction

coefficient is set at 0.05.

It took 15 s in pseudotime to complete the FE metal forming analysis. The trajec-

tory of the node of the element shown in Figure 10.11 is depicted in Figure 10.13,

which characterizes the pilger rolling process explained above. The corresponding

histories of the position vector at this node and the macroscopic strain tensor at the

integration point closest to this node are presented in Figures 10.14 and 10.15, re-

spectively. It can be imagined from these results that the forming process must have

imposed a very complex macroscopic deformation history on the microstructure of

the steel pipe.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by Princeton U

niversity, W
iley O

nline L
ibrary on [28/08/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



10.6 Application for Pilger Rolling of Steel Pipe 403

Ring

Mandrel

Steel pipe

Figure 10.12 FEM model in ELFEN for pilger rolling process.

10.6.2
Decoupled Microscale Analysis

After the macroscopic analysis of the Pilger mill rolling of the steel pipe, we
proceed to conduct a decoupled microscale analysis with ABAQUS by imposing
the macroscopic deformation history obtained above for the pilger rolling process
on the unit cell together with the periodic boundary condition.
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Rolling direction

Figure 10.13 Trajectory of macroscopic material point in pilger rolling.
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Figure 10.14 History of position of macroscopic material point.
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Figure 10.15 History of macroscopic strain.

Figure 10.16 shows the distributions of the microscopic stress and the accumu-
lated plastic strain during the pilger rolling process. It should be noted that the
unit cell model is gradually rolled so that its height is reduced by (11.5–10.0)/11.5
and, at the same time, is subjected to rigid-body rotation due to the macroscopic
rotation of the pipe made in Step 2 of the pilger rolling process explained above.
This means that the Schmid factor for each slip system is continuously changed
during the rolling, since the macroscopic loading and unloading directions are
changed by the rotation.

Figure 10.17 shows the macroscopic true stress–strain curves calculated as
the volume-averaged responses of the microscopic stress and strain components
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Figure 10.16 Microscopic stress and plastic strain during
pilger rolling: (a) microscopic von-Mises equivalent stress
and (b) microscopic accumulated plastic strain.
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Figure 10.17 Microscopic stress–strain curves during pilger rolling.

(solid lines) together with those obtained by the decoupled macroscale analysis
with the approximate macroscopic constitutive model (dotted lines). In addition,
the equivalent information can be the stress path in the deviatoric stress plane as
shown in Figure 10.18. As can be seen from these figures, the macroscopic stress
path obtained by the decoupled microscale analysis is totally different from that of
the decoupled macroscale analysis with the approximate macroscopic constitutive
model. Although experimental verification is difficult, the former should be con-
sidered more reliable, according to the results of the verification study discussed in
Section 10.4.

In addition, Figure 10.19 shows the {111} polefigure obtained from the unit
cell after the final step of the forming. Here, the Y1 coincides with X1 or the
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Figure 10.18 Microscopic stress paths during pilger rolling.
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Y3 : circumferential

Y2
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Figure 10.19 The {111} polefigure.

axial direction that is the rolling direction (RD), and Y2 and Y3-directions are
along the radial and circumferential directions of the pipe, respectively. As a
consequence of the reasonably low rolling ratio in this particular example, the
texture development is not prominent. Thus, the effect of the rolling texture on the
macroscopic postforming strength is likely to be minor.

10.6.3
Evaluation of Macroscopic Yield Strength after Pilger Rolling Process

To investigate the anisotropy in the macroscopic yield strength of the steel after the
pilger mill cold-rolling process, we conduct the NMT on the numerical specimen,
namely, the unit cell model that has been obtained in the decoupled microscale
analysis above. Prior to the investigation, it is to be noted that the unit cell located
inside the steel pipe reveals the macroscopic residual stress. This fact can be clearly
observed from the stress–strain curve shown in Figure 10.20, in which Point P
corresponds to the final step of the rolling. Assuming that a specimen is cut
from the pipe, as is the case on actual experiments, we simulate the equivalent
cutting-out process by applying macroscopically stress-free (unloading) condition to
the numerical specimen. In the corresponding microscale analyses, the constraints
in the axial, circumferential, and radial directions are removed in order. The figure
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Figure 10.20 Macroscopic stress–strain curve during pilger rolling and after cutout
process.

also provides the stress distributions in the numerical specimens at States P and
Q. It is noted that even though the macroscopic residual stress is zero at State Q, its
microscopic residual stress is still very high. The unloaded state (State Q) is taken
into consideration in the investigation below, as is the one just after the forming
(State P).

Uniaxial uniform tensile loadings are applied to the two numerical specimens,
which correspond to States P and Q, in the Y1, Y2, and Y3-directions separately.
Figure 10.21(a) and (b) shows the corresponding macroscopic stress–strain curves,
from which the anisotropy in the strengths can be observed. For quantitative
investigation, we evaluate the 0.2% offset bearing stress in each direction, which
can be an approximation to the macroscopic yield strength. The values of 0.2%
offset bearing stress are put down with the curves in Figure 10.21 (a) and (b).
As can be seen from the figures, the yield strength for each of the States P
and Q in the Y1-direction, or equivalently in the RD, is much higher than
that in the circumferential direction. This tendency is in agreement with actual
experimental knowledge. In addition, the yield strength in the radial direction,
which can rarely be evaluated in experiments, takes a median value between
the others.

It is, however, noted that the numerical specimen in State P is in nature
embedded in the steel pipe and the macroscopic residual stress can be neither
recognized nor measured. Therefore, the macroscopic bearing stress should be
the value subtracted from that evaluated above by the macroscopic residual stress
in each direction. From Figure 10.21(a), this consideration leads to the opposite
tendency for the bearing strengths in the axial and circumferential directions,
and thus the result illustrates an important aspect of the strength evaluation of
polycrystalline metals after cold-working. In other words, it is suggested that a
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Figure 10.21 Results of NMTs on numerical specimens
after pilger rolling: (a) for State P with macroscopic resid-
ual stress and (b) for State Q without macroscopic residual
stress.

metal product after cold-working must have different value of bearing stress than
those of actual experiments on specimens without macroscopic residual stress.

10.7
Conclusion

In this chapter, a homogenization-based prediction method of the macroscopic
yield strength of polycrystalline metals after cold-working has been proposed.
The method crucially relies on the solution of the two-scale BVP, which can be
derived by the mathematical theory of homogenization. To solve the two-scale
BVP, we employed the micro–macro decoupling scheme [52], by which micro- and
macroscale BVPs are separately solved in two-scale FE analyses.

In the validation study, assuming a three-step plastic forming, we solved the corre-
sponding two-scale BVP with the micro–macro coupling and decoupling schemes
and compared the microscale responses and the macroscopic yield strengths pre-
dicted by the proposed method. It was demonstrated that the decoupling scheme
enables us to obtain the approximate solution of the two-scale BVP, which conforms
with that of the coupling scheme. As a result, the microscale responses obtained
by the decoupled microscale analysis were almost identical with those obtained by
the coupled analysis. This implies that the reliability of the numerical specimen
prepared in the localization process is sufficient for evaluating the macroscopic
yield strength after the three-step plastic forming. In fact, the yield surfaces pre-
dicted by conducting a series of NMTs on the prepared numerical specimens are
almost identical for the coupled and decoupled analyses. In addition, to demon-
strate the capability and promise for practical applications, the proposed method
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was successfully applied to the pilger rolling process, a process that imposes very
complex deformation histories on the microstructures. The results suggested that
the bearing stress in an actual metal product subjected to cold-working should be
different from that measured in experiments that use cutout specimens.

The reliability of the proposed method hinges on the accuracy of the prediction of
the macroscopic deformation history made by the decoupled macroscopic analysis,
while the stress response evaluated by the approximate macroscopic constitutive
model is unnecessary. Of course, a more reliable constitutive model is preferred,
especially for forming processes controlled mainly by the macroscopic stress rather
than macroscopic deformation. However, when a reliable constitutive model is
found for polycrystalline metals, both the coupling and decoupling schemes for
the two-scale analysis themselves are useless for the evaluation of the postforming
strength of polycrystalline metals. In this sense, the two-scale analysis method
with the decoupling scheme, accompanied by NMTs on numerical specimens of
crystalline aggregates, can be considered an ideal ‘‘experimental device’’ to develop
relevant constitutive models for strength evaluation in plastic-forming problems.
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Index

a
ABAQUS 403
accumulated plastic strain, microscopic

stress-strain 405
acoustic tensor eigenspectrum 134
acoustic transmission line theory 315
active cracking 154
active zone (semi-solid micro-macro model)

239
actuators 306
adhesively bonded HSS 74
agglomeration 207, 216–217
aggregate
– polycrystalline 388
– void–matrix 166
agitation 222
ALE (arbitrary Lagrangian–Eulerian)

technique 269
– enriched 282
– governing equations 270–271
algorithms
– elastic predictor/return mapping 49–57
– evolutionary 180
– general nonlocal stress update

procedure 55
– genetic 179–187
– Godunov 259, 278–279, 288–290
– nonlocal 48–52–57
– parallel 17–18, 180, 385
– plastic corrector 41
– stress update 36, 42
alloys
– aluminum 73, 197–200
– semisolid metallic, see semisolid metallic

alloys
analysis
– benchmark homogenization 122
– decoupled microscale 403–406

– harmonic 312
– internal variables 253–254
– layer convergence 313
– localization 132–135
– modal 312
– residual stresses 253–254
– sensitivity 187–191
– static 312
– thermomechanical 252–253
– transient 312
– two-scale 382–387, 396–398, 400
analytical solutions, Maxwell type 102
anisotropic materials 4
apparent viscosity 208, 238–243
applications
– computational homogenization 114–115,

121–124
– continuous–discontinuous scale transitions

125
– FE modeling of thixotropy 250
– low/high frequency 326–328, 335
– medical images 318
– mixed optimization approach 192–196
– nondestructive images 318
– pilger rolling of steel pipe 401
– porous metals 9
– three-invariant cap plasticity 260–269
– ultrasonic 314–319
approximate macroscopic constitutive models

390–395
– parameter identification 393–395
approximation
– displacement field in Extended-FEM 283
– enriched approximation in Extended-FEM

285
– self-consistent approximation at two scales

240

Advanced Computational Materials Modeling: From Classical to Multi-Scale Techniques.
Edited by Miguel Vaz Júnior, Eduardo A. de Souza Neto, and Pablo A. Munoz-Rojas
Copyright  2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-32479-8
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414 Index

arbitrary Lagrangian–Eulerian (ALE)
technique 269

– enriched 282
– governing equations 270–271
area fraction of Monte Carlo lattices

100–101
array
– periodic 333
– perturbed 93
– pseudofractal 93
arterial wall behavior 341
associative plasticity 39
assumption
– elastic–plastic modeling 2
– Lemaitre’s ductile damage model 32–33
– periodicity 128
assurance criterion, modal 321
asymptotes, moving 185–187
automotive components 279–282
averaging
– crack orientation 133
– deformation gradient 346–348
– deformed RVE configuration 361–362
– material 362
– material response 139–140
– mid area 277
– nonlocal 44–45
– operator 44
– spatial 362
– stress averaging relation 351–353
axiomatic theory structure 343–353
axis, polarization 326
axisymmetric analysis 57–62

b
backstress tensor 28–29
balance of linear momentum, ALE

formulation 274
bamboo culm 305
band, localization 135–139
band snapback 140–141
bandwidth
– localization 131
– localization, waveform 308
basis, orthonormal 374
Bauschinger effect 379–380
beam, perforated 328
benchmark homogenization analysis 122
bifurcation 130–132
– localization bands 146–147
bimorph transducers 307
binary tournament 184
Bingham liquids 228
body centered cubic (bcc) 91, 95

body forces, multiscale 351, 366
bonding strength, increased 301
boundary conditions 89
– minimal kinematic 117
– periodic 120
– symmetric 63
boundary displacement model, linear RVE

359
boundary motion 277
boundary traction 351
– uniform 360–361, 371
boundary value problem
– incremental, constitutive 35
– two-scale 383–385
bracket, Macauley 38
brick wall, homogenization 328
brittle fracture 7
brittle materials, quasi- 159
bubbles, semisolid metallic alloy 207
building block hypothesis 183

c
CAE (computer aided engineering) 379
calculation models, numerical 89–90
cap plasticity 260–269
capacity, load bearing 169
carbon, low carbon steel 192–196
casting 8, 205
Cauchy stress 129, 271
– tensor 27
CDM (continuum damage mechanics) 5,

25–27
cell, unit, see unit cell
cellular lattices 12
cellular material 91
cellular structures 8–15
ceramic foam filter 8
characteristic functions 330–331
chest wall, human 315
chromosome (genetic algorithms) 181
circular cross sections 98
circumferential strain 405
classes of materials 226–228
classical nonlocal models 45–47
classical theory of plasticity 380
cleavage microplanes 7
closed cell aluminum alloys 73
coalescence, void 169–170, 176–177
coarse scale localization 130–132
coarsening, microstructure 221
cohesion degree 247–248
coining test 291–294
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Index 415

cold working 379–412
– evaluation methods (macroscopic yield

strength) 386–387
compaction 281
– powder 258
complex stress states 4
composite material matrix 11
composites, quasi-periodic 93
compression, vertical 148
compression test
– isostatic 268
– shear– 151–152
– tension– 149–151
compressive crushing 154
computation, powder property matrix

264–265
computational homogenization
– ductile damage 121–124
– first-order 115–119
– localization and damage 111–164
– second order 119–121
– thermomechanically coupled 114
computed tomography reconstructions 103
computer aided engineering (CAE) 379
condensation, static (RVE tangent stiffness)

129
conditions
– boundary, see boundary conditions
– enforced periodicity 332
– forming (micro-macro coupling scheme)

395–396
– forming (pilger rolling) 401–403
– Hill–Mandel macrohomogeneity

118–119, 126, 345–346, 352–353
– Kuhn–Tucker 31–34, 40, 47–48
– orthogonality 373–375
conditions, normalizing (nonlocal approach)

44
conductivity
– effective thermal 96–98
– relative 94
– thermal 75
conductivity matrix, thermal 79
conductivity tensors 13
cone beam tomograph, 3D 104
cone-cap yield surface 266
consistent tangent stiffness 144
constitutive function, homogenized

incremental 367–368
constitutive functional 357–359, 363–364
constitutive modeling 9
– approximate macroscopic 390–395
– multiscale 15–18
– semisolid metallic alloys 205–256

constitutive parameters (Gurson damage
model) 171

constitutive tangent operator 362–366
– homogenized 364–366, 368
– incremental homogenized 371
constitutive theory, finite deformation 225
constraints
– minimum kinematical (multiscale methods)

346–347, 360–361
– side or lateral (optimization methods) 179
continuity, traction 141–143
continuity equation 245
continuous–continuous scale transitions

115–124
continuous–discontinuous scale transitions

125
– applications 147
continuum
– macroscopic 344
– micromechanics 112
– second gradient 121
continuum damage mechanics (CDM) 5,

25–27
control
– dissipation 141–142
– strain jump 140–141
– unit cell snapback 144
convection (Eulerian) phase 278–279
convergence
– ALE FE method 285
– genetic algorithm 180–181, 184–186,

193–199
– layer convergence analysis 313
– nonlocal algorithms 54–57, 61
coordinate systems
– ALE 270
– Lagrangian/Eulerian 223–225
– transformation 80
corotational formulation 228–229
corrector, plastic 41
corundum-based hollow spheres 73
coupled fields 244–245
coupled multiscale scheme 137–139
coupling, micro–macro 385–386, 396–398
coupling factor, hydrostatic electromechanical

327–328
cracked media 357
cracking
– diagonal 155–158
– (non)active 154
cracks
– average orientation 133
– closure effect 37–42, 67–68, 357
– lateral horizontal 156–157
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416 Index

cracks (contd.)

– macroscale discrete 124
– pattern stages 153–154
criterion
– Drucker–Prager like 132, 167
– Huber–Mises–Hencky yield 2
– limit point 148–149
– loss of ellipticity 148–149
– modal assurance 321
– modified von Mises 257
– von Mises 235
– yield 31–34, 40, 47–48, 167
critical parameters 171
critical resolved shear stress (CRSS) 389–390
Cross model 243
crossover 181–183
crushing, compressive 154
crystals
– classes 302
– grains 389–390
– growing 207
– plasticity 387–390
cube/cuboid 86
cubic symmetric models 94–98
culm, bamboo 305
Curie, Jacques and Pierre 302
curve
– flow 220
– load–displacement 148–152, 177–178
– stress–strain 196–200, 391–395,

398–400
cutting plane 98
cylindrical notched specimen, fracturing 57
3D cone beam tomograph 104

d
damage
– computational homogenization 111–164
– continuum mechanics 5, 25–27
– contours 59–60, 63–68
– definition of 25
– distribution 61, 150
– ductile, see ductile damage
– function 6
– Gurson model 166–177
– implicit gradient 129–130
– masonry shear wall test 156–157
– modified models 33–42
– prediction 65–68
– simplified models 33–36
– total damage work 5
damage zones, tensile 156
damaged element 25
deagglomeration 221

decoupled microscale analysis 403–406
decoupling schemes 385–386, 396–398
definition
– damage 25
– macroscopic yield strength 391
– multiscale model 353–361
deformation
– complex stress states 4
– constitutive theory 225
– elastic–(visco)plastic 3
– inhomogeneous pattern 130–132
– large 223–237
– macroscopic field 113
– processes 211
deformation gradient 225, 346
– averaging 346–348
– history 343
– macroscopic 391
deformed geometry 121
deformed RVE configuration, stress averaging

361–362
degradation, mechanical 3–8
degree of freedom, nonlocal 144
dendritic microstructures 209
density
– mesh 92
– pseudo- 11, 321
– relative 94
density contours, relative 281
derivative, directional 363–364
design, morphology 9
design domain, two-dimensional 321
design variables 178
deterioration, gradual internal 23
deviatoric/hydrostatic split 35
deviatoric stress tensor 263
diagonal cracking 155–158
– propagation 158
die set, multiplaten 280
dielectric properties 332–333
differences, modified finite 188–191
differential equilibrium equations 43
diffusion
– coefficient 76
– HDE 77
diffusivity, particle 75
dilatant liquids 228
direct piezoelectric effect 302
directional derivative 363–364
discontinuity, embedded strain 138
continuous-discontinuous scale transitions

125
discrete crack 124
discrete localization zones 125
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Index 417

discretization 2, 78–88, 123–124, 144–146
– ALE FE 273–274
dislocation motion 111
displacement
– field 126, 283
– fluctuations 347–348, 359–360, 370
– load–displacement curve 148–152,

177–178
– model, linear RVE boundary 359
– perturbed incremental 189
– strain displacement matrix 311
– virtual 348–349
dissipation
– control 141–142
– maximum inelastic 31–32
– potential 29–30
distorted cuboid 86
distribution
– damage 61, 150
– radial nonuniform, fibers 305
– unit cell pseudodensity 11
domain
– extended support 287
– two-dimensional design 321
droplets 207
Drucker–Prager criterion 132, 167
Drucker–Prager surface 266
ductile damage 165
– computational homogenization 121–124
– Lemaitre’s model 27–33
– (non)local modeling 23–72
– plastic 26–27
ductile fracture 198
ductile materials, failure 3–8
ductile solids, plastic flow 1

e
EAs (evolutionary algorithms) 180
– see also genetic algorithms
effective liquid fraction 222
effective stress 25
effective thermal conductivity 75, 96–98
– normalized 105–107
effects
– Bauschinger 379–380
– crack closure 37–42, 67–68, 357
– direct piezoelectric 302
– Joule 213
– size 151–152
– viscous 235
eigenspectrum, acoustic tensor 134
eight node hexahedral elements 81–86, 388
eight node quadratic elements 62
Einstein equation 75–76, 101

Einstein’s summation convention 303
elastic behavior 226
elastic foam 291
elastic modulus, crystal grains 389–390
elastic–plastic parameters 198–199
elastic predictor/return mapping algorithm

49–57
elastic solids 231
– linear model 229–230
elastic state potential 28–29
elastic trial state 34
elastic–(visco)plastic deformation 5
elasticity model, St. Venant–Kirchhoff 393
elasticity tensor 13
elastoplastic matrix 264
elastoplastic/elastoviscoplastic behavior 226
electric impedance 319
electric potential, scalar 303
electrical input excitations 317
electromechanical coupling factor, hydrostatic

327–328
elements
– damaged 25
– eight node hexahedral 388
– eight noded quadratic 62
– finite, see finite elements
– four-node tetrahedral 388
– quadrilateral 82
– representative volume 16–17
– RVE 116–129
ELFEN 402
elliptical yield surface 266
ellipticity, loss of ellipticity criterion 148–149
embedded band snapback 140–141
embedded strain discontinuity 138
energy efficiency 215
energy release rate 28
enforced periodicity conditions 332
engineering, computer aided 379
enriched ALE FE method 282
enriched approximation 285
equilibrium
– incremental problem 367
– microscopic problem 354–355
– RVE 349–351
– strong form of 350
equilibrium equations 115, 139
– nonlinear 188
– partial differential 43
equivalent inclusions, Eshelby’s theory of

380
equivalent plastic strain rate 238, 241
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418 Index

equivalent total strain, localized 123–124
ESD (extended support domain) 287
Eshelbian mechanics 112
– theory of equivalent inclusions 380
Eulerian coordinate systems 223–225
Eulerian phase 278–279
evaluation methods
– cold working 386–387
– pilger rolling 406–408
– three-step plastic forming 398–401
evolutionary algorithms (EAs) 180
excitation
– electrical input 317
– impulse 308
extended FEM formulation (X FEM) 259,

283–285
extended support domain (ESD) 287
external traction field, reference 349
extra stress tensor 230

f
face centered cubic (fcc) 91, 95
failure
– complex stress states 4
– ductile materials 3–8
– onset 4
– patterns 128
– structural 154
fatigue phenomena 307
Fe, see iron
– see finite elements
FGMs (functionally graded materials)
– basics 304–306
– microscale influence 322–335
– piezoelectric systems 301–339
FGPUTs (functionally graded piezoelectric

ultrasonic transducers) 315–319, 321–322
field
– coupled 244–245
– displacement 283
– internal traction 350
– macroscopic deformation 113
– mesoscopic displacement 126
– microfluctuation 116, 120
– microscopic deformation gradient 346
– reactive body force 366
– reference external traction 349
– uniform stress–strain 165
figure of merit 326
filling, smooth 215
filter, ceramic foam 8
fine scale localization 129–130
finite deformation constitutive theory 225
finite differences, modified 188–191

finite elements (FE) 77–89
– ALE discretization 273–274
– analysis on regular structures 91–94
– cubic symmetric models 94–98
– (enriched) ALE method 257–299
– extended FEM formulation 259, 283–285
– Galerkin formulation 273
– homogeneous/graded 313
– modeling of thixotropy 237–246
– nonlocal influence area 49
– piezoelectric structures 309–314
– polycrystalline aggregates 388
– principal equation 78–88
– tensile tests 194
finite strain 345
first-order computational homogenization

115–119
first Piola–Kirchhoff stress tensor 115, 119,

343
flange, thixoforging of a 214
flat groove plate 62–63
flocculated suspensions 220
flocculation (semisolid metallic alloys) 207
flow rule 233
fluctuations
– displacement 347–348, 359–360
– kinematically admissible 348–349
– tangential displacement 370
– solid–fluid interaction 357
foam
– ceramic filter 8
– elastic 291
forces
– body 351, 366
– interaction 245–246
– interparticle 207
– material 112
– reaction 294
– thermodynamic 28–29
– top punch 282
forging 205
forming
– conditions (micro–macro coupling scheme)

395–396
– semisolid metallic alloys 207
– spheroidal microstructures 213–215
– three-step plastic 395–401
four-node axisymmetric quadrilaterals 65
four-node tetrahedral elements 388
Fourier’s law 77, 90
fourth order tensor 368, 374
fractal array, pseudo- 93
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Index 419

fracture
– brittle 7
– computational homogenization 114–115
– cylindrical notched specimen 57
– ductile 198
– locus 5
frequency, fundamental 317
friction factor, interface 65
functional
– homogenized constitutive 363–364
– Taylor-based constitutive 357–359
– virtual work 354
functionally graded materials (FGMs)
– basics 304–306
– microscale influence 322–335
– piezoelectric systems 301–339
functionally graded piezoelectric ultrasonic

transducers (FGPUTs) 315–319, 321–322
functions
– characteristic 330–331
– damage 6
– homogenized incremental constitutive

367–368
– kinematic/isotropic material 262–264
– material gradation 319–322
– nonconvex 180
– objective 14, 190
– shape 80, 85, 310
– shear failure 260–261
– truncated quartic polynomial 45
fundamental frequency 317
furnace, resistance 212

g
Galerkin FE formulation 273
Galerkin method 79
Gauss–Legendre quadrature 87
Gauss point 16–17, 40
– localization analysis 140
– nonlocal influence area 49–52
Gaussian distribution 45
Gaussian quadrature 48
GCMMA (globally convergent method of

moving asymptotes) 185–187
general nonlocal stress update procedure 55
generalized isoparametric formulation (GIF)

313
generalized standard materials, normality

rule 29
genetic algorithms
– convergence 195, 199
– genes 181
– mathematical programming 179–187

GIF (generalized isoparametric formulation)
313

global–local coupling scheme, see
micro–macro coupling

globally convergent method of moving
asymptotes (GCMMAs) 185–187

globular microstructure 209, 218
Godunov technique 259, 278–279, 287–290
gradation functions 319–322
graded finite element 313
graded piezotransducers 314–319
gradient, deformation, see deformation

gradient
gradient-based methods (optimization)

184–187
gradient enhanced models, nonlocal 44
gradual internal deterioration 23
grains
– crystal 389–390
– granular material model 258
gray-scale threshold 106
groove plate 62–63
growing crystals 207
growth rate, void 170
Gurson damage model 166–177
Gurson–Tvergaard model 167
Gurson yield surface 172–174

h
Hamilton principle 309
hardening
– isotropic 250
– isotropic/kinematic 29–31
– ratio of latent 389–390
hardening modulus 265, 389–390, 394
hardening parameters 195–196
harmonic analysis 312
heat diffusion equation (HDE) 77
heat transfer 77
heating, inductive 212
Hencky, Heinrich 2
heterogeneities, invisible 383
hexagonal cells 360
hexahedral elements, eight node 81–86, 388
high-frequency applications 328, 335
Hill–Mandel macrohomogeneity condition

118–119, 126, 345–346, 352–353
history
– deformation gradient 343
– homogenization 112–113
hollow sphere structures (HSSs) 73–110
– corundum-based 73
– sintered 105–108
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420 Index

homogeneous finite element 313
homogenization 328–332
– analysis 122
– computational, see computational

homogenization
– history 112–113
– large strain multiscale constitutive model

355
– prediction method 379–412
– theory 382–387
homogenized constitutive functional

363–364
homogenized constitutive tangent 368, 371
homogenized deformation gradient 346
homogenized incremental constitutive

function 367–368
horizontal cracks, lateral 156–157
horizontal interfaces 292–294
Huber, Maksymilian Tytus 1
Huber–Mises–Hencky equation 2
Huber–Mises–Hencky yield criterion 2
human chest wall 315
hydrostatic pressure 268, 327
hydrostatic/deviatoric 35
hyperelastic models of arterial wall behavior

341
hypoelastic solid material models

231–235

i
icosahedron shape, truncated 388
impedance, electric 319
implicit gradient damage 129–130
impulse excitation 308
inclusions 91–93
– equivalent, Eshelby’s theory of 380
– random 93
increased bonding strength 301
incremental constitutive function 367–368
incremental displacement 189
incremental equilibrium problem 367
incremental homogenized constitutive

tangent operator 371
individual (evolutionary algorithms) 181
inductive heating 212
inelastic dissipation 31–32
inequality constraints (optimization) 179
infinitesimal strain 373
– macroscopic tensor 128
– theory 371–372
inhomogeneous deformation pattern

130–132
initial parameters 171

initial state, macroscopic yield strength
391–393

initially periodic materials 126–129
input excitations, electrical 317
integral models, nonlocal 45–47
integration, numerical 87, 288–291
interaction forces, semisolid materials

245–246
interconnected porosity 90
interface friction factor 65
interface problems 114
interlocking of growing crystals 207
internal deterioration 23
internal interfaces 284
internal length 45
internal traction field 350
internal variables 30–31, 253–254
interparticle forces, flocculation 207
intrinsic length 43
inverse modeling 10–12
invisible heterogeneities 383
isoparametric formulation, generalized 313
isostatic compression test 268
isostructure 221
isothermal conditions 251–252
isotropic hardening 29–31, 250
– modulus 394
isotropic material functions 262–264
isotropic St. Venant–Kirchhoff elasticity

model 393
iteration, Newton–Raphson 54, 188–190

j
Jacobian 49, 84, 87, 259
Joule effect 213
jump control, strain 140–141

k
kinematic boundary conditions, minimal

117
kinematic hardening 29–31
kinematic material functions 262–264
kinematical constraints 346–347, 360–361
kinematical formulation, constitutive

341–378
kinematical scale transition relation 116–117
kinematically admissible fluctuations

348–349
kinematics
– large deformations 223–225
– RVE 346–348
Kirchhoff elasticity model, St. Venant– 393
Kirchhoff stress 384
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Index 421

Kuhn–Tucker conditions 31–34, 40, 47–48
– nonlocal models 47–48
Kuhn–Tucker relations 130

l
Lagrange multipliers 31–32
Lagrangian 309
Lagrangian coordinate systems 223–225
Lagrangian phase 275–279
large deformations 223–237
Lagrangian–Eulerian FE method 257–299
large strain multiscale solid constitutive

models 341–378
– axiomatic structure 343–353
latent hardening, ratio of 389–390
lateral constraints (optimization) 179
lateral horizontal cracks 156–157
lattice block structures 12
lattice generation 100
lattice Monte Carlo (LMC) method 75–76
– models of cross sections 98–103
laws and equations
– ALE governing equations 270–271
– basic homogenization equations 329
– continuity equation 245
– effective stress 25
– Einstein equation 75, 101
– equilibrium equation 139
– flow rule 233
– Fourier’s law 77, 90
– Hamilton principle 309
– heat diffusion equation 77
– Hill–Mandel macrohomogeneity principle

118–119, 345–346, 352–353
– Huber–Mises–Hencky equation 2
– kinematical scale transition relation

116–117
– Kuhn–Tucker relations 130
– macroscopic solution procedures 142–143
– Maxwell relation 102
– Maxwell’s equations 303
– mesoscopic solution procedures 142–143
– Mori–Tanaka relations 170
– nonlinear equilibrium equations 188
– nonlocal constitutive equations 113
– normality rule of generalized standard

materials 29
– Norton–Hoff law 238
– Ostwald–de–Waele relationship 238
– partial differential equilibrium equations

43
– principal finite element equation 78–88
– principle of maximum inelastic dissipation

31–32

– rule of mixtures 357–359
– stress averaging relation 351–353
– total damage work 5
– viscosity law 248–249
least squares method (LSM) 267
Legendre quadrature, Gauss– 87
Lemaitre’s ductile damage model 27–33
– assumptions 32–33
Lemaitre’s simplified model 33–36
– damage prediction 65–68
– nonlocal formulations 46–47
– stress update algorithm 36
length
– internal 45
– intrinsic 43
length scales 15
level set update 287–288
limit point criterion 148–149
linear elastic solid material model 229–230
linear momentum, balance of 274
linear Newtonian liquid material model

230–231
linear programming, sequential 14, 185–187
linear RVE boundary displacement model

359
linearization 144–146, 362–366
liquid fraction 248
liquid material model 236
– Newtonian 230–231
liquids
– Bingham 228
– dilatant 228
– Newtonian 227
– pseudoplastic 227
– segregation 216
– viscous 231
LMC (lattice Monte Carlo) method 75–76
– models of cross sections 98–103
load bearing capacity 169
load–displacement curve 148–152, 177–178
load factor 133
load systems, RVE reactive 353
loading
– materials response 4
– pressure 252
– processes 68
– two-phase 153
– uniaxial tensile 121
– uniaxial uniform tensile 407
local reduction of stress concentration 301
localization
– analysis 132–135
– bands 135–139, 146–147
– bandwidth 131
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422 Index

localization (contd.)

– coarse scale 130–132
– computational homogenization 111–164
– coupled multiscale scheme 137–139
– discrete zones 125
– fine scale 129–130
– orientation 135
– pre- 151
localized equivalent total strain 123–124
localized solutions, selection 147–149
loss of ellipticity criterion 134–135, 148–149
low-carbon steel 192–196
low-carbon V notched specimen 7
low-frequency applications 326–327, 335
LSM (least squares method) 267

m
MAC (modal assurance criterion) 321
Macauley bracket 38
macrocrack 43
macrohomogeneity condition, Hill–Mandel

118–119, 126, 345–346, 352–353
macroscale discrete crack 124
macroscopic constitutive models, approximate

390–395
macroscopic continuum 344
macroscopic deformation field 113
macroscopic deformation gradient 346, 391
macroscopic infinitesimal strain tensor 128
macroscopic solution procedures 142–143
macroscopic stress 351
macroscopic stress variation 145
macroscopic yield strength

(homogenization-based) 379–412
– definition 391–393
– evaluation methods 386–387, 398–401,

406–408
– initial state 391–393
macrosegregation 223
mandrel 402
mapping, return 49–57
masonry
– running bond 127–128
– shear wall test 152–159
material averaging of stress 362
material functions
– gradation 319–322
– kinematic/isotropic 262–264
material (Lagrangian) phase 275–279
material matrix, composite 11
material tests, numerical 381–382, 386,

390–395, 398–400
material time derivatives 270
materials

– averaged response 139–140
– bifurcation 146–147
– cellular 91
– classes 226–228
– ductile 3–8
– generalized standard, normality rule of 29
– granular 258
– hypoelastic solid 231–235
– initially periodic 126–129
– length scales 15
– modeling 1–22
– Newtonian liquids 230–231
– nongraded piezoelectric 306
– piezocomposite 322, 326–328
– piezoelectric 301–339
– porous 168
– quasi-brittle 159
– response to loading 4
mathematical programming 179–187
mating pool stage 182
matrix
– composite material 11
– elastoplastic 264
– powder property 264–265
– strain displacement 311
– tangent 191
– thermal conductivity 79
– void–matrix aggregate 166
– voltage gradient 311
maximum inelastic dissipation 31–32
maximum octahedral shear stress criterion 2
Maxwell relation 102
Maxwell type analytical solutions 102
Maxwell’s equations 303
mechanical analysis 244–245
mechanical degradation 3–8
mechanical stress tensor 303
mechanics
– continuum damage 5, 25–27
– continuum micromechanics 112
– Eshelbian 112
– scales 112–113
– solid and fluid 269
media
– cracked 357
– periodic 360
– saturated porous 357
medical images 318
mesh
– finite element, see finite elements
– relocated 275, 290–291
mesh density 92
mesh displacement 270
mesh motion 286
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Index 423

mesh refinement 58, 62, 105
mesoscopic displacement field 126
mesoscopic RVE 127–129
mesoscopic solution procedures 142–143
mesostructural snapback 149–151
mesostructures, LMC analysis 106
metal forming operations 165
metallic alloys, semisolid, see semisolid

metallic alloys
metallic HSSs 73–110
metallurgy, powder 211
metals
– polycrystalline 379–412
– porous 9, 73
methods
– ALE technique 269
– decoupling schemes 385–386, 396–398
– enriched ALE FE method 282
– evaluation (macroscopic yield strength)

386–387, 398–401, 406–408
– FE methods for piezoelectric structures

309–314
– finite elements 77–89
– Galerkin 79
– general nonlocal stress update procedure

55
– Godunov technique 259, 278–279,

287–290
– gradient-based 184–187
– homogenization 328–332
– homogenization-based prediction

379–412
– lattice Monte Carlo 75–76, 98–103
– localization band enhanced multiscale

solution scheme 135–139
– LSM 267
– macroscopic solution procedures 142–143
– mesoscopic solution procedures 142–143
– method of moving asymptotes 185–187
– mid area averaging technique 277
– mixed optimization approach 165–204
– modified finite differences 188–191
– multiscale, see multiscale . . .

– Newton–Raphson, see Newton–Raphson
method

– nonlocal stress update procedure 61
– path following techniques 132
– remeshing procedure 276–277
– scale transition procedure 139–142
– semianalytical 188–191
– SPR technique 275
– weighted residual 77–78
micro–macro coupling 385–386, 396–398
micro–macro model 239

microfluctuation field 116, 120
micromechanical studies 69
micromechanics, continuum 112
micron sized grain structure 325
microplanes, cleavage 7
microporosity 105–107
microscale analysis, decoupled 403–406
microscale influence on FGMs 322–335
microscale virtual work 118
microscopic accumulated plastic strain 405
microscopic deformation gradient field 346
microscopic equilibrium problem 354–355
microscopic equivalent stress, von Mises 396
microscopic Kirchhoff stress 384
microscopic stress paths 406
microscopic von Mises equivalent stress

405
microstructures
– dendritic 209
– globular 209, 218
– modification 211
– spheroidal 210–212
mid area averaging technique 277
mill, pilger 402
minimal kinematic boundary conditions 117
minimum constraints
– displacement fluctuations 347–348
– kinematical 346–347, 360–361
Mises, Richard von, see von Mises, Richard
mixed optimization approach 165–204
– applications 192–196
mixtures, rule of 357–359
MMA (method of moving asymptotes)

185–187
modal analysis 312
modal assurance criterion (MAC) 321
modal constant, piezoelectric 320
mode, pistonlike 320, 324
modeling
– cellular structures 8–15
– elastic–plastic 2
– internal interfaces 284
– inverse 10–12
– nonlocal 23–72
– materials, see materials modeling
– multiscale 4, 111, 341
– nonlocal 23–72
– semisolid metallic alloys 205–256
– see also theories and models
modified finite differences 188–191
modified local damage models 33–42
modified von Mises criterion 257
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424 Index

modulus
– bulk 11
– elastic 389–390
– hardening plastic 265
– isotropic hardening 394
– saturation hardening 389–390
– shear 11
– Young’s 26, 171
Mohr–Coulomb surface 266
Monte Carlo method, lattice 75–76,

98–103
Mori–Tanaka relations 170
morphology
– design 9
– partial 74, 95
– syntactic 74, 95
motion
– boundary 277
– dislocation 111
– mesh 286
moving asymptotes 185–187
multimodal response 320
multiphysics 18, 301–339
multiplaten die set 280
multiple point quadrature 279
multipliers
– Lagrange 31–32
– plastic 264
multiscale constitutive modeling 15–18
– finite strain 345
– large strain 341–378
multiscale methods 111
multiscale model definition 353–361
multiscale modeling 4
– time discrete 366–371
multiscale solution scheme 135–139
mutation stage 183

n
Nabla operator 77
necking 195
Newton–Raphson method 36, 42, 52–53
– micro–macro model 241
– sensitivity analysis 188–190
Newtonian liquids 227, 230–231
NMTs (numerical material tests) 381–382,

386, 390–395, 398–400
no access region 232
nodal points, motion 286
nonactive cracking 154
nonconvex functions 180
nondestructive images 318
nongraded piezoelectric material 306
nonlinear equilibrium equations 188

nonlinear problems, path dependent 187
nonlinear scalar equations, single 41
nonlocal algorithms, convergence 54–57, 61
nonlocal averaging 44–45
nonlocal constitutive equations 113
nonlocal degree of freedom 144
nonlocal influence area 49
nonlocal modeling, ductile damage 23–72
nonlocal modeling 4
– classical 45–47
– ductile damage 23–72
nonlocal residual 143
nonlocal stress update procedure 55
– efficiency 61
nonuniform distribution of fibers,

radial 305
nonunique solution 331
normal vectors 88
normalized effective thermal conductivity

105–107
normalized frequency TTFs 317
normalizing condition 44
Norton–Hoff law 238
notched specimen, axisymmetric analysis

57–62
nucleation, void 170–173, 176–177
numerical analysis 57
– computed tomography 104
numerical applications, FE modeling of

thixotropy 250
numerical background, thixoforming

processes 223–237
numerical calculation models 89–90
numerical integration 87
– stress update 288–291
numerical material tests (NMTs) 381–382,

386, 390–395, 398–400
numerical modeling
– automotive components 279–282
– coining test 291–294
numerical specimens, unit cell models with

crystal plasticity 387–390

o
objective function 13–14, 178–186,

193–200
– FGMs 320–321
– three-invariant cap plasticity 267
objectivity, principle of 225
offspring (genetic algorithms) 181
one-phase models 237–243, 246–250
one-point quadrature 279
onset, failure 4
open cell structure 8
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Index 425

operators
– averaging 44
– constitutive tangent 362–366
– Nabla 77
optimization
– material gradation functions 319–322
– mixed approach 165–204
– topology 319
orientation
– average crack 133
– localization 135
orthogonality condition 373–375
orthonormal basis 374
Ostwald–de Waele relationship 238

p
parallel algorithms 17–18, 385
parallelepiped 86
parameter determination/identification 4,

177–179, 267–269
– approximate macroscopic constitutive

models 393–395
parametric space 83–85
partial differential equilibrium equations 43
partial morphology 74, 95
particle diffusivity 75
particle size 217
partitioning
– diffusion coefficient 76
– subquadrilateral 289
path dependent nonlinear problems 187
path following techniques 132
pattern, failure 128
perforated beam 328
periodic array 333
periodic boundary conditions 120
periodic boundary displacement fluctuations

model 359–360
periodic materials 126–129
periodic media 360
periodic square array 93
periodicity 128
periodicity conditions, enforced 332
periodicity tyings 127–128
perturbed array 93
perturbed incremental displacement 189
phase (ALE formulations)
– convection (Eulerian) 278–279
– material (Lagrangian) 275–279
– smoothing 276–277
piezocomposite materials 326–328
– sinusoidal 334
piezoelectric materials
– FE methods 309–314

– functionally graded 301–339
– nongraded 306
– variational problem formulation

309–310
piezoelectric modal constant (PMC) 320
piezoelectricity 302–304
– thermo- 330
piezotransducer performance 314–322
pilger mill 402
pilger rolling 401
– evaluation methods 406–408
Piola–Kirchhoff stress tensor, first 115, 119,

343
pipe, steel 401
pistonlike mode 320, 324
plane
– cutting 98
– strain 62–63
plastic corrector 41
plastic damage 26–27
plastic deformation 3
plastic forming 395–401
plastic liquids, pseudo- 227
plastic modulus, hardening 265
plastic multiplier 264
plastic state potential 29
plastic strain 405
plastic strain rate
– equivalent 238
– tensor 169
plasticity
– associative 39
– cap 260–269
– classical theory 380
– crystal 387–390
plate, flat groove 62–63
PMC (piezoelectric modal constant) 320
pointwise systems 50
Poisson coefficient 192
Poisson’s ratio 11
polarization axis 326
polefigure 406
polycrystalline aggregates 388
polycrystalline metals 379–412
polynomial functions 45
porosity 97, 176
– interconnected 90
– solid–void/pore interaction 350–351
porous media 168
– saturated 357
porous metals 73
– applications 9
postpeak response 152
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426 Index

potential
– dissipation 29–30
– elastic state 28–29
– plastic state 29
– scalar electric 303
powder
– compaction simulation 258
– forming processes 257–299
– metallurgy 211
– property matrix 264–265
prediction
– damage 65–68
– elastic predictor 49–57
– failure onset 4
– homogenization-based 379–412
– thermal properties of metallic spheres

73–110
prelocalization 151
pressure
– hydrostatic 268, 327
– loading 252
primitive cubic (pc) 95
principal finite element equation 78–88
principle, Hill–Mandel macrohomogeneity

118–119, 126, 345–346, 352–353
principle of maximum inelastic dissipation

31–32
principle of objectivity 225
procedures, see methods
processes
– deformation 211
– forming 207, 213–215
– powder forming 257–299
– thixoforming 205–256
production of spheroidal microstructures

210–212
programming
– mathematical 179–187
– sequential linear 14, 185–187
propagation of diagonal cracking 158
property scale 314–322
pseudodensity 11, 321
pseudofractal array 93
pseudoplastic liquids 227
pseudotime 404
punch force, top 282
PZT 332–333

q
quadratic elements, eight noded 62
quadrature
– Gauss–Legendre 87
– Gaussian 48
– one-point/multiple point 279

quadrilateral element 82
– four-noded axisymmetric 65
quartic polynomial function 45
quasi-brittle materials 159
quasi-periodic composites 93
quasi-static problems 271, 274–275

r
radial nonuniform distribution of fibers 305
radial strain 405
Raphson, Newton–Raphson method, see

Newton–Raphson method
ratio of latent hardening 389–390
reaction force 294
reactive body force field 366
reactive load systems 353
reconstruction, computed tomography 103
reference external traction field 349
refinement
– iterative 191
– mesh 58, 62, 105
regular structures, finite element analysis

91–94
regularized solutions 60
reheating 212–213
relations, see laws and equations
relative conductivity 94
relative density 94
– contours 281
relaxation 111
relaxed Taylor model 136
release rate, energy 28
relocated mesh (ALE formulations)

290–291
remelting 211
remeshing procedure 277
replacement (evolutionary algorithms) 183
representative volume element (RVE)

16–17, 116–129, 342
– boundary displacement model 359
– discontinuous scale transitions 126–129
– equilibrium 349–351
– kinematics 346–348
– macroscopic stress 351
– macroscopic yield strength 381
– mesoscopic 127–129
– velocity spaces 348–349
residual
– nonlocal 143
– weighted 77–78
residual stresses 254
– analysis 253–254
resistance furnace 212
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Index 427

response
– averaged material 139–140
– multimodal 320
– postpeak 152
– structural 191
– unimodal 320
results analysis 251
return mapping algorithm 49–57
rheocasting 210
rheology, semisolid processing 216–223
right symmetrization 129
rigidity (thixotropic behavior) 221
rolling, pilger 401
rule of mixtures 357–359
running bond masonry 127–128
RVE, see representative volume element

s
saturated porous media, solid–fluid

interaction 357
saturation hardening modulus 389–390
scalar electric potential 303
scalar equations, single nonlinear 41
scale transitions
– continuous–continuous 115–119
– discontinuous 125, 147
– kinematical relation 116–117
– localized behavior 139–142
scales
– coarse scale localization 130–132
– fine scale localization 129–130
– large strain multiscale solid constitutive

models 341–378
– length 15
– macroscale discrete crack 124
– mechanics 111–112
– microscale influence on FGMs 322–335
– multiscale modeling 4, 15–18, 111, 341
– multiscale solution scheme 135–139
– property 314–322
– separation of 113–114
schemes, see methods
secant stiffness 137, 145
second gradient continuum 121
second-order computational homogenization

119–121
segregation
– liquid 216
– macro 223
selection of localized solutions 147–149
selection of the localization orientation 135
self-consistent approximation 240
semianalytical method 188–191
semisolid metallic alloys 205–256

– forming processes 207
– thixotropic 208–209
semisolid processing 209
sensitivity analysis 187–191
separation of scales 113–114
sequential linear programming (SLP) 14,

185–187
shape, truncated icosahedron 388
shape functions 80, 310
– derivatives 85
shear–compression test 151–152
shear failure function 260–261
shear modulus 11
shear rate step up/down experiments 218
shear stress (CRSS), critical resolved 389
shear thinning/thickening behavior

227–228
shear wall test 152–159
side constraints 179
simplified damage model, Lemaitre’s 33–36,

46–47, 65–68
simulation
– powder compaction 258
– thixoforming processes 205–256
sintered HSS 105–108
sinusoidal piezocomposite 334
size, particle 217
size effect 151–152
SLP (sequential linear programming) 14,

185–187
slug, semisolid alloy 206
smooth filling 215
smoothing phase 276–277
snapback 139–142
– mesostructural 149–151
– unit cell 141–142, 144–146
solid and fluid mechanics 269
solid constitutive models, multiscale

341–378
solid formalism 236
solid material model
– hypoelastic 231–235
– linear elastic 229–230
solid–void/pore interaction 350–351
solidification 211, 222
solids
– ductile 1
– elastic 231
solutions
– governing equations 142–143
– localized 147–149
– Maxwell type 102
– multiscale scheme 135–139
– nonunique 331
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428 Index

solutions (contd.)
– regularized (nonlocal approaches) 60
– uncoupled ALE 274–279
space
– parametric 83–85
– RVE velocities 348–349
– spatial averaging 362
– spatial domain 79
– stress 261–263
– vector 348
specimens, numerical 382, 387–390
sphere wall thickness 96–98
spheres, metallic hollow 73–110
spherical bcc/fcc 91
spherical models 166
spheroidal microstructures, production

210–212
spheroidal structures 217
split
– deviatoric/hydrostatic 35
– tensile/compressive 38
SPR technique 275
square cells 360
St. Venant–Kirchhoff elasticity model 393
standard materials, normality rule of

generalized 29
state, elastic trial 34
state potential 27
static analysis 312
steel, low carbon 192–196
steel pipe 401
step up/down experiments, shear rate 218
stiffness
– secant 137, 145
– tangent 142, 144
strain
– axial 394, 404
– circumferential 405
– displacement matrix 311
– embedded discontinuity 138
– finite 345
– infinitesimal 373
– infinitesimal theory 371–372
– jump control 140–141
– localized equivalent total 123–124
– microscopic accumulated plastic 405
– plane 62–63
– radial 405
– strain and stress triaxiality space 5
– tensor 128, 303
– volume averaged 137
strain rate
– equivalent plastic 238
– evolution 231

– tensor 169, 225
– thermal 235
stress
– Cauchy 129, 271
– critical resolved shear 389
– effective 25
– local reduction 301
– macroscopic variation 145
– microscopic Kirchhoff 384
– microscopic paths 406
– rate 234
– residual 253–254
– tensor, see stress tensor
– von Mises equivalent 397, 405
– yield 222–223, 250
stress averaging 351–353
– deformed RVE configuration 361–362
stress space 261–263
stress states, complex 4
stress–strain curve 391–395, 398–400
stress–strain fields, uniform 165
stress–strain relation, uniaxial 37
stress tensor 1
– Cauchy 27
– deviatoric 263
– extra 230
– mechanical 303
– Piola–Kirchhoff 115, 119, 343
stress theory, couple 113
stress update
– crack closure effect 42
– Lemaitre’s simplified model 36
– nonlocal 55
– numerical integration 288–291
structural behavior 9
structural failure mechanism 154
structural response 191
structures
– cellular 8–15
– lattice block 12
– meso- 106, 149–151
– micro-, see microstructures
– micron sized grain 325
– regular 91–94
– spheroidal 217
subpolygons (X-ALE-FEM analysis) 288
subquadrilateral partitioning 289
summation convention, Einstein’s 303
support domain, extended 287
surface
– Drucker–Prager 266
– Gurson yield 172–174
– Mohr–Coulomb 266
– yield, see yield surface
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Index 429

surface finish 257
suspension, flocculated 220
symmetric boundary conditions 63
symmetry properties of Taylor type models

358
syntactic morphology 74, 95

t
tangent matrix 191
tangent operator, constitutive 362–366
tangent stiffness 142, 144
tangential displacement fluctuations 370
tapered specimen, upsetting 63–68
Taylor-based constitutive functional

357–359
Taylor model 356–359, 369
– relaxed assumption 136
– symmetry properties 358
techniques, see methods
temperature effects, thixotropy 222
tensile damage zones 156
tensile loading, uniaxial 121, 407
tensile/compressive split 38
tensile tests 178
– finite elements 194
tension–compression test 149–151
tensor
– acoustic eigenspectrum 134
– backstress 28–29
– Cauchy stress 27
– conductivity 13
– deviatoric stress 263
– elasticity 13
– extra stress 230
– fourth order 368, 374
– macroscopic infinitesimal strain 128
– mechanical stress 303
– Piola–Kirchhoff stress 115, 119, 343
– plastic strain rate 169
– strain 303
– strain rate 225
– third-order 304
tests
– axisymmetric 250
– coining 291–294
– isostatic compression 268
– masonry shear wall 152–159
– numerical material (NMT) 381–382, 386,

390–395, 398–400
– shear–compression 151–152
– tensile 178, 194
– tension–compression 149–151
tetrahedral elements 388
theories and models

– acoustic transmission line theory 315
– approximate macroscopic constitutive

models 390–395
– arterial wall behavior 341
– axiomatic structure 343–353
– classical nonlocal models 45–47
– classical theory of plasticity 380
– constitutive theory/models, see constitutive

models
– couple stress theory 113
– Cross model 243
– cross sections 98–103
– crystal plasticity 387–390
– cubic symmetric models 94–98
– Eshelby’s theory of equivalent inclusions

380
– gradient enhanced models 44
– granular material model 258
– Gurson damage model 26, 166–177
– Gurson–Tvergaard model 167
– homogenization theory 382–387
– hyperelastic 341
– hypoelastic solid material models 231–235
– infinitesimal strain theory 371–372
– internal interfaces 284
– Lemaitre’s ductile damage model 27–36,

46–47, 65–68
– linear elastic solid material model 229–230
– linear Newtonian liquid material model

230–231
– linear RVE boundary displacement model

359
– liquid material models 236
– micro–macro model 239
– model assessment (prediction of powder

material behavior) 265–266
– multiscale model definition 353–361
– nonlocal models 4, 24
– numerical calculation models 89–90
– one-phase models 237–243, 246–250
– periodic boundary displacement fluctuations

model 359–360
– powder forming processes 257–299
– relaxed Taylor model 136
– spherical models 166
– St. Venant–Kirchhoff elasticity model 393
– Taylor model 356–359, 369
– time discrete multiscale models 366–371
– two-phase models 243–246
– two-scale modeling 382–387
– see also modeling
thermal conductivity, effective 75, 96–98
thermal conductivity matrix 79
thermal properties, metallic spheres 73–110
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430 Index

thermal strain rate 235
thermodynamic forces 28–29
thermodynamic potential 27
thermomechanical analysis 252–253
thermomechanically coupled computational

homogenization 114
thermopiezoelectricity 330
thickness, sphere wall 96–98
third-order tensor 304
thixocasting 210
thixoforging 210
thixoforming processes 205–256
– numerical background 223–237
thixomolding 212
thixotropy 216–217
– FE modeling of 237–246
– semisolid metallic alloys 208–209
three-D cone beam tomograph 104
three-invariant cap plasticity 260–269
three-step plastic forming 395–401
– evaluation methods (macroscopic yield

strength) 398–401
threshold, gray scale 106
time, pseudo- 404
time discrete homogenized constitutive

tangent 368
time discrete multiscale models 366–371
TOM (topology optimization method) 319
tomography
– computed reconstructions 103
– X-ray 104
top punch force 282
topology, HSS models 95–98
topology optimization method (TOM) 319
total damage work 5
total strain, localized equivalent 123–124
tournament, binary (genetic algorithms) 184
traction
– boundary 351
– continuity 141–143
– internal field 350
– reference external traction field 349
– uniform boundary 360–361, 371
– vector 272
transducers
– bimorph 307
– ultrasonic 315–319, 321–322
transfer functions, transmission 316–317
transient analysis 312
transient behavior 217–222
transitions
– continuous–discontinuous 147
– scale, see scale transitions
transmission line theory, acoustic 315

transmission transfer function (TTF)
316–317

Tresca, Henri 1
trial state, elastic 34
triaxiality ratio 37
triaxiality space 5
truncated icosahedron shape 388
truncated quartic polynomial function 45
TTF (transmission transfer function)

316–317
Tvergaard model, Gurson– 167
two-dimensional design domain 321
two-phase loading (shear test) 153
two-phase models 243–246
two-scale analysis 382–387, 396–398
– yield surfaces 400
two-scale boundary value problem 383–385
two-scale modeling 382–387
tyings, periodicity 127–128

u
UC, see unit cell
ultrasonic applications 314–319
ultrasonic transducers 307, 315–319,

321–322
uncoupled ALE solution 274–279
uniaxial stress–strain relation 37
uniaxial tensile loading 121
uniaxial uniform tensile loading 407
uniform boundary traction 360–361, 371
uniform stress–strain fields 165
unimodal response 320
unit cell (UC) 89
– hexagonal 360
– homogenization method 328
– models with crystal plasticity 387–390
– pseudodensity distribution 11
– running bond masonry 127–128
– snapback 141–142, 144
– square 360
unstirred melt 208
update
– level set 287–288
– stress, see stress update
upsetting, tapered specimen 63–68

v
V notched specimen, low carbon 7
variables
– design 178
– internal 30–31
variational formulation 309–310, 341–378
– Hill–Mandel principle 352–353
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Index 431

vector
– minimally constrained vector space 348
– normal 88
– traction 272
velocity, RVE 348–349
vertical compression 148
vertical interfaces 292–294
vigorous agitation 222
virtual displacements 348–349
virtual work 309
– functional 352–354
– microscale 118
– reactive body force field 365–367
viscoelastic behavior 226
viscoplastic deformation 3
viscosity
– apparent 208, 238–243
– law 248–249
viscous effects 235
viscous liquids 231
void, solid–void/pore interaction 350–351
void growth 176–177
– rate 170
void–matrix aggregate 166
voltage gradient matrix 311
volume averaged strain 137
volume element, representative, see RVE
volumetric void fraction 168–171
– Young modulus 171
von Mises criterion 246
– modified 257
von Mises equivalent stress 397
– microscopic 405
von Mises, Richard 1
– see also Huber, M. T.

w
Waele, Ostwald–de Waele relationship 238
wall
– arterial 341
– brick 328

wall test, shear 152–159
waveform (designing piezoelectric

transducers) 308
weak form of ALE equations 272
weak statement 78, 87–88
weight functions 45
weighted residual method 77–78
well posed equilibrium problem 354–355
work
– total damage 5
– virtual 118, 309, 354, 366

x
X FEM (extended FEM formulation) 259,

283–285
X-ray tomography 104

y
yield criterion 31–34, 40, 167
– Huber–Mises–Hencky 2
– nonlocal models 47–48
yield strength, macroscopic 379–412
yield stress 222–223
– isotropic hardening 250
yield surface 167, 232
– cone cap 266
– 3D representation 261–266
– elliptical 266
– Gurson 172–174
– two-scale analysis 400
Young’s modulus 26
– volumetric void fraction 171

z
zone
– active (semi-solid micro-macro model) 239
– discrete localization 125
– tensile damage 156
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