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Topology optimization problems typically consider
a single load case or a small, discrete number of
load cases; however, practical structures are often
subjected to infinitely many load cases that may
vary in intensity, location and/or direction (e.g.
moving/rotating loads or uncertain fixed loads). The
variability of these loads significantly influences the
stress distribution in a structure and should be
considered during the design. We propose a locally
stress-constrained topology optimization formulation
that considers loads with continuously varying
direction to ensure structural integrity under more
realistic loading conditions. The problem is solved
using an Augmented Lagrangian method, and the
continuous range of load directions is incorporated
through a series of analytic expressions that enables
the computation of the worst-case maximum stress
over all possible load directions. Variable load
intensity is also handled by controlling the magnitude
of load basis vectors used to derive the worst-case
load. Several two- and three-dimensional examples
demonstrate that topology-optimized designs are
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extremely sensitive to loads that vary in direction. The designs generated by this formulation
are safer, more reliable, and more suitable for real applications, because they consider realistic
loading conditions.

1 . Introduction
Engineering structures are subjected to a multitude of loads over their lifespan [1]. For example,
aircraft are subjected to constantly varying inertial loads; buildings are subjected to continuously
varying wind and live loads, in addition to the structure’s self-weight. These myriads of loading
conditions cause an equally countless number of stress distributions that should be considered in
the design process to guarantee structural integrity. Nevertheless, topology optimization typically
focuses on structures with a single load case or a small number of load cases, leading to designs
that are over-fitted to an artificial single loading condition, and that are not robust under the
service loads.

In this work, we focus on loads that vary in direction and magnitude, while retaining
a fixed location of application. Figure 1 exemplifies all the load varying cases contemplated
in this work, i.e. loads varying in direction and magnitude (figure 1a), loads varying only
in direction (figure 1b), loads varying in a limited range of directions (figure 1c), loads
varying in direction combined with fixed loads (figure 1d), two or more loads varying
independently (figure 1e) and loads varying in three dimensions (figure 1f ). We formulate the
stress constrained topology optimization problem such that the local stress constraints account
for the load variability in a worst-case-oriented approach. That is, the stress constraints consider
the maximum stress generated by the loads in a set of possible load directions. We derive
analytic expressions that represent the maximum stress in this set of load directions. The
formulation is tailored for linear elasticity (state equation) and we adopt a von Mises stress
measure.

To handle the large number of constraints inherent to the local stress constraints problem,
we use the AL-based approach adapted from [2]. We highlight that although this work focuses
on stress constraints, the analytic expressions derived here can be applied to any topology
optimization problem with bilinear functions and linear state equations (see SS5 of the electronic
supplementary material for derivations related to compliance minimization).

The remainder of this paper is organized as follows. Section 2 reviews the existing literature
on stress-constrained topology optimization considering multiple load cases. Section 3 briefly
presents the local stress constrained topology optimization formulation used in this work. Section
4 presents a boundary corrected version of the filter proposed in this work. Section 5 describes
the multiple load direction framework with detailed derivations of the proposed analytic
solutions for worst-case stress. Section 6 presents a generalization of load decomposition and
varying load intensity. Section 7 summarizes the formulation by presenting the general topology
optimization formulation, and the respective AL method sub-problem used in this work. Section
8 provides benchmark numerical examples obtained with the proposed method, and §9 presents
concluding remarks. Table 1 presents the nomenclature used in this manuscript. Additionally,
we provide, in the electronic supplementary material, the details of the implementation
(§S1), the optimization algorithm (§S2), the convergence plots of the numerical results (§S3),
derivation of the sensitivity of the proposed formulation (§S4) and the derivations to consider
multiple load directions in the compliance minimization problem (electronic supplementary
material, §S5).

2. Related work
The simplest way to incorporate multiple load cases in a stress-constrained TO formulation
is to consider additional constraints for each load case; however, each additional load
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Figure 1. Schematic of all the load conditions, with loads varying in direction and magnitude, contemplated in the proposed
formulation. (a) Load varying 360◦ forming a ellipsoid domain in which the load varies, not only in direction, but also in
magnitude. (b) Load varying 360◦ forming a circular domain, in which the load varies only in direction. (c) Load varying in a
limited range of admissible directions. (d) Load varying 360◦ combined with a fixed load. (e) Two loads varying independently
in direction. (f ) Load varying in three-dimensional directions.

Table 1. Nomenclature.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σ̃ vj maximum of the von Mises stress at the centroid of element j considering all possible load angles
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

β parameter that controls the sharpness of the Heaviside projection function (the higher the value
the sharper the projection)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

λ(k) vector of approximated Lagrange multipliers at the kth iteration of the AL method
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ρ vector of filtered densities
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σ x andσ y stress components
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

θ cr
j critical angle of the loads that causes the highest stress in the structure

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ξ adjoint vector used for sensitivity evaluation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ε ersatz stiffness
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

η scale factor used in the modified AL function (3.6)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Γ domain of admissible load angles
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[−θr , θr] range of admissible angles
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Continued.)

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

31
 J

ul
y 

20
23

 



4

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A479:20220436

..........................................................

Table 1. (Continued.)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

μ(k) penalty parameter at the kth iteration of the AL method
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ν Poisson’s ratio of solid material
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σvj (z, θ ) von Mises stress at the centroid of element j
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σlim stress limit for a given material
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

τij part of the expression for the von Mises stress associated with loads i and j
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

θ load angle
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

θlow , θup lower and upper limit of the range of admissible angles
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ρ̃e volume fraction of element e
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σ̂ v upper bound for the critical stress σ̃ v
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Ne
A
e=1

assembly information of the global stiffness matrix
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C compliance
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E0 Young’s modulus of solid material
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F(θ ) load vector
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

FEA finite-element analysis
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ff load basis vectors associated with a fixed load
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fx and Fy load basis vectors
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

gj(z) jth stress constraint
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

gV volume constraint
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

J(k)(z) augmented Lagrangian function at iteration k
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

K(z) stiffness matrix
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

k0 the local stiffness matrix of a solid element
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ke the eth element local stiffness matrix
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

M(z) mass (volume) of the structure
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Nc number of stress constraints
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ne number of elements
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

P filter matrix
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

p penalization parameter of the SIMP formulation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

R the radius of the filter that controls the minimum length scale
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

tij quadratic stress terms of the load basis vectors i and j
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

SIMP solid isotropic material with penalization
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

sij quadratic stress terms associated with the crossed load basis terms
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

TO topology optimization
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

U displacement vector
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

V von Mises matrix
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ve area (for two-dimensional problems) or volume (for three-dimensional problems) of element e
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x�i , x
�
j position of the centroid of the ith and jth elements, respectively

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

z vector of design variables
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

31
 J

ul
y 

20
23

 



5

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A479:20220436

..........................................................

case substantially increases the computational cost, rendering it impossible to account for
continuously varying loads. Thus, this approach has typically been limited to no more than two
fixed load cases [2–6]. Alternatively, the problem with multiple load cases has been formulated
as an uncertainty in the load, which can be solved using stochastic or worst-case-oriented
deterministic approaches [7,8].

In the stochastic approach, the load is treated as a random variable following a known
probability distribution, and the objective and/or constraints of the optimization problem are
modelled as statistical moments of random functions or as probabilities. Stochastic models
have been widely applied to compliance-based TO problems [9–17], but more moderately
so for stress-based TO [18–21]. Kanno & Takewaki [19] studied the effects of multiple load
directions with stress constraints in the context of ground structure topology optimization using
a probabilistic model to generate a sample load that represents the possible load cases. Lógó
et al. [20] worked on the optimal conditions of multiple load cases and proposed a probabilistic
model to address the problem with trusses. Luo et al. [21] considered uncertainty in the
material and in the load amplitude by using reliability based topology optimization. Stochastic
approaches, however, are troublesome in practice because they demand large data samples
to obtain accurate results, which leads to high computational costs. The high computational
cost can be mitigated using surrogate models [22], but this increases the complexity of the
implementation. In addition, stochastic techniques can cause instability in the optimization
procedure [23].

On the other hand, worst-case-oriented approaches are equivalent to solving an optimization
in the set of possible load cases in which the worst case is identified, and used as the objective
and/or constraint function in the TO problem. The solution to the worst-case-oriented problem
guarantees an upper bound for the objective function (in the case of minimization problems),
and/or the satisfaction of the constraints for any load case considered in the set of possible
load cases. Thore et al. [8] provide a worst-case-oriented general framework for quadratic
objective functions and quadratic constraints under load uncertainty by recasting the problem
as a nonlinear, semi-definite programming problem which is then solved numerically. Young
et al. [24] and Xie & Steven [25] use an evolutionary structural optimization approach and
consider multiple load cases with stress constraints by performing a finite-element analysis
for each load case. Csébfalvi [26] deals specifically with uncertainty in load directions with
an iterative approach. Holmberg et al. [27] proposed a game theory approach to solve the
worst-case-oriented stress constraints problems considering variation in the load direction;
however, because the problems are non-convex, the existence of Nash equilibrium to the game
problem proposed by Holmberg et al. [27] is not guaranteed, and they rely on empirical
observation of the numerical results. In the subsequent work, Thore et al. [28] modelled the
problem as a Stackelberg game, instead of a zero-sum game, and showed that, with this
interpretation, it is possible to guarantee the existence of a solution to the problem. However,
the numerical methodology to solve the Stackelberg game problem can be computationally
inefficient.

In this work, we propose a worst-case-oriented approach, but, unlike the previously
mentioned approaches, we use the linear state equations and the bilinear properties of the von
Mises stress to derive an analytic solution for the worst-case stress caused by continuously varying
loads. We then use these worst-case stresses as the local stress constraints in the TO problem.
These analytic solutions, which are one of the main contributions of this work, are accurate,
computationally efficient, and guarantee the structural integrity of the final design over the set
of continuously varying loading conditions.

3. Theoretical formulation
The proposed formulation for stress-constrained topology optimization with continuously
varying load directions is stated as follows:
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min
z

M(z) =
Ne∑

e=1

ρ̃eve

s.t.: gj(z, θ ) ≤ 0, j = 1, . . . , Nc

0 ≤ ze ≤ 1, e = 1, . . . , Ne

with: K(z)U = F(θ )

ρ̃(z) =H(Pz)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(3.1)

where M(z) is the mass (volume) of the structure, z is the vector of design variables, which
represents the material density at each point in the domain, ρ̃e is the volume fraction of element e
defined using a smooth Heaviside projection [29], ρ(z) = Pz is the vector of filtered densities, P is
the filter matrix, ve is the area (for two-dimensional problems) or volume (for three-dimensional
problems) of element e, gj(z, θ ) is the jth stress constraint, which depends not only on the design
variables z, but also on the load direction determined by θ , Nc is the number of stress constraints,
Ne is the number of elements in the finite-element mesh, and K(z)U = F(θ ) is the linear elastic
state equation, where the right-hand side varies with the angle of the load, θ , which is defined
by the problem. The explanation of variable θ and its range is displayed in figure 1. Note that
the optimization problem presented in equation (3.1) admits a trivial solution z = 0. Numerically,
however, this solution is almost never achieved given a reasonable initial guess for the problem
(i.e. an initial guess in which z �= 0).

The physical density vector, denoted by ρ̃, is obtained by first applying a boundary corrected
polynomial filter, described in §4, and then the Heaviside operation [30] to the design variable z.
The filter operation is computed by multiplying the design variable vector z by the filter matrix
P:

ρ = Pz (3.2)

where the filtered variables, ρ, are defined for convenient notation. After we apply the filter
operation, we perform the smooth Heaviside projection [30]:

ρ̃ =H(ρ) = tanh (βη) + tanh(β(ρ − η))
tanh (βη) + tanh(β(1 − η))

(3.3)

where η= 0.5 is the value of the threshold for the Heaviside function and β controls the sharpness
of such a function. We use an element-based density approach, in which the stiffness of an element
is defined using the solid isotropic material with penalization (SIMP) method [31,32], and the
stiffness matrix, K, is defined as:

K(z) =
Ne
A

e=1
ke, with ke = Eek0, Ee = ε + (1 − ε)ρ̃p

e (3.4)

where ke are the element local stiffness matrices, ε represents an Ersatz stiffness that prevents
the stiffness matrix from becoming singular, p is the SIMP penalization factor that penalizes
intermediate densities, k0 is the stiffness matrix for a solid element, Ee is the material interpolation

stiffness function, and the symbol
Ne
A

e=1
represents the assembly process of the global stiffness

matrix. The stress constraint formulation used here is a slight variation of the one proposed by
[2,33] and is defined as:

gj(z) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
ρ̃

p
j

⎡⎣( σvj

σlim
− 1

)
+
(
σvj

σlim
− 1

)2
⎤⎦ if

σvj

σlim
> 1

ρ̃
p
j

(
σvj

σlim
− 1

)
otherwise,

(3.5)

where the exponent p is the SIMP penalization factor, σvj is the von Mises stress at element j,
and σlim is the stress limit. The optimization formulation used in this work adopts one stress
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constraint for each element of the FEM mesh in which the stress is evaluated at the centroid of
the element (i.e. Ne = Nc). We solve the optimization problem in equation (3.1) using a modified
version of the Augmented Lagrangian (AL) method [34,35] described in [2]. In the AL method,
we solve a sequence of k-subproblems for which the solution converges to an optimum of the
original problem. In the modified AL method described in [2], the authors introduced two new
parameters: γe, which is adaptively adjusted during the optimization procedure to overcome local
optima; and η, which scales the penalty terms of the AL function according to the number of
constraints. However, in this work, we have eliminated the use of variable γe. The modified AL
function is defined as:

J(k)(z) =
Ne∑

e=1

ρ̃eve + η

Nc∑
j=1

[
λ

(k)
j hj(z) + μ(k)

2
hj(z)2

]

and hj(z, σ̂ v(θ�)) = max

⎡⎣gj(z, σ̂ v(θ�)), −
λ

(k)
j

μ(k)

⎤⎦ .

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.6)

For a detailed explanation of the modified AL method, see [2].

4. Boundary corrected filter
Traditional filters [36,37] present a strong bias towards the boundaries of the TO domain
[38–41], because the structural optimized features connected to the boundaries are only subjected
to half of the minimum length-scale. To correct this boundary bias, padding strategies, which
add an exterior layer of passive void elements around the domain, have been proposed [38–40].
However, these padding strategies can be troublesome for domains with complex geometries,
especially for three-dimensional problems. We propose a corrected version of the polynomial
filter to address the boundary bias. In this corrected version, we modify the denominator of the
traditional polynomial filter [36,37], as displayed in equations (4.1) and (4.2):

Pij = wijvj

ψi
, with wij = max

[
0,
(

1 − ||xi − xj||2
r

)]s

, (4.1)

and

ψi =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∑Ne
k=1 wikvk, If the element is less than r

distance from a boundary that

has load or support prescribed to it

max
{∑Ne

k=1 wmkvk | m = 1, . . . , Ne

}
, Otherwise,

(4.2)

where r is the filter radius, and ||xi − xj||2 represents the distance between the centroids, xi and
xj, of elements i and j, respectively. The order of the filter is defined by the filter exponent, s. The
correction of the denominator term ψi means that the rows associated with elements, which are
less than r distance from the edge, and more than r distance from a boundary condition, will sum
up to less than one. This correction implicitly behaves like a padding of void elements without
the need to explicitly add the exterior layer of padding elements [38–40].

5. Continuously varying load direction
In this work, the direction of the loads applied to the TO domain is controlled by a variable θ ∈ Γ ,
which represents the angle of the load application, and by the set Γ that represents the set of
all possible angles. Each load direction, a.k.a. load angle θ ∈ Γ , induces a distinct stress state in
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the optimized structure. To prevent structural failure, we have to consider the maximum stress
induced by all possible load angles, θ ∈ Γ , i.e. the critical stress:

σ̃ vj = sup
{
σvj (z, θ ) | θ ∈ Γ

}
(5.1)

where σvj (z, θ ) is the von Mises stress at the centroid of the element j of the FEM mesh, which
depends on the design variables, z, i.e. the structure, and the load direction, θ . We can cast the
problem of finding the critical stress generated by θ as an optimization problem:

max
θ∈Γ

σvj (z, θ )

with: K(z)U = F(θ).

⎫⎬⎭ (5.2)

In other words, we are interested in the critical angles, θcr
j , that cause the highest stress in the

structure. Notice that each stress evaluation point j, and, therefore, each constraint will have a
particular critical angle. Using the critical angles, θcr

j , j = 1, . . . , Nc, we can analytically derive a
worst-case stress constraint for each constraint, gj, j = 1, . . . , Nc, in the TO problem, which now
reads:

min
z

M(z) =
Ne∑

e=1

ρ̃eve

s.t.: max
θ

gj(z, θ ) ≤ 0, j = 1, . . . , Nc

0 ≤ ze ≤ 1, e = 1, . . . , Ne

with: K(z)U = F(θ )

ρ̃(z) =H(Pz).

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(5.3)

In the next sections, we derive solutions for the problem in equation (5.2) considering different
sets of admissible load angles, that is, different domains, Γ .

(a) Case 1: planar load varying in an arbitrary range
We begin by deriving the solution for the problem in equation (5.2) considering a single load
varying in direction within a limited range of angles, θ ∈ [θlow, θup], contained inside [−π ,π ].1 We
start by writing the load as the sum of two vectors weighted by cosine and sine functions:

F(θ ) = Fx cos(θ ) + Fy sin(θ ) (5.4)

where the load basis vectors, Fx and Fy, are two linearly independent vectors that compose
the space of admissible loads. We highlight that Fx and Fy do not need to be aligned with the
x-axis or the y-axis, or have the same magnitude. The load basis vectors just need to be able to
span the space of possible load cases, as the following derivations do not rely on orthogonality,
or any special property of the Fx and Fy vector. However, the θ parameter only has a physical
counterpart (i.e. the angle of the resulting load) when Fx and Fy are defined as a right-handed
orthogonal positive coordinate system. Figure 2 displays a schematic of the domain of possible
loads, and the load basis vectors.

Owing to the linearity of the underlying physics (linear elasticity), we can compute the solution
to the state equations using the load basis vectors as:

U = K−1F(θ ) = (K−1Fx) cos(θ ) + (K−1Fy) sin(θ ). (5.5)

By defining Ux = K−1Fx and Uy = K−1Fy, we can compute the stress as:

σ = DBU = DB(Ux cos(θ ) + Uy sin(θ )) and σ= σ x cos(θ ) + σ y sin(θ ), (5.6)

1We choose the domain as [−π ,π] instead of the more obvious [0, 2π] because of the definition of the inverse tangent used in
this paper, which has an image in the range [−π ,π].
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general case particular case
��Fx�� ����Fy�� ��Fx�� ����Fy��

��Fx�� ����Fy��Fx
Fx

Fy Fy
θ θ

(b)(a)

Figure 2. Schematic of the domain of possible load cases in red and the load vector basis in white for case 1, with (a) general
load basis vector, i.e. ||Fx|| �= ||Fy|| forming a ellipsoid domain in which the load varies, not only in direction, but also in
magnitude, and (b) load basis vectors with the same magnitude, i.e. ||Fx|| = ||Fy|| forming a circular domain, in which the
load varies only in direction.

where D and B are the constitutive and strain-displacement matrices, respectively, in the finite-
element setting. We defined the stress components as σ x = DBUx and σ y = DBUy, which allow
us to compute the von Mises stress as:

σv = {σTVσ }1/2

= {[σ x cos(θ ) + σ y sin(θ )]T V[σ x cos(θ ) + σ y sin(θ )]}1/2

and σv = {txx cos2(θ ) + tyy sin2(θ ) + 2txy cos(θ ) sin(θ )}1/2

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (5.7)

where V is the von Mises matrix, and we defined the quadratic stress terms txx = σT
x Vσ x,

tyy = σT
y Vσ y and txy = σT

x Vσ y to simplify the expression. Notice that txx, tyy and txy do not depend
on θ . We simplify equation (5.7) using trigonometric identities:

σv = {txy sin(2θ ) + 0.5[(txx − tyy) cos(2θ ) + txx + tyy]}1/2 (5.8)

We change the definition of the objective function in equation (5.2) to the squared von Mises
stress. Squaring the von Mises stress simplifies further computations, and, because the von Mises
stress is non-negative, squaring it will not change the solution to the maximization problem.
Therefore, the optimization problem for the critical load angle can then be written as:

max
θ∈[θlow,θup]

[σv(z, θ )]2

with: K(z)Ux = Fx, K(z)Uy = Fy.

⎫⎪⎬⎪⎭ (5.9)

To find the analytic solution to the optimization problem in equation (5.9) we differentiate the
objective function with respect to θ , and set it equal to zero to find the critical points:

∂(σv)2

∂θ
= 2txy cos(2θ ) − (txx − tyy) sin(2θ ) = 0. (5.10)

Equation (5.10) solutions are of the form:

θcr =
{

1
2 tan−1(2txy, txx − tyy) + kπ for k ∈ Z

1
2 tan−1(−2txy, tyy − txx) + kπ for k ∈ Z,

(5.11)

where tan−1(·, ·) is the two-value-argument inverse tangent that considers the appropriate
quadrant in the computation of the inverse of the tangent. We denote the first and second set
of solutions, in equation (5.11), as θcr

max and θcr
min, respectively. Notice that all elements of the set

θcr
max achieve the same value for the objective function, independently of the value of k, and the

same is true for θcr
min. Therefore, from now on, we will assume k = 0, meaning that the solution
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Fy

Fx

θr

Figure 3. Schematic of the domain of possible load cases in red and the load vector basis in white (Fx ) and black (Fy), with a
limited range of angles (θr), for case 2.

will always lie in the interval [−π ,π ]. To classify these two critical points, θcr
max and θcr

min, we will
use the second derivative:

∂2(σv)2

∂θ2 = −4txy sin(2θ ) − 2(txx − tyy) cos(2θ ). (5.12)

We can use the trigonometric identities:

sin(tan−1(a, b)) = a{
a2 + b2

}1/2 and cos(tan−1(a, b)) = b{
a2 + b2

}1/2 , (5.13)

to obtain the value of the second derivative at θcr
max and θcr

min:

∂2(σv)2

∂θ2

∣∣∣∣∣
θ=θ cr

max

=
−8t2

xy − 2(txx − tyy)2{
4t2

xy + (txx − tyy)2
}1/2 (5.14)

and
∂2(σv)2

∂θ2

∣∣∣∣∣
θ=θ cr

min

=
8t2

xy + 2(txx − tyy)2{
4t2

xy + (txx − tyy)2
}1/2 . (5.15)

Notice that the second derivative in θcr
max is always non-positive, while the second derivative in

θcr
min is always non-negative, meaning that θcr

max is a local maximum and θcr
min is a local minimum.

Furthermore, the objective function is periodic, with the period equal to π , and the objective
function is smooth, which means that the global maximum and global minimum are necessarily
critical points. Since θcr

max and θcr
min are the only two critical points of the objective function, we

have that θcr
max is a global maximum, and θcr

min is a global minimum. However, this solution does
not take into account the limited range of angle that we consider in our optimization problem
in equation (5.9). To consider the angle range in the solution, first, we will address the special
instance where the angle range is centred at θ = 0 described as [−θr, θr], and displayed in figure 3.
Then we will show how to generalize this special instance of angle range to any interval of the
form [θlow, θup].

We can divide the solution of this problem into three instances. The first instance is when the
critical point θcr

max lies in the interval [−θr, θr], the second instance is when [−θr, θr] lies between
θcr

min and θcr
max, and the third instance is when θcr

min lies in the interval [−π/2,π/2] and θcr
max does

not. For the first instance, if the critical point θcr
max lies in [−θr, θr], then θcr

max, as defined in equation
(5.16), is the optimum point of this problem. However, if θcr

max /∈ [−θr, θr], the optimum point is
either −θr or θr, because we proved that the only other form of critical point of this problem is
a global minimum. To determine which of −θr or θr is the optimum of the problem, first notice
that the objective function is periodic, with a period of π . Therefore, we only have to focus in
intervals smaller than [−π/2,π/2]; any larger interval will necessarily contain θcr

max because of
the periodicity of the objective function. In the second instance, i.e. [−θr, θr] lies between θcr

min
and θcr

max, we can use the fact that the objective function is monotonic in the interval between
θcr

min and θcr
max to conclude that the maximum is the point, −θr or θr, that is closest to θcr

max. In the
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instance 1
7
6

f (
θ) 5

4
3
2

0
θ

0
θ

0
θ

instance 2 instance 3

π
2

– π
2

– π
2

–π
2

π
2

π
2

θcr
min

θcr
min θcr

min

θcr
max θcr

max
θcr

max

–θr θr θr θr–θr –θr

Figure 4. Representation of the three instances of the limited angle optimization problem. Instance 1, in which the maximum
lies between the limited angle range ([−θr , θr]). Instance 2, in which the maximum and the minimum lie outside the limited
angle range. Instance 3, in which the maximum lies outside and the minimum lies inside the limited angle range.

basis rotation
Fx

Fy
Fx

θupp

θupp – θlow

θupp + θlow

θlow

Fy

θr = 2

2

Figure 5. Schematic displaying how to rotate the basis vectors (Fx and Fy) to achieve any continuous range of admissible angles
desired.

third instance θcr
min is in the interval [−θr, θr], we can use the fact that the objective function is

symmetric with respect to θcr
min to conclude that the farthest point from θcr

min inside [−θr, θr] is the
maximum, which, consequently, is also the point that is closest to θcr

max. For a clear visualization
of the proof outlined above see figure 4. We can express all of these cases in a simple expression
for the solution to the optimization problem in equation (5.9) as:

θ� = min
{

max
[

1
2

tan−1(2txy, txx − tyy), −θr

]
, θr

}
. (5.16)

To generalize this solution for any value of [θlow, θup], we take advantage of the freedom that
we have to choose the basis vectors Fx and Fy (for more details, see §6). We use this freedom to
rotate Fx and Fy, by the angle (θup + θlow)/2, so that Fx lies in the middle of the interval [θlow, θup],
and we set θr = (θup − θlow)/2, so that the interval [−θr, θr] matches the original interval [θlow, θup],
as illustrated in figure 5. With this change of basis, the problem of finding σ̃ v in the interval
[θlow, θup] is the same as finding σ̃ v in the interval [−θr, θr] with the rotated Fx and Fy.

We substitute the expression of θ� into equation (5.8) of the von Mises stress to obtain the
expression for the critical stress. This critical stress σ̃ v is used in the stress constraints in equation
(3.5) to solve the topology optimization problem. This critical stress constraint guarantees that the
von Mises stress will be below the stress limit for any load angle in the domain Γ in the optimized
structure.

(i) Secondary range of admissible angles

If we obtain a solution that satisfies the stress constraints for a range of [−θr, θr], then the solution
will also satisfy the stress criteria for θ ′ = θ + π , in which θ ∈ [−θr, θr]. This secondary range of
admissible load angles occurs because the state equations are linear and the von Mises stress
equation is the square root of a bilinear function. This idea comes naturally if one realizes that
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secondary range of
admissible angles Fy θr

Fx

Figure6. Schematic of the secondary rangeof admissible angles causedby the linearity of the state equations and thequadratic
behaviour of the von Mises stress.

general case

(a)

particular case
��Fx�� ����Fy�� ��Fx�� ����Fy��

θθ Fy

Fx

FfFf
FxFy

(b)

Figure 7. Schematic of the domain of possible load cases (red), the load basis vectors (white) for the varying load and the fixed
load (green), for case 2. (a) General load basis vector, i.e. ||Fx|| �= ||Fy|| forming an ellipsoid domain, and (b) load basis vectors
with the same magnitude, i.e. ||Fx|| = ||Fy|| forming a circular domain.

inverting the direction of the loads does not alter the von Mises stress distribution. To see this,
notice that, if we replace θ by θ ′ + π in equation (5.8), we obtain:

σv(z, θ ′) = {
txy sin(2θ + 2π ) + 0.5

[
(txx − tyy) cos(2θ + 2π ) + txx + tyy

]}1/2 (5.17)

but sin(2θ + 2π ) = sin(2θ ) and cos(2θ + 2π ) = cos(2θ ), which means that the expression in
equation (5.17) is numerically equivalent to the expression in equation (5.8). This secondary range
of admissible load directions is illustrated in figure 6.

(b) Case 2: planar load varying 360◦ plus a fixed load
In this section, we discuss the case in which we have a load varying 360◦, plus a fixed load that
does not vary in direction. A practical example that demonstrates the utility of this case is a
bridge that is subjected to, among others, the self-weight load, which is always in the downward
direction, plus the load caused by the wind, which can vary in direction. In this case, we can
express the loads as:

F(θ ) = Fx cos(θ ) + Fy sin(θ ) + Ff , (5.18)

where Ff is the load basis vector associated with the fixed load applied to the structure. Figure 7
displays a schematic of this load case. We can similarly define Uf = K−1Ff , and σ f = DBUf , where
Uf and σ f are the displacement and stress component caused by the fixed load, respectively. We
can then derive an expression for the von Mises stress (similar to case 1 in §5(a)):

σv =
{

txx cos2(θ ) + tyy sin2(θ ) + 2txy cos(θ ) sin(θ ) + 2txf cos(θ ) + tff + 2tyf sin(θ )
}1/2

(5.19)

in which we further define the extra quadratic stress terms tff = σT
f Vσ f , txf = σT

x Vσ f , and tyf =
σT

y Vσ f . In this form, equation (5.19) has no clear optima, so we apply the Weierstrass variable
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substitution [42], also known as half-angle tangent substitution:

sin(θ ) = 2u
1 + u2 and cos(θ ) = 1 − u2

1 + u2 , (5.20)

which leads to the expression:

σv =
{

1
(u2 + 1)2

[
(txx + tff − 2txf )u4 + 4(tyf − txy)u3

+ 2(tff + 2tyy − txx)u2 + 4(tyf + txy)u + txx + 2txf + tff

] }1/2
. (5.21)

Now, we have to solve the related optimization problem:

max
u∈R

[σv(z, u)]2

with: K(z)Ux = Fx, K(z)Uy = Fy, K(z)Uf = Ff .

⎫⎬⎭ (5.22)

In order to find the solution to the problem in equation (5.22), we look for the critical points
by differentiating the objective function with respect to the optimization variable and finding the
roots of such expression:

∂(σv(z, u))2

∂u
= 4(txy − tyf )u4 + 8(txx − tyy − txf )u3

(u2 + 1)3

+ −24txyu2 + 8(tyy − txx − txf )u + 4txy + 4tyf

(u2 + 1)3 = 0. (5.23)

Notice that the denominator is never zero, and, therefore, we can find the roots of the above
expression by looking exclusively at the numerator, which is a fourth-order polynomial. The roots
of a fourth-order polynomial have closed expressions based on the rationals of the polynomial.
These expressions are too extensive to be displayed here, but can easily be found in literature
[43,44]. Numerical experiments demonstrate that the maximum is attained at different roots
depending on the values of the coefficients of the equation. Thus, we add a stress constraint
for each root of equation (5.23). This means that our optimization problem will have four times
the number of constraints of the original problem; however, only the constraints associated with
the actual optima of the expression of the von Mises stress will be active at the optimal points,
and our numerical experiments demonstrate that the AL formulation is able to accommodate the
extra number of constraints without any detriment to the final solution. With this, the value for
the critical von Mises stress is:

σ̃ v =
{

1
((u�)2 + 1)2

[
(txx + tff − 2txf )(u�)4 + 4(tyf − txy)(u�)3

+2(tff + 2tyy − txx)(u�)2 + 4(tyf + txy)(u�) + txx + 2txf + tff

] }1/2
, (5.24)

where u� are the roots of the fourth degree polynomial displayed in equation (5.23). As an
important side note, the polynomial in equation (5.23) might have repeated roots (i.e. a root with
a multiplicity greater than 1), or even imaginary roots. The repeated roots do not pose a problem
in the calculation of the constraints. However, imaginary roots do not have a clear physical
meaning, and therefore, we set the value of the imaginary roots to zero in the implementation.
This introduces a slight discontinuity in the sensitivity, but the optimizer seems to be able to
handle this mild discontinuity.

(c) Case 3: multiple loads varying independently with different angles
In this section, we address the case in which we have several loads varying independently of each
other. In this case, the variable that controls the angle of the loads, θ , is a vector in [−π ,π ]n, where
n is the number of loads, and each component of this vector controls the angle of a different load.

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

31
 J

ul
y 

20
23

 



14

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A479:20220436

..........................................................

particular casegeneral case

(a) (b)

��Fx�� ����Fy�� ��Fx�� ����Fy��

θ2θ2

θ1 θ1

F2yF1y

F1x F2xF2x

F1y

F1 F1F2 F2

F1x

F2y

Figure 8. Schematic of the domain of possible load cases in red and green, and the load vector basis in white for case 3. (a)
General load basis vector, i.e. ||F1x|| �= ||F1y||, and ||F2x|| �= ||F2y|| forming ellipsoid domains, and (b) load basis vectors with
the same magnitude, i.e. ||F1x|| = ||F1y|| and ||F2x|| = ||F2y|| forming a circular domain.

First, we develop a solution to this problem based on the simple case of n = 2, i.e. two loads with
two independent angles, and then we generalize the solution for an arbitrary number of loads, n.
Let θ1 and θ2 be the first and second components of θ . Also, let F1 and F2 be the forces that vary
in direction with θ1 and θ2, respectively. Figure 8 displays a schematic of this load case. We can
write each force as the sum of linearly independent components as before:

F = F1(θ1) + F2(θ2) (5.25)

in which
F1(θ1) = F1x cos(θ1) + F1y sin(θ1)

and F2(θ2) = F2x cos(θ2) + F2y sin(θ2).

}
(5.26)

We can then perform a similar derivation as in §5(a) to obtain:

U1x = (K−1F1x), U1y = (K−1F1y),

U2x = (K−1F2x) and U2y = (K−1F2y)

and the respective stresses:

σ 1x = DBU1x, σ 1y = DBU1y, σ 2x = DBU2x and σ 2y = DBU2y.

By defining the quadratic stress terms:

t1xx = σ 1xVσ 1x t1yy = σ 1yVσ 1y t1xy = σ 1xVσ 1y

t2xx = σ 2xVσ 2x t2yy = σ 2yVσ 2y t2xy = σ 2xVσ 2y

and sxx = σ 1xVσ 2x syy = σ 1yVσ 2y sxy = σ 1xVσ 2y syx = σ 1yVσ 2x.

⎫⎪⎪⎬⎪⎪⎭ (5.27)

The von Mises stress can be computed as:

σv = {t1xx cos2(θ1) + t1yy sin2(θ1) + 2t1xy sin(θ1) cos(θ1)

+ t2xx cos2(θ2) + t2yy sin2(θ2) + 2t2xy sin(θ2) cos(θ2)

+ 2sxx cos(θ1) cos(θ2) + 2syy sin(θ1) sin(θ2)

+ 2sxy cos(θ1) sin(θ2) + 2syx sin(θ1) cos(θ2)}1/2. (5.28)

We further simplify equation (5.28), using trigonometric identities, to obtain:

σv = {
t1xy sin(2θ1) + 0.5

[
(t1xx − t1yy) cos(2θ1) + t1xx + t1yy

]
+t2xy sin(2θ2) + 0.5

[
(t2xx − t2yy) cos(2θ2) + t2xx + t2yy

]
+(sxy + syx) sin(θ1 + θ2) + (sxx − syy) cos(θ1 + θ2)

+(syx − sxy) sin(θ1 − θ2) + (sxx + syy) cos(θ1 − θ2)
}1/2 . (5.29)
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We then have to solve the related optimization problem:

max
θ∈Γ

[σv(z, θ )]2

with: K(z)U1x = F1x, K(z)U1y = F1y

K(z)U2x = F2x, K(z)U2y = F2y.

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (5.30)

Solving this optimization problem analytically would be equivalent to finding the zeros of a
multivariate polynomial of sixth degree for which no analytical solution exists; however, we can
obtain an analytic upper bound to worst-case stress caused by the combined loads. To obtain this
upper bound, we decompose the expression of the squared von Mises stress into three parts2 :

ξ1 = t1xy sin(2θ1) + 0.5
[
(t1xx − t1yy) cos(2θ1) + t1xx + t1yy

]
ξ2 = t2xy sin(2θ2) + 0.5

[
(t2xx − t2yy) cos(2θ2) + t2xx + t2yy

]
and ξ12 = (sxy + syx) sin(θ1 + θ2) + (sxx − syy) cos(θ1 + θ2)

+ (syx − sxy) sin(θ1 − θ2) + (sxx + syy) cos(θ1 − θ2)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(5.31)

The maximum of the sum of these terms is less than or equal to the sum of the maximum of
each term. Therefore, we compute the maximum of each term and use the sum of the three terms
as an upper bound on the critical stress. The expressions for ξ1 and ξ2 resemble equation (5.9),
which we have already derived a solution for. Thus, we have:

ξ�1 = t1xy sin(2θ�1 ) + 0.5
[
(t1xx − t1yy) cos(2θ�1 ) + t1xx + t1yy

]
and ξ� = t2xy sin(2θ�2 ) + 0.5

[
(t2xx − t2yy) cos(2θ�2 ) + t2xx + t2yy

]
}

(5.32)

with:

θ�1 = 1
2

tan−1(2t1xy, t1xx − t1yy) and θ�2 = 1
2

tan−1(2t2xy, t2xx − t2yy). (5.33)

To find a solution for the ξ12 term, we substitute u = θ1 + θ2 and v = θ1 − θ2 into the expression
for ξ12 in equation (5.32), and separate ξ12 in two terms, ξ12u + ξ12v , each containing only terms
with u, or v:

ξ12u = (sxy + syx) sin(u) + (sxx − syy) cos(u)

and ξ12v = (syx − sxy) sin(v) + (sxx + syy) cos(v).

}
(5.34)

Differentiating the expressions in equation (5.34) and setting them equal to zero, we find the
following critical points:

ucr =
{

tan−1(sxy + syx, sxx − syy)

tan−1(−(sxy + syx), −(sxx − syy))

and vcr =
{

tan−1(syx − sxy, sxx + syy)

tan−1(−(syx − sxy), −(sxx + syy)).

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(5.35)

We denote the first solutions in equation (5.35) ucr
max and vcr

max and the second solutions ucr
min and

vcr
min. By taking second derivatives with respect to u and v and evaluating them at the critical

2Again, we square the von Mises stress in the objective function to eliminate the square root on the right-hand side, because
it does not influence the solution of the optimization problem.
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points, we find:

∂2ξ12

∂u2

∣∣∣∣∣
u=ucr

max

= −
{

(sxy + syx)2 + (sxx − syy)2
}1/2

(5.36)

∂2ξ12

∂u2

∣∣∣∣∣
u=ucr

min

=
{

(sxy + syx)2 + (sxx − syy)2
}1/2

(5.37)

∂2ξ12

∂v2

∣∣∣∣∣
v=vcr

max

= −
{

(sxy − syx)2 + (sxx + syy)2
}1/2

(5.38)

and
∂2ξ12

∂v2

∣∣∣∣∣
v=vcr

min

=
{

(sxy − syx)2 + (sxx + syy)2
}1/2

. (5.39)

The second derivatives of ξ12 with respect to u and v are always non-positive at u = ucr
max and

v = vcr
max and always non-negative at u = ucr

min and v = vcr
min, meaning that the point (ucr

max, vcr
max) is

a local maximum, (ucr
min, vcr

min) is a local minimum, and (ucr
max, vcr

min) and (ucr
min, vcr

max) are saddle
points. Since these are the only critical points in the domain and the function is smooth and
periodic, (ucr

max, vcr
max) is the global maximum and (ucr

min, vcr
min) is the global minimum. Therefore,

the maximum of ξ12:

u� = tan−1(sxy + syx, sxx − syy) and v� = tan−1(syx − sxy, sxx + syy) (5.40)

and the maximum is:

ξ�12 = (sxy + syx) sin(u�) + (sxx − syy) cos(u�) + (syx − sxy) sin(v�) + (sxx + syy) cos(v�). (5.41)

To obtain the upper limit, σ̂ v , for σ̃ v , we sum ξ�1 , ξ�2 and ξ�12:

σ̂ v = {ξ�1 + ξ�2 + ξ�12}1/2. (5.42)

By using the upper limit, σ̂ v , in the stress constraints, we can guarantee that the stress will be
below the limit for any of the possible load directions.

(i) Limiting the range of θ1 and θ2
If we want to restrict the range of one, or both load angles, we can do so by restricting
each expression in equation (5.31) individually, and applying the solution presented in §5(a).
Furthermore, we can construct the admissible range for u and v based on θ1r and θ2r as
[−(θ1r + θ2r), (θ1r + θ2r)] for both u and v, in which [−θ1r, θ1r] and [−θ2r, θ2r] are the ranges of
admissible angles for θ1 and θ2, respectively. With these limited ranges, we have:

θ�1 = min
{

max
[

1
2

tan−1(2t1xy, t1xx − t1yy), −θ1r

]
, θ1r

}
θ�2 = min

{
max

[
1
2

tan−1(2t2xy, t2xx − t2yy), −θ2r

]
, θ2r

}
u� = min

{
max[tan−1(sxy + syx, sxx − syy), −(θ1r + θ2r)], (θ1r + θ2r)

}
and v� = min

{
max[tan−1(syx − sxy, sxx + syy), −(θ1r + θ2r)], (θ1r + θ2r)

}
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(5.43)

(ii) Error analysis of critical stress upper bound

The use of an upper bound on the worst-case stress constraint leads to an overestimation of the
actual maximum stress caused on the structure by the loads. This overestimation of the stress can
lead to an over design, resulting in structures that have extra unnecessary material. Therefore, the
more accurate this upper bound is, i.e. the closer it is to the actual worst-case stress, the less extra
unnecessary material the optimal structure will have. To evaluate the accuracy of such an upper
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Figure 9. Histogram generated using a sample of 100 million uniformly distributed random stress basis vectors representing
the underlying probability distribution of the percent error (see equation (5.44)) between the proposed upper bound, and the
worst-case stress.

bound, we generated a sample of 100 million uniformly distributed random stress basis vectors
(σ 1x, σ 1y, σ 2x, σ 2y), and computed a percent error (see equation (5.44)) comparing the worst-case
stress with the proposed upper bound using these random stress basis vectors. The result of such
statistical analysis of the error is displayed in figure 9 in the form of a histogram. In this histogram,
we see that the mean error was 3.71% with a 3.25 standard deviation, and that the maximum
percent error was 24.1%. We also notice that this probability distribution is skewed to the left,
indicating that the error rarely attains values close to this maximum error. With this analysis,
we show that the percent error is moderate, and that the proposed upper bound is significantly
accurate.

To verify that this sample of 100 million random stress basis vectors is representative of the
underlying probability distribution, we performed a numerical convergence analysis by starting
with a sample of 10 million and increasing its size, 10 million by 10 million, until we reached the
100 million sample size. We also generated 10 different samples of 100 million elements, which
proved to be numerically identical. With these two numerical experiments, we guaranteed that
the sample size used was large enough to provide us with a trustworthy representation of the
underlying probability distribution.

Percent Error (%) =
∣∣∣∣∣
{
ξ�1 + ξ�2 + ξ�12

}1/2 − σvcr

σvcr

∣∣∣∣∣× 100 (5.44)

in which {ξ�1 + ξ�2 + ξ�12}1/2 is the proposed upper bound for the worst-case stress, and σvcr is the
worst-case stress.

(iii) Generalization to more than two independent loads

To generalize this approach for an arbitrary number of loads represented by an arbitrary number
of angles θi, notice that the interactions between the loads in equation (5.28) occur pairwise,
because the expression of the von Mises stress is bilinear. Therefore, we can obtain a similar
estimation for the upper bound of the von Mises stress by separating the terms that depend
exclusively on θi and the cross terms between θi and θj for i �= j, and then summing them all
together. Equation (5.45) displays this approach for a general number n of angles θi, in which the
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Figure 10. Schematic of how to combine loads with independently varying angles to achieve a load that varies in three
dimensions.

terms ξi and ξij are expressed in equation (5.31) by replacing the appropriate indexes.

σ̂ v =
⎧⎨⎩

n∑
i=1

⎛⎝ξi +
n∑

j=i+1

ξij

⎞⎠⎫⎬⎭
1/2

(5.45)

(d) Case 4: load varying in three dimensions
The last case presented in this work is for three-dimensional problems in which the loads can
vary, not only in a plane, but also in out-of-plane directions, representing a whole surface of
possible load directions. To account for these out-of-plane load components, we combine two
loads varying independently in direction (with θ1 and θ2), with the appropriate basis, using the
derivations of case 3. As seen in figure 10a, by combining two independent loads with bases
that form orthogonal planes, we obtain a three-dimensional load surface that accounts for out-of-
plane load components. Furthermore, by combining independent loads of different forms we can
obtain different three-dimensional load surfaces (figure 10b,c). Notice that, by setting one of the
bases (Fy) to zero in figure 10b,c, we obtain a load that only varies in intensity, from −Fx to Fx, in
a fixed direction.

6. Generalization of load decomposition and varying load intensity
All of the methodology developed in the previous section is based on decomposing the load
into load basis vectors that we can use to obtain upper limits on the worst-case von Mises
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Fx  2 Fy
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2 Fx  Fy 2 Fx  Fy,
rotated – 45

2 Fx  Fy,
rotated  45

Figure 11. Load case 1 with different magnitudes and different orientations for the load basis vectors Fx and Fy .

stress. However, no assumption was made about the direction or magnitude of these basis
vectors. Consequently, the previously obtained solutions are valid even if Fx and Fy have different
magnitudes, or if Fx and Fy are not aligned with the x- and y-axes. If we change the magnitude of
Fx in relation to Fy, we obtain a domain of load cases that forms an ellipse instead of a circle, as
displayed in figure 11a,b. We can also rotate this ellipse by rotating the basis vectors, as displayed
in figure 11c,d.3 This freedom to choose the load basis vectors provides extra flexibility, making it
possible for the designer to define load cases in which a specific load direction is more relevant
than the other.

7. Topology optimization formulation
The general formulation proposed in this work considering continuously varying load is
presented here in equation (7.1):

min
z

M(z) =
Ne∑

e=1

ρ̃eve

s.t.: gj(z, σ̂ v(θ�)) ≤ 0, j = 1, . . . , Nc

0 ≤ ze ≤ 1, e = 1, . . . , Ne

with: K(z)Uix = Fix K(z)Uiy = Fiy, i = 1, . . . , n

K(z)Uf = Ff

θ� = θ (U1x, . . . , Unx, U1y, . . . , Uny, Uf )

ρ̃(z) =H(Pz)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(7.1)

in which the equation for the worst-case von Mises stress σ̂ v(θ�) is given by either equation
(5.8), or (5.24), or (5.45), which itself is a function of the worst-case load angle θ� given by
either equation (5.16), or (5.23), or (5.43), depending on whether we are using case 1, or 2, or
3, respectively (note that case 4 is a particular instance of case 3). The worst-case load angle
θ� is formulated as a function of the displacement components, (U1x, . . . , Unx, U1y, . . . , Uny, Uf ),
obtained through the solution of the equilibrium equations with their respective load basis
vectors, (F1x, . . . , Fnx, F1y, . . . , Fny, Ff ). If we are in case 1, the number of loads, n, is one, otherwise,
if we are in case 3 the number of loads is defined by the problem (i.e. the number of independent
varying loads). If we are in case 1, or case 3 the terms associated with the fixed load are equal
to zero, Uf = Ff = 0, and the equation is null, otherwise, if we are in case 2, the terms Ff and
Uf are defined by the fixed load, and its displacement according to the problem. To solve the
optimization problem described in equation (7.1), we use the AL method (as described in §3) in
which we solve a sequence of (k) optimization problems, given by equation (7.2), and the solution

3We use this property in case 2 (§5(a)) to shift the range of admissible angles to be centred around the origin.
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of these sub-problems, obtained by implementing the optimization algorithm presented in §S2,
converges to the solution of the original problem (for more detail see [2]).

min
z

J(k)(z) =
Ne∑

e=1

ρ̃eve + η

Nc∑
j=1

[
λ

(k)
j hj(z, σ̂ v(θ�)) + μ(k)

2
hj(z, σ̂ v(θ�))2

]

s.t.: 0 ≤ ze ≤ 1, e = 1, . . . , Ne

with: K(z)Uix = Fix K(z)Uiy = Fiy, i = 1, . . . , n

K(z)Uf = Ff

θ� = θ (U1x, . . . , Unx, U1y, . . . , Uny, Uf )

ρ̃(z) =H(Pz)

hj(z, σ̂ v(θ�)) = max

⎡⎣gj(z, σ̂ v(θ�)),
−λ(k)

j

μ(k)

⎤⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(7.2)

8. Numerical results
This section presents numerical results obtained through an implementation of the formulations
to handle continuously varying load cases described in this work.4 The numerical results
presented here, which consist of the two-dimensional double L-bracket, and the three-
dimensional bracket from the General Electric (GE) jet engine bracket challenge,5 verify the
effectiveness of the proposed formulation. For more details on the implementation see SS1 of
the electronic supplementary material.

(a) Double L-bracket
In this section, we present the results obtained for the double L-bracket domain, displayed in
figure 12a, considering two loads varying simultaneously with the same angle (case 1, §5(a), one
fixed load and one load varying in angle (case 2, §5(b)), and two loads varying independently of
each other (case 3, §5(c)). The numerical parameters for this problem are displayed in table 2. In
figure 12b, we display the solution obtained for a fixed downward load (i.e. θ1 = θ2 = θ = −90◦) to
serve as a base for comparison with the other load cases. We also use this solution to exemplify
the importance of considering multiple load directions in the design. In figure 12g, we display
this solution’s maximum stress as we vary the load angle. Notice that the stress limit is only
satisfied for the angle θ = −90◦ that was considered during the optimization, and for the angle
θ = −90◦ + 180◦ = 90◦.6 Furthermore, the plot shows that small changes in the load angle cause a
drastic increase in the maximum stress meaning that this structure is highly susceptible to failure
due to small deviations in the load direction.

Figure 12d–f displays the optimized designs obtained for the double L-bracket considering the
two loads (F1 and F2) varying with the same angle θ1 = θ2 = θ for different ranges of admissible
angle (θr), which corresponds to case 1 presented in §5(a). We can see that, as we increase the
range of admissible angles, we obtain designs with more material, and greater complexity. To
verify that the structure can withstand the load directions considered in the optimization, we
plot, in figure 12g, the maximum stress of each design as we vary the load direction. We can see
that the design that considers a single load direction (θr = 0), experiences a drastic increase in the

4The two-dimensional numerical results were obtained through a Matlab implementation, and the three-dimensional
numerical results were obtained through a C++/CUDA implementation. The hardware used to run these problems consists
of a computer with an i7-4930k CPU at 3.40 GHz and 64 GB of RAM and a NVIDIA GEFORCE GTX 1080 Ti GPU running on
a 64-bit operating system.
5https://grabcad.com/challenges/ge-jet-engine-bracket-challenge.

6The angle θ = 90◦ satisfies the stress limit because of the linearity of the equilibrium equations and the symmetry of von
Mises stress formulation, as explained in §5(i), which is also the reason for the symmetry of the plot.
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Figure 12. Double L-bracket numerical example. (a) Double L-bracket domain geometry and boundary conditions; (b)
optimized design and stress map for a fixed downward load (i.e. θ1 = θ2 = θ = −90◦); (c)–(f ) optimized design and stress
maps considering the two loads (F1 and F2) varying with the same angle θ1 = θ2 = θ for different ranges of admissible angle
(θr), which corresponds to case 1 presented in §5(a); (g) maximum stress of the optimized designs in (b)–(f ), as we vary the
load angle; (h) volume fraction of the optimized designs in (b)–(f ) with respect to the range of admissible load angles (θr)
considered in the optimization.

maximum stress as we vary the load angle θ . On the other hand, by imposing a limit angle as
low as 15◦, we reduce the peak of maximum stress outside the admissible range. We also plot the
volume fraction of each design as we increase the range of admissible load angles θr (figure 12h).
As expected, the volume fraction increases as we increase the value of θr, because of the extra
structural complexity necessary to accommodate the additional load directions.
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Figure 13. Double L-bracket considering one load (F1) varying in direction with angle θ1 combined with a simultaneous fixed
load (F2), which corresponds to case 2 presented in §5(b). (a)–(f ) Optimized designs and stress map envelopes for different
angles of the fixed load θ2.

Table 2. Input parameters for the two-dimensional double L-bracket problem.

parameter description value

E0 Young’s modulus 1 Pa
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ν Poisson’s ratio 0.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σlim stress limit 120 Pa
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F1 applied load 1 N
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F2 applied load 1 N
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

r filter radius 0.015 m
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

– load distribution length 0.06 m
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

– mesh Q4 elements 220 000
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 3. Volume fractions for the double L-beam designs of figure 13, considering a load varying in direction and a fixed load
with different angles.

fixed angle

0◦ 30◦ 60◦ 90◦ 120◦ 150◦

volume fraction 0.194 0.220 0.240 0.239 0.227 0.197
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Figure 13 displays the design obtained for the double L-bracket considering one load (F1)
varying in direction with angle θ1 combined with a simultaneous fixed load (F2), which
corresponds to case 2 presented in §5(b). We can see that the results present a clear asymmetry
regarding the vertical centre line, caused by the different load conditions on each side of the
double L-bracket. We also display the volume fraction of each design in table 3. We choose to
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Figure 14. Double L-bracket considering two loads (F1 and F2) varying independently in direction with angles θ1 and θ2, which
corresponds to case 3 presented in §5(c). (a–e) Optimized designs and stress map envelopes for different ranges of admissible
angles; (f ) volume fraction of the optimized designs in (a–e) with respect to the range of admissible load angles (θr) considered
in the optimization.

display the volume in a table, instead of a plot, as we did for the other cases, because, for this
case, we do not have a clear progression of volume, since we vary the fixed load direction, and
not the range of admissible angles.

Figure 14 displays the design obtained for the double L-bracket considering two loads (F1
and F2) varying independently in direction with angles θ1 and θ2, which corresponds to case 3
presented in §5(c). This combination of loads generates designs that are completely different from
the designs in figure 12, in which the loads vary with the same angle. The difference in design
demonstrates the influence of this load case. We also display, in figure 14f, the volume fraction of
the final structure in regards to the range of admissible angles, and we can see a trend of increasing
volume fraction as we increase the range of angles considered in the optimization, as expected.

(b) GE jet engine bracket challenge
In this section, we present the results obtained for the GE Jet Engine Bracket Challenge
domain, displayed in figure 15a. The domain is subjected to a load case that can vary
three-dimensionally, obtained using the combination of two load cases varying independently,
contained in perpendicular planes. The numerical parameters for this problem are displayed
in table 4. Figure 15c–g displays the solutions as we gradually increase the range of admissible
load directions from 0◦ to 15◦, 30◦, 60◦ and 90◦. As we increase the load angle range, we
obtain solutions with more volume distributed in a shell-like structure to withstand the extra
load directions. The volume fractions of the structures are displayed in figure 15b, where
we see the expected trend of increasing volume with the increase in the range of admissible
angles.
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Figure 15. GE jet engine challenge problem; (a) design domain with the red regions indicating loading, and green regions
indicating support. (b) Volume fraction of the GE jet engine challenge problem solutions displayed in (c–g) as we vary the load
angle range, θr . (c–g) Isometric, top and bottom view, of the optimized structures considering 0◦, 15◦, 30◦, 60◦ and 90◦ load
angle range.

9. Concluding remarks
This paper presents an efficient and consistent technique to consider a continuous range of load
angles in the topology optimization procedure with local stress constraints. The technique is
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Table 4. Input parameters for the three-dimensional GE Jet Engine Bracket Challenge problem.

parameter description value

E0 Young’s modulus 1 Pa
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ν Poisson’s ratio 0.25
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

σlim stress limit 2.5 Pa
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F1 applied load 100 N
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

F2 applied load 100 N
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

r filter radius 2.5
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

– mesh size (hexahedral elements) 3 727 159
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

based on a worst-case scenario approach, in which we find analytical solutions that bound the
maximum stress caused by a range of admissible load angles. We developed analytical solutions
for:

— a planar load varying in an arbitrary range of angles;
— a load varying in direction plus a fixed load;
— two or more loads varying independently in direction;
— a load varying in three dimensions in an arbitrary range of angles.

The technique is extremely flexible, supporting a wide variety of load conditions, including
loads that vary in intensity. This wide variety of load conditions provides engineers with the
tools to design structures that are a better fit for practical requirements. As demonstrated by the
numerical examples, designs optimized considering only one fixed load are extremely sensitive to
variations in the load angle, and small variations in the load direction, which are common in real-
life situations, can cause severely high stresses, meaning that the structure might fail in practice.
On the other hand, considering a range of load angles, instead of a single fixed load, leads to
significantly different optimized structures that are closer to realistic engineering components,
and are robust under variations of the load direction. Additionally, the technique developed
here can be used for any TO problem with objective, and/or constraint functions that have a
primarily bi-linear form (such as compliance), and linear state equations (see §S5 of the electronic
supplementary material for a compliance minimization formulation).

Data accessibility. The code supporting this article has been uploaded as part of the electronic supplementary
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